Last Time
Theorem 44(v) states “ complete+totally bounded” < compact. This generalizes Heine-Borel.

X boundedin Euclidean metric < totally bounded
X closed < Xcompete, sinceR" complete

XcR",
Any compact metric space is continuous image of Cantor set! (proof will be linked on course website)

Separation Axioms

T, isequivalent of "points are closed", T, = Hausdorff. T, = T;.
T, doesnotimply T;, example : finite complement topology.

Definition Xisregular or T3if XisT,and for any closed subset C c X and any x ¢ C, 3 disjoint open sets U contain-

ingxand, V> C.
\%
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Remark T3 = T, because Tz spaceisT;, sowecantakeC ={y}.

Definition Xisnormal or T, if Xis Ty and for any disjoint closed subsets C, D 3 digoint open subsetsU > C, V 5 D.

Remark T;=>T3=2>T,=>T;

T, doesnot imply Ts. Take X = Rk, with basis (a, b), (a, b)\ K, whereK = {l ‘n=1}.

n

Finer top. thanR = Rk isTa( = T1)

Take C =K closed, and choosex = 0. Suppose 3 U, V digoint open, suchthat 0 U, Vo K.
So 0 e (—¢, €)\K(basis) c U for somee > 0. Pick n, suchthat % <e. Since % eVa (% -4, % +6) c V somes > 0.

Then points close enough to % will bein U (N V. contradiction. o

Also, Tzdoesnotimply T4. For example: RZ. We will see next time that is Ts. It isnot T4, seebook pg.198.
Theorem 47

If Xisametrizable topological space, then XisT,.

Proof:
Weknow XisT, = T;. Say topology comes from the metric d and C, D c X digoint closed.
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B, (X)

C D

For x e C, 3¢ > 0suchthat B, (x) () D = ¢ (since D®isopen)
For ye D, 36y > 0 such that Bs (y) 1 C= Q.
Let U := UccBey2(X) open, containsC.V := [ p Bs,2(y) open, containsD.

U, V digioint: if not, 3xe C, y e D such that B, ;2(X) (1 Bs,2(y) # @. Sod(x, y) < % < max(ey, by).
Say ex =y thend(x, y) <&, Y€ Be (X)) D =@. Contradiction. o

Theorem 48
If Xiscompact T,, then XisT,.

In Corollary 39, we saw that X is Ts.

C, D c Xdigoaint + closed. = C, D compact as X iscompact.
¥ xe C, AUy containing x, Vx> D open + digoint since XisTs. (note: x ¢ D). Asin corollary 39 (as C is compact).
Cc Uy U...UUy (somex € C), Dc Vy (... Vy,. Clearly digjoint. o
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