Recall

Compactness in metric spaces:

Heine-Borel X c R" compact < closed and bounded in Euclidean metric.
Theorem 44

(X, d) metric space TFAE

(i) X'is compact

(ii) Xisliimit point compact

(i) Xis sequentially compact

(iv) X satisfies |ebesgue lemmaand X istotally bounded

(v) Xis complete and totally bounded

Last time we showed : (i) = (ii) = (iii) = (iv) = (i)
Today : (iii) (V)

Definition Limit point compact if infinite subsets have limit points

Definition Sequentially compact if any sequence has a convergent subseguence.

Definition Totally bounded if for any € > 0, X isafinite union of e—balls.

Definition Lebesgue Lemma for any open cover {U,},ca, 36 > 0 s.t. any 6—ball iscontained in one of the U, 's.

Definition Completeif every Cauchy sequence converges.
Proof: (iii) = (v)

Assume X is sequentialy compact = totally bounded as we proved in (iii) = (iv). Suppose (X) is Cauchy segquence
Sequentially compact = 3 x, — X convergent subsequence.

Claim: x, » xasn - oco. Given e > 0, since x, isCauchy, d(x,, Xxm) <e/2foraln, m= N.
Since X, — X, disuchthatn = Nand d(X,, X) <e/2. Forn= N, d(Xn, X,) <€/2.
= dXy, X) <€/2 + €/2 = € foraln= N. Hence X iscomplete.

(v) = (iii) : X iscomplete and totally bounded. (x,) sequence in X, want a convergent subsequence. Use X totally

bounded to construct a subsequence that is Cauchy. X complete = subsequence convergent. If X istotally bounded,
can cover X by finite number of 1-balls. = one of them (call it B;) contains x,for infinitely many n. Pick n, smallest

such that x, € B; and throw away all terms of the sequence that don't lie in B;. Repeat : 3 %—ball, B, such that
contains x, for infinitely many n. Pick ny > ny, smallest such that, x,, € B, and throw away all n> n such that x, ¢ B;.

By induction we get subsequence (x,) suchthat vV j =1, X, Iiesina%—ball Bj. So d(Xn,, Xn) < Jg vk I =]j.
i X complete

S0 (Xy,) isCauchy ——= (X,) converges. o

Application of Lebesgue Lemma

Theorem 45

Suppose X, Y metric spaces, Let f : X —» Y continuous, if Xiscompact, then f isuniformly continuous.

Recal Ve>0, 36> 0suchthat d(xq, X2) <d = d(f(x), f(x)) <e.
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Proof:

Givene>0,Y =,y Be(y) opencover. = X = J, f~1(B.(y)) open cover by continuity of f.

X compact = 3 Lebesgue number 6 > 0, for this open cover. Claim : d(x;, X2) < = d(f(xp), f(x2)) < 2e.
Reason: X, € Bs(X)) ¢ T~X(Be(y)), somey. So f(x1), f(x2) € Be(y) = d(f(x1), f(X)) <2e. O

Another characterisation of compactness.
Let X be topological space.

Definition A collection C of subsets of X has the finite intersection property if any finite subcollection has a
non—empty intersection: N, Ci # @ foral CieC, YneN.

Proposition 46

X is compact < any collection of closed subsets having the finite intersection property has non—empty intersection
mCEC C+ (Z)

Proof:
Define U := {C°: C € C}, acollection of open subsets ((Ncec C)° = Uyeqs U-

So C has non—empty intersection & U not a cover
criterion of prop 46 X compact

C hasfinite intersection prop < U has no finite subcover. o

An example : the Cantor set.

Start with Co = [0, 1] € R

(http://en.wikipedia.org/wiki/Cantor_set)

1] ¢=[o FJU[G 5IULS slULG 2]

Let C:= (2o Cn becantor set. It is metrisable (since C c R) and compact (closed and bounded in Euclidean metric)
What are its elements?

Usebase 3 (€.9. 3= (10)3, 4= (11)3, 5(12)3, 6= (20)3, 9= (100)s, ...

a0, £ =(0.1)g, ... since, (01);=0+3

The numbers between 0 and % - first decimal digitisO,
The numbers between % and % : first decimal digitis 1,
The numbers between % and 1 : first decimal digitis2,
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Similarly , between 0 and é = (0.01)5: first and second digit is 0.

between 2 = (0.02)3and 3 = (0.1)5: first digit is 0, second digit is 2.

C={xe][0, 1], that can bewrittenin base 3 without using 1 asdigit}

Endpoints:
Inbase3: 0, dy, ..., dh 22... (withd, £2) =0, dy, ..., dn(dns1)

For example, (0.020202 ...); = X, multiplying by 9
— (2.0202...)5 = 9 x (subtracting from each other)
2=8x = Xx= %
Infact, Cistotaly disconnected, X c C, |X| > 1isnot conneceted.
The point is, by picking x # yin X. Atsomestage, apoint between xandy isremoved.

C’(limit point of C) = C: Just change n" digit 0 < 2 (for n>> 0).

Length: at nt" step, length = (g)” —0asn— co.

Definition A set Aiscountableif 3 bijectionN - A
C isuncountable.

Proof:
Assume C is countable, So we have C = {Xg, Xq, ...}

eg.
Xo = 0.20220202 ...
x; = 0.20020222 ...
X = 0.2000022 ...

xg = 0.20220202 ...
X4 = 0.20002002 ...

pick x = 0.20022... cannot be one of the x;'s. (just as the proof real numbers are not countable). contradiction. o
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