Recall Tietze Extension Theorem
X T4 space, Ac Xclosedthenf: A—[a, blcts= 3 f: X [a, b]cts, f|A: f
Small remark fq, f,: X>Rcts, thenfy + f5, f; f5, ... cts.

X > R2 i> R
X = (1(%), f2(¥) = f1(X) + f2(X).

Corollary 55

Tietze also true for functionsto R
Proof:
Note:R = (-1, 1)

X — arctan x
/2

Given f : A- (-1, 1)cts, by Theorem54 4g: X - [-1, 1] suchthatg|s = f
“Problematic set” : g~1({—1, 1}) closed and digjoint from A.
By Urysohn 31 : X - [0, 1] suchthat A|5 = 1, /1971({_1’1]) =0.

Define f :=1g. Then f|, =g|, = f.But f(x) ¢ (-1, 1} forall x, since|f|<|gl.o

Remark From [a, b]-version get [a, b]"—version
From R—version get R"—version
Itisasotruefor f : A— R"suchthat |f(x)| <r forall x.
Reason: {xeR":|x| <r}=[-1, 1]".

Compactness (lecture by Michael)

Compact spaces are small spaces.

3 questions for topol ogists when one finds a new property.
1) does any space have it?

2) perserved by continuous mappings?

3) do subspaces have these property?

Are these sets compact ?

{0}
{0, 1}*

How to prove these sets are compact ?
1) Use Konig's Lemma

2) Cantor set = {0, 1}*

How about these sets?

[0, 1]* product topology

[0, 1]* box topology

Use compactness definition which works for all spaces.
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Theorem A space X is compact if and only if for every collection # of closed subsets of X with the finite intersection
property, then N F = Q.
Recall In []X,, basic open setsare of the form [T, (U N ... N T, (Up).

Definition Let X be anonempty set, # acollection of subsetsof X. 7 isafilter(on X) if

i) F, it hasFIP* (i.e. for any collectionFc ¥, NFeF.)
iyPeF, XeF
iii) Fisclosed upwards (if Ac ¥,B2 A, thenBe ¥)

Example

Let ¥ ={(a, b)cR :100 e (a, b)} dmost afilter (fails the third property)

~

F ={AcCcR:3(a b)>100and(a, b) c A} Thisisafilter.
Biggest filter ?# U {{100}}? No

Since {100} U (0, 1) ¢ ¥ () {{100}}

SowedefineF | {{100}} = {AC R : 100 € A} = maximal (ultra) filter. (the notion — means closed upwards)
Definition A filter #ismaximal(or an ultrefilter) if whenever D> F isafilter, D=F.

Fact 1 For every filter 7, thereisan ultrafilter D> .
Fact 2 If Fisan ultrefilter(on X) Ac X, TFAE

DAeF
iVWVFeF, ANF+0

Proof: (of fact 2)

“=” Obvious. “<” VF e F, F () A+ Q. Check that # | {A} hasFIP*.
TakeFy, ..., FneF, thenF1 ... NFheF.SoF1 N ... NFaNA£O.
Addto Fall setsof theform (F1 N\ Fo (... NFn N A eg.(F7 N Fa N A)
Let all sets of the above form ¥,

Then 7 U 72 isafilter, 7 < 7 U 72. So by maximality, 7 = 7 U 72

Proof(of fact 1) : use Zorn'slemma
Let Fbeafilter,andlet F1 CFoC ... CFnC ... CFAC ...
If we show (¢ Fnisafilter, ZL says# can be extended to an ultrafilter.

{Fa=7F :del}isachainif giveniy, Ap el thenFy, € Fp, or T, 2 T,
Cal Fo, = U Fa- Weknow X e 7o, @ ¢ Foo and F C Fo.

Clam ¥ hasFIP*.

Let Aq, ..., AneFoo. AF,, Fapr --o0 T, DEINthEChBin sUChthat A € 7).
So thereisa Ay suchthat 7, € Fy,, Vi. Check closed upwards.
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Tychonoff’s Theorem
Let X, be compact then [TX, iscompact.

Proof:

Let ¥ beacollection of closed setswiththe FIP. Let /. = {F1 N Fo (... N Fn:Fie 7}

Then ¥ | ¥ isafilter. From then we extend # | #1to an ultrafilter 4. Wewant ¢ + "YU c NF

Let Uy ={y c Xy :m*(y) e U}. Let ;7 2(A( B) = 7 2(A) N 7 %(B). Since m arecontinuous, 71;%(C) is closed for C
closed.

Fact U, isanultrafilter on X,, weknow () Uy = Q. Pick F (1) € (U,
Clam ¥ :1 - X, givenby Q)

) F e [1X

i) Fenu

Want if B abasic open set contains F, then B € U. It is enough to show every subbasic open set S F isinU.
if (i), then F € (Mpes, reg B NU=NU

Let S=71(Uy) 3 F. (Uy openin Xy). So F (1) € Uy. Also F (1) € U, Ulﬂ NUy = O.
So U, NF+®, VFeU.SoU, € Uy. Now let F € U an open sset in [[X,. So there is a basic open B such that

FeBcU.
TFAE
i) Zorn'slemma

ii) Axiom of choice
iii) Tychonoff’s theorem
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