
Recall 

@a, bD Ì R compact
closed Ì compact Þ compact
compact Ì T2 Þ closed
f : X ® Y continuous, X compact Þ f HXL compact
X1, … , Xn compact Þ Ûi=1

n Xi compact

Theorem 42

Suppose X is compact, Y is T2. Then any continuous bijection f : X ® Y  is a homeomorphism

Proof: 

We need f -1 is continuous. � f HDL closed in Y " D Ì X closed. Take D Ì X closed, As X is compact, D is compact.
f HDL is compact (by Theorem 41) Þ since Y is T2, f HDL is closed. �

§ 27, 28, 45 Compactness in metric spaces

Definition    HX, dL is bounded if $ M > 0 such that dHx, yL £ M for all x, y Î X.
Careful: This depends on the metric (not just the topology)

e.g. d and d have the same topology and d £ 1.

Theorem 43 (Heine–Borel)

A subspace X Ì Rn is compact � X is closed and bounded in the Euclidean metric.

Example   A closed ball CrHxL = 8y Î R
n :  x - y¤ £ r< is compact. 

Proof:
“Þ” X is compact, because Rn is T2 Þ X closed. X Ì R

n = Ün³1 BnH0L. Since X is compact, X Ì BnH0L for some n.
Take M = 2 n Þ X is bounded. “Ü” X is closed and bounded for d(Eucl). Since d�Hx, yL = max1£i£nH xi - yi¤L £ dHx, yL
X bounded for d�. Fix x0 Î X. Get : d�H0, xL £ d�H0, x0L + d�Hx0, xL. So if M ¢ = d�H0, x0L + M , then X Ì @-M ¢, MDn.
Theorem 35 + 40 Þ @-M ¢, M ¢Dn is compact. X closed (in RnÞ in @-M ¢, M ¢DnL. Þ X compact. �

More generally

Theorem 44

HX, dL metric then the following are equivalent.

(i) X compact
(ii) X limit point compact
(iii) X sequentially compact.
(iv) X satisfies the Lebesgue Lemma + X totally bounded
(v) X is complete + X totally bounded..

Recall   x Î A � all nbds U of x intersect A (i.e. U èA ¹ ÆM, x Î A¢ � outside x. Ii.e. U èA Ë 8x<M

             In metric space, x Î A¢ � every neighborhood U of x contains infinitely many points of A.
Proof:
We’ll show HiL Þ HiiL Þ HiiiL Þ HivL Þ HiL and HiiiL � HvL

Definition   X is limit point compact if every infinite subset A has a limit point (i.e. A¢ ¹ ÆL
(i) Þ (ii): X compact. Suppose X not limit point compact. " x Î X, $ Ux neighborhood of x such that Ux èA Ì 8x<.

X = ÜxÎX Ux Þ since X is compact,  X = Ux1
Ü … Ü Uxn for some xi Î X. Þ A Ì 8x1, x2, … , xn< contradiction. � 

Definition    X  is  sequentially  compact  if  every  sequence  xn Î X Hn ³ 1L  has  a  convergent  subsequence:  i.e.  $
1 £ n1 < n2 < …
                    such that xni

® x as i ® ¥, for some x. e.g. xn = H-1Ln Î R, take ni = 2 i Hor 2 i + 1L

(ii) Þ (iii): X limit point compact. HxnLn=1
¥  sequence in X,  A := 8xn : n ³ 1<.

Case 1 : A infinite

X limit point compact Þ $ x Î A¢. Construct subsequence by induction

Pick n1 such that xn1
Î B1HxL and n2 > n1 such that xn2

Î B1�2HxL. (can do that b/c any neighborhood contains infinitelyy

many point of A). By construction, xni
® x as i ® ¥.

Case 2 : A is finite

A = 8a1, a2, … , an<. $ j such that 9n : xn = a j= is infinite. Pick n1 < n2 < … such that xni
= a j. " i 

Then xni
® a j. �

Definition   X satisfies Lebesgue’s Lemma if " open covers 8UΛ< of X, $ ∆ > 0 such that any ∆–ball is contained in one
of the UΛ.

Example   R doesn’t satisfy LL

Definition   X is totally bounded if " Ε > 0, X is a finite union of Ε–balls.

Remark   Totally bounded Þ bounded. 

Pick any Ε > 0. Then X = Üi=1
n BΕHxiL. Then " x, y Î X. $ i, j such that x Î BΕHxiL, y Î BΕIx jM

d Hx, yL £ dHx, xiL + dIxi, x jM + dIx j, yM £ 2 Ε + max1£i, j£n dIxi, x jM.

bounded does not imply totally bounded.
e.g. Take d = discrete metric. X infinite, Ε < 1.

But bounded � totally bounded for X Ì R
n with Euclidean metric.

(iii) Þ(iv)

If X is not totally bounded Þ $ Ε > 0 such that X ¹ finite union of Ε–balls.

Constrct sequence xn Î X by induction. Pick x1 arbitrarily. Pick x2 Î X \ BΕHx1L , … , Pick xn Î X \ Üi=1
n-1 BΕHxiL, …

X sequentially compact Þ $ convergent subsequence xni
® x as i ® ¥.

Þ dHxni
, xL < Ε �2 for i >> 0. Þ dHxni+1

, xni
L < Ε �2 + Ε �2 = Ε. Contradicts that xni

Ï BΕHxni
L.

If X does not satisfy Lebesgue, $ open cover 8UΛ<, " ∆ > 0. $ ∆–ball in X that is not contained in any UΛ.
For ∆ = 1 �n : $ xn such that B1�nHxnL is not contained in any UΛ. X sequentially compact Þ $ convergent subsequence
xni

® x.

x Î UΛ some Λ.  UΛ open Þ $ Ε > 0 such that BΕHxL Ì UΛ.

Pick i>>0 such that dHxni
, xL <

Ε

2
and 1

ni
<

Ε

2
. Þ B1�ni

Hxni
L Ì B2HxL Ì UΛ. contradiction. �

(iv) Þ (i): X Lebesgue + totally bounded. Suppose 8UΛ< open cover, Lebesque Þ $ ∆ > 0 (Lebesque #), such that any ∆–
ball in X 
is contained in one of the UΛ. 
totally bounded Þ X = Üi=1

n B∆HxiL for some xi. $ Λi such that B∆HxiL Ì UΛi
. So X = Üi=1

n UΛi
Hfinite subcoverL.

Recall   HX, dL is complete if every Cauchy sequence converges.
Recall   HX, dL complete, Y complete � Y closed.

Remark   Let Y be subset of X, and HX, dL metric.  x Î Y  � $ sequence yn Î Y such that yn ® x.
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