Recall Urysohn's Lemma: X is T4 then Y A, B digoint closed subset, 3 f: X — [0, 1] cts such that
f|A=Oandf g =1.

Remark Thisworksfor [a, b] instead of [0, 1] since [0, 1] = [a, b].
Theorem 52 (b)

XyisTaV A= [fiea Xy isTs.

Proof:

Use criterion of Lemma50 (3 V opensuchthat xe V c V c U), Fix x = (x)) € [[Xy, xe U

So 3 basic open nbd, [T Vi of xcontainedin U. (V, openin X, and V, = X, for all but finitely many A.)

Since X, is Tz 3 W, suchthat x, € Wy c Wy c V. Whenever V, = X, takeW, := X,
Then W := [TW, isopenin []X,.

Clam: W c ]V,
Forany ue A, p,: [1Xy - X, iscts. = p,(W) c p,(W) (by Theorem21) =W, c V,. o

835 Tietze Extension Theorem

Proposition 53

Y metric space, suppose f,: X > Ycts(n=1), andf: X- Y. If f, > f uniformly, then f iscontinuous.
uniformly means: ¥ e >0, dng = 1suchthatd(f,(x), f(X)) <€, ¥Xxe X, ¥Yn=nq.

Example

fa: X > R cts, M, € Rop suchthat | f(X)| < My, ¥ xand M, converges = . f, converges uniformly and its continuous.
(Weierstrass M test)

Theorem 54 (Tietze)

X beT,space, Ac Xclosed, f:A—[a, blcts, then3 f: X - [a, b] ctssuchthat f |a = f.
Proof:

WLOG, [a, b] =[-1, 1] (they are homeo)

Idea: use successive approximation.

Ifg: A-[-1, 1] satisfies.
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1/3 if f(x)=1/3
g =14 e[-1/3,1/3] if f(x) e[-1/3, 1/3]
-1/3 if f(x)<-1/3

Then |f (X) —g(X)| < §VXeA
C:= f‘l([%, 1])closedin A - closedin X (asAis)

D:= (-1, —%])closedinA - closedin X (asAis)
= C, Disdigoint closed

Uryusohn'sLemma= 3 f, : X > [—é %] ctssuchthat f; |c = % filp = —g

Moreoever, |f (X) — fi(X)| < % ¥ xeA

Hence, f — fy[a: A> [—% g] cts

The same argument gives: 3 f,: X — [—3% 3%] ctssuchthat |f(x) — f1(X) — f(X)| < (2)2 ¥xeA
If,: X - [-% (32 (g)”’l] atssuchthat [f(x) — 10 — ... - fn01 < (2)" (%)
Let fi= 532, . Noter [fol < 2 (2)"

Welerstrass M test = Y, f, convergesuniformly, so f cts.
3 -1

[Fo0] = 152 a0l = S 5 (B) =1

Get f: X [-1,1]cts. Letn> ooin(&) = f|a=f.0
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