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Theorem 44(v) states “complete+totally bounded” � compact. This generalizes Heine–Borel.

X Ì R
n,  

X bounded in Euclidean metric � totally bounded

X closed � X compete, since R
n complete

Any compact metric space is continuous image of Cantor set! (proof will be linked on course website)

Separation Axioms

T1 is equivalent of "points are closed", T2 = Hausdorff.  T2 Þ T1.
T2 does not imply T1, example : finite complement topology.

Definition   X is regular or T3 if X is T1and for any closed subset C Ì X and any x Ï C, $ disjoint open sets U contain-
ing x and, V É C.
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V

Remark   T3 Þ T2 because T3 space is T1, so we can take C = 8y<.

Definition   X is normal or T4 if X is T1 and for any disjoint closed subsets C, D $ disjoint open subsets U É C, V É D.

Remark   T4 Þ T3 Þ T2 Þ T1

T2 does not imply T3. Take X = RK , with basis Ha, bL, Ha, bL \ K, where K = 9
1

n
: n ³ 1=.

Finer top. than R Þ RK is T2H Þ T1L

Take C = K closed, and choose x = 0. Suppose $ U, V  disjoint open, such that 0 Î U, V É K.

So 0 Î H-Ε, ΕL \ KHbasisL Ì U for some Ε > 0. Pick n, such that 1

n
< Ε. Since 1

n
Î V Þ I

1

n
- ∆, 1

n
+ ∆M Ì V some ∆ > 0.

Then points close enough to 1

n
 will be in U Ý V . contradiction. �

Also, T3 does not imply T4. For example: Rl
2. We will see next time that is T3. It is not T4, see book pg .198.

Theorem 47

If X is a metrizable topological space, then X is T4.

Proof:
We know X is T2 Þ T1. Say topology comes from the metric d and C, D Ì X disjoint closed.

y

x

C D

BΕx HxL
B∆y HyL

For x Î C, $ Εx > 0 such that BΕxHxL Ý D = Æ Hsince Dc is openL

For y Î D, $ ∆y > 0 such that B∆yHyL Ý C = Æ.  

Let U := ÜxÎC BΕx�2HxL open , contains C. V := ÜyÎD B∆y�2HyL open , contains D.

U, V  disjoint: if not, $ x Î C, y Î D such that BΕx�2HxL Ý B∆y�2HyL ¹ Æ.  So dHx, yL <
Εx+∆y

2
£ maxIΕx, ∆yM.

Say Εx ³ ∆y : then dHx, yL < Εx, y Î BΕxHxL Ý D = Æ. Contradiction. �

Theorem 48

If X is compact T2, then X is T4.

In Corollary 39, we saw that X is T3.

C, D Ì X disjoint + closed. Þ C, D compact as X is compact.
" x Î C, $ Ux containing x, Vx É D open + disjoint since X is T3. (note: x Ï DL. As in corollary 39 (as C is compact).
C Ì Ux1

Ü … Ü UxnHsome xi Î CL, D Ì Vx1
Ý … Ý Vxn. Clearly disjoint. �
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