Recall

[a, b] ¢ R compact
closed c compact = compact

compact c T, = closed
f : X > Y continuous, X compact = f(X) compact

X, ..., Xy compact = [L; X compact
Theorem 42

Suppose X is compact, Yis T,. Then any continuous bijection f : X - Y isahomeomorphism

Proof:
We need f~1iscontinuous. < f(D)closedinY V D c X closed. Take D c X closed, As X is compact, D is compact.
f(D) is compact (by Theorem 41) = since Yis Ty, f(D) isclosed. o

§ 27, 28, 45 Compactness in metric spaces

Definition (X, d)isbounded if 3 M > Osuchthatd(x, y) < M forall x, y e X.
Careful: This depends on the metric (not just the topology)

e.g. d and d have the same topology and d < 1.

Theorem 43 (Heine-Bordl)

A subspace X ¢ R" is compact < Xis closed and bounded in the Euclidean metric.
Example A closed ball C(x) ={yeR": |x—y| <r}iscompact.

Proof:

“=" Xiscompact, becauseR" is T, = X closed. X c R" = | ;.1 Bn(0). Since X is compact, X c Br(0) for somen.
TakeM =2n = Xisbounded. “ <" Xis closed and bounded for d(Eucl). Since d. (X, y) = maxi<j<n(I% — Yil) < d(X, y)
X bounded for d.. Fix X € X. Get : d;(0, X) < d(0, Xp) + d;(Xg, X). Soif M’ =d,(0, Xo) + M, thenX c [-M’, M]".
Theorem 35 + 40 = [-M’, M’]" iscompact. X closed (inR"= in [-M’, M’]"). = X compact. O

More generally

Theorem 44

(X, d) metric then the following are equivalent.
(i) X compact

(i) X limit point compact

(i) X sequentially compact.

(iv) X satisfies the Lebesgue Lemma + X totally bounded
(v) Xiscomplete + X totally bounded..

Recall xe A« all nbdsU of xintersect A (i.e. U(A# ), xe A < outsidex. (i.e.U(NA¢ {x})

In metric space, x e A’ & every neighborhood U of x contains infinitely many points of A.
Proof:
WEe Il show (i) = (ii) = (iii) = (iv) = (i) and (iii) © (V)

Definition X islimit point compact if every infinite subset A has alimit point (i.e. A’ # @)
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(i) = (ii): X compact. Suppose X not limit point compact. ¥ x € X, 3 Uy neighborhood of x such that Uy (A c {x}.
X =UyexUx = since Xiscompact, X=U,, U ... U Uy, forsomex; € X. = Ac {Xq, X, ..., X} contradiction. o

Definition X is sequentially compact if every sequence x, € X(n=1) has a convergent subsequence: i.e. 3
l<n<ny<...
such that X, — xasi — oo, forsomex. eg. X, =(-1)"eR, taken; = 2i (or 2i + 1)

(if) = (iii): X limit point compact. (X,)p~; sequencein X, A:={x,:n=1}.
Casel: Ainfinite
X limit point compact = 3 x € A’. Construct subsequence by induction

Pick ny suchthat x,, € B1(x) and n, > ny such that x,, € By»(X). (can do that b/c any neighborhood contains infinitelyy
many point of A). By construction, x, — xasi — co.

Case 2: Aisfinite

A={ay, @, ..., a). 3 j suchthat {n: x, = a;} isinfinite. Pick n; <n, < ... suchthat X, = a;. Vi
Then x, — @;. O

Definition X satisfies Lebesgue’'s Lemmaif ¥ open covers {U,} of X, 36 > 0 such that any 6—ball is contained in one
of the U,.

Example R doesn't satisfy LL
Definition Xistotally bounded if ¥ € > 0, X isafinite union of e-balls.

Remark Totally bounded = bounded.
Pick any e > 0. Then X = UL, Bc(x). Then V x, y e X. i, j suchthat x € B«(x), y € B(Xj)
d(x, y) <d(x, %) +d(x, X;) + d(x;}, y) < 2€ + MaXy<i j<n (%, X;).

bounded does not imply totally bounded.
e.g. Taked = discretemetric. X infinite, e < 1.

But bounded < totally bounded for X c R" with Euclidean metric.
(iii) =(iv)
If Xisnot totally bounded = 3 € > 0 such that X # finiteunion of e-balls.

Constrct sequence x, € X by induction. Pick x; arbitrarily. Pick x, € X\ Bc(Xy), ..., Pick X, € X\ L Be(%), ...
X sequentially compact = 3 convergent subsequence X, — Xasi — co.
= d(Xn, X) <e/2fori>>0. = d(x,,,, Xn) <€/2+€/2=e. Contradicts that X, & Be(Xn,).

i+17

If X does not satisfy Lebesgue, 3 open cover {U,}, VY § > 0. 3 6—ball in X that is not contained in any U,.
For 6 = 1/n: 3 X, such that Byn(Xn) is not contained in any U,. X sequentially compact = 3 convergent subseguence
Xn, = X.

xe U, someA. U, open = de> 0suchthat B.(x) c U,.
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Pick i>>0 such that d(X,, X) < ; and nl < g = Byn (Xn,) € Ba(X) € U,. contradiction. o

(iv) = (i): X Lebesgue + totally bounded. Suppose {U,} open cover, Lebesque = 3 ¢ > 0 (Lebesque #), such that any 6—
ball in X

is contained in one of the U,.

totally bounded = X = L, Bs(x) for some x;. 3 A; suchthat Bs(x;) c Uy,. So X = (L, Uy, (finite subcover).

Recall (X, d) iscompleteif every Cauchy sequence converges.

Recall (X, d) complete, Y complete < Y closed.
Remark LetY besubsetof X, and (X, d) metric. xe Y < 3 sequencey, € Y suchthat y, - X.
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