851, 52 Homotopy and Fundamental Groups
Suggested textbook : Armstrong “Basic Topology”
Letl:=[0, 1](cR)

Definition f, g: X - Y cts, then f, g are homotopic (write f ~ ) if 3 F : Xx | - Y such that
suchthat F(x, 0) = f(x), F(x, 1) =g(x), ¥ xe X. F is called homotopy (between f, g)

Example

f :R? - R? rotation by anglea (around 0), then f ~ id(identity map)
Homotopy at timet : rotation by to.

Focuson X =1, i.e. consider paths| - Y.

Definition a, B:1 — X (cts) are path homotopic (write @ ~, 8 ) if @, 8 have same endpoints p, d.
AF:1xI (time) » Xsuchthat F(s, 0) = a(s), F(s, 1) =p(s), F(O,t)=p, F(L, t)=q.

Examples
1) X =R?, Fix p, g X. Any two paths from p to g are homotopic.

8(s) 8

Fix s, idea: connect by straight lines.
Explicitly: F (s, t) = (1 - t) a(s) + {8(s), clearly continuous.
Similarly thisworks fro all convex subsetsin R"

2) X =R2\ {0} = C \{0}. W€ Il seethat a (s) = €15, B(S) = e ™S not path homotopic.
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Proposition 56

(Path) homotopy is an equivalence relation.
Proof: do only for =~

a=~paobvious: F (s, t)=a(s),a~y, = B~pa:revsertimet < 1 -t

a=pf, B=py=>a=py

6 ¥
B
p Fi |apP| F anp a
@ B

Fi(s, 21) O<t<1/2
Fes ) ={
Fo(s,2t-1) 1/2<t=<1
By pasting lemma (book 18.3) shows F is continuous. o

Constant path: given pe X, letey: 1 - Xforall s
S p

Reverse path: given path a, definea : | - X
s a(l-9)

Concatenation: If a, 8:1 - Xsuchthat a(1) = B(0), thencandefine

a(29) O<s<1/2

B2s-1) 1/2<s=<1 (continuous by pasting lemma)

a*,B:I—>X,S|—>{

Proof: (a*B)*y £ ax(Bx7y)
Theorem 57

(i) a pathfromptoq, a#e~paandepy=a ~p

Proof: Only do epxa ~p a.
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Let F(s, t)={a(zH
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