
Recall    Urysohn’s  Lemma:  X  is  T4  then  " A, B   disjoint  closed  subset,  $  f : X ® @0, 1D  cts  such  that
f  A = 0 and f  B = 1.

Remark   This works for @a, bD instead of @0, 1D since @0, 1D @ @a, bD.

Theorem 52 (b)

XΛ is T3 " Λ Þ ÛΛÎL XΛ is T3.

Proof:

Use criterion of Lemma 50 I$ V open such that x Î V Ì V Ì UM, Fix x = HxΛL Î ÛXΛ, x Î U

So $ basic open nbd, ÛΛÎL VΛ of x contained in U. HVΛ open in XΛ and VΛ = XΛ for all but finitely many Λ.L

Since XΛ is T3 $ WΛ such that xΛ Î WΛ Ì WΛ Ì VΛ. Whenever VΛ = XΛ take WΛ := XΛ

Then W := ÛWΛ is open in ÛXΛ. 

Claim : W Ì ÛVΛ

For any Μ Î L, pΜ : ÛXΛ ® XΜ is cts. Þ pΜHW L Ì pΜHWL Hby Theorem 21L = WΜ Ì VΜ. �

§35 Tietze Extension Theorem 

Proposition 53

Y metric space, suppose fn : X ® Y cts Hn ³ 1L, and f : X ® Y . If fn ® f uniformly, then f is continuous.

uniformly means : " Ε > 0, $ n0 ³ 1 such that dH fnHxL, f HxLL < Ε, " x Î X, " n ³ n0.

Example

fn : X ® R cts, Mn Î R³0 such that   fnHxL¤ £ Mn, " x and ÚMn converges Þ Ú fn converges uniformly and its continuous.
(Weierstrass  M testL

Theorem 54 (Tietze)

X be T4 space, A Ì X closed, f : A ® @a, bD cts, then $ f
�

: X ® @a, bD cts such that f
�

 A = f .
Proof: 
WLOG, @a, bD = @-1, 1D (they are homeo)
Idea: use successive approximation.
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Get f
�

: X ® @-1, 1D cts.  Let n ® ¥ in HÙL Þ f
�

 A = f . � 
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