
Recall    X topological space, p Î X

              Π1HX, pL := loops in X at p � >p

                                ={path homotopy equivalence classes @ΑD of loops Α at p<
             @ΑD = @ ΒD � Α >p Β

             

Π1HX, pL has only one element, if X Ì R
n convex.

Π1HX, pL is a group: @ΑD * @ ΒD := @Α * ΒD.

                                 @ΑD := @ΑD

                                 AΕpE HidentityL

                                 

Goal: Π1IS1, 1M @ HZ, +L
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Proposition 61 (“path lifting”)

Suppose  Α : I ® S1is a path. Fix x Î Π-1HΑH0LL. Then there is a unique path Α
�

: I ® R such that Α
�

H0L = x and Π ë Α
�

= Α.
Proof uses U+ and U- Hcan be found in the textbookL

Proposition 62 (“Homotopy lifting”)

Suppose  Α, Β : I ® S1 have same endpoints. Fix x Î Π-1HΑH0LL. Then Α >p Β Þ Α
�

>p Β
�
, where Α

�
, Β

�
lifted  path  with

starting point x.

Theorem 63

IΠ1IS1, 1M, *M @ HZ, +L or simply Π1IS1, 1M @ Z.

Proof:

Define Θ : Π1IS1, 1M ® Z

@ΑD Ì Α
�

H1L

 , where Α
�

= lifted path from Proposition 61 with Α
�

H0L = 0.

This does not depend on the choice of Α : @ΑD = @ ΒD Þ @Α
�

D = @ Β
�

D by Proposition 62. Þ Α
�

H1L = Β
�

H1L.

Claim 1: Θ is surjective.
Given n Î Z, take any path Α

�
: I ® R such that Α

�
H0L = 0, Α

�
H1L = n He.g. Α

�
HsL = nsL

Let Α := Π ë Α
�
       (e.g. Α HsL = e2 ΠinsM. 

Then Α
�
 is a path lifting Α and starting at 0, so it’s the lift of Proposition 61 gives  Þ Θ H@ΑDL = n.

Claim 2: Θ is injective.

If Θ H@ΑDL = ΘH@ ΒDL, then Α
�

H1L = Β
�

H1L. So Α
�
, Β

�
are paths in R with same endpoints Þ Α

�
>p Β

�
.

Þ HΠ ë Α
�

= ΑL >p IΠ ë Β
�

= ΒM, which means @ΑD = @ ΒD.

Claim 3: ΘH@ΑD * @ ΒDL = ΘH@ΑDL + ΘH@ ΒDL  (“group homomorphism”)
(left as an exercise). �
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Lemma 64

If Α, Β : I ® X are paths and f : X ® Y continuous then Α >p Β Þ f ë Α >p f ë Β.

Proof:
If F is a path homotopy between Α and Β then f ëF is a path homotopy between f ë Α and f ë Β.

F: I � I ® X ®
f

 Y

F f ë F

f ë Α

f ë Β

f(q)f(p)  Þ

Α

Β

p q

Disc D2 = 9x Î R
2 :  x¤ £ 1=

S2 = 9x Î R
3,  x¤ = 1=

Theorem 65 (Brouwer fixed point theorem)

Any continuous function f : D2 ® D2 has a fixed point ie. $ x Î D2 such that f HxL = x.

Proof:

Suppose that f has a no fixed point. Then for x Î D2, we can define rHxL in S1 as follows:

It is the intersection point of the line from f HxL to x with S1(the point that is closer to x)
This works because we assumed f HxL ¹ x.

r : D2 ® S1; Hnot bad to check that r is continous.L Note that rHxL = x if x Î S1.

S1 ®
i

D2 ®
r

S1, hence r ë i = Id

Suppose Α : I ® S1 in a loop at 1, then i ë Α = I ® D2. Then ië Α > Ε1 constant loop since D2 Ì R
2 is a convex subset.

Þ rë ië Α

Α

>p rë Ε1
�

Ε1

in S1.  So Π1IS1, 1M = 8@Ε1D< : contradicting Theorem 63. �

 
 Theorem 66 (Borsuk-Ulam Theorem)

 " f : S2 ® R
2 continous, $ x Î S2 such that f HxL = f H-xL.

  Proof:

  If not, define gHxL :=
f HxL- f H-xL

  f HxL- f H-xL¤
Î S1, note f HxL - f H-xL ¹ 0 by assumption.

  g : S2 ® S1 continous. Note gH-xL = -gHxL.
  

  Consider the loop Α : I ® S2

s Ì HcosH2 ΠsL, sinH2 ΠsL, 0L

  

  Let Β = gë Α : I ® S1 HloopL 

  Note: ΒIs +
1

2
M = - ΒHsL for all s Î A0, 1

2
E

  

  ΒIs +
1

2
M = gIΑIs +

1

2
MM = gH-ΑHsLL = -gHΑHsLL Hby oddnessL = - ΒHsL.

  

  By Proposition 61, can lift Β to a path Β
�

: I ® R I pick any starting point Î Π-1H ΒH0LL M

  

  For any s Î A0, 1

2
E, Β

�
Is +

1

2
M - Β

�
HsL =

1

2
+ qs where qs Î Z

  Þ qs = Β
�

Is +
1

2
M - Β

�
HsL -

1

2
. This is a continuous function A0, 1

2
E ® Z = discrete topology.

  So this is constant, qs = q Î Z Hindependent of sL

  Then Β
�

H1L = Β
�

I
1

2
M +

1

2
+ q = Β

�
H0L +

1

2
+ q +

1

2
+ q = Β

�
H0L + 2 q + 1.

  So Β winds around S1, 2 q + 1 times. So Β Np Ε, but Α >p Ε inside S2

  Þ gë Α
�

Β

>p gë Ε
�

Ε

, contradiction by Lemma 64. �
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