Recall Xtopological space, pe X

mi(X, p):=loopsinXatp /=,
={ path homotopy equivalence classes [«] of loopsa at p}
[a]l=[flea=pp

m1(X, p) hasonly oneelement, if X c R" convex.
m (X, p)isagroup: [a]*[B] := [a*B].

la] :=[a]
|€p] (identity)

Goal: my(S, 1) = (Z, +)

Proposition 61 (“path lifting™)

Suppose «: | - Stisapath. Fix x e 7~1(a(0)). Thenthereisauniquepatha : | - R suchthat &(0) = xandrx © & = a.
Proof uses U, and U_ (can befound in the textbook)

Proposition 62 (“Homotopy lifting”)

Suppose «, 8: 1 - St havesameendpoints. Fix x € 7~X(a(0)). Thena ~, 8= & ~,, B, whered, Slifted path with
starting point x.

Theorem 63

(m(Sh 1), )=z, +)orsimply my(SH, 1) = Z.
Proof:
Defined: nl(Sl, 1) - Z ,where @ = lifted path from Proposition 61 with @(0) = 0.
[a] — a(l)
This does not depend on the choice of a : [a] = [B] = [a] = [[3] by Proposition 62. = @(1) = B(1).

Claim 1. @ is surjective.

Givenne Z, takeany patha : | - R suchthat @(0) =0, a(l)=n (e.g.a(s) =ns)
Letai=roa (eg. a(s)=e"")

Then a isapath lifting @ and starting at 0, so it’ s the lift of Proposition 61 gives = 6 ([a]) = n.
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Claim 2: gisinjective.
If 6 ([a]) = 6(B)), then &(1) = B(1). So &, B arepathsinR with sameendpoints = & ~, 5.
= (mo@ = @) ~p (o f = B), whichmeans[a] = [].

Claim 3: 0([a] = [B]) = 0([a]) + O([B]) (“group homomorphism™)
(left as an exercise). o

o

|
I

SRS

—*—_—i— Free Group

Lemma 64

If o, B:1 > Xarepathsand f : X —» Y continuousthena ~, § = foa ~, fop.

Proof:
If F isapath homotopy between a and 8 then f oF is a path homotopy between foa and f o 8.

3 foa
p F a = f(p foF f(a)
6 f°ﬁ

f
Flxl->X->Y

Disc D? = {xeR?:|x| =< 1}
&={xeR3 |x =1}

Theorem 65 (Brouwer fixed point theorem)

Any continuous function f : D? - D? hasafixed pointie. 3 x € D? such that f(x) = x.

Proof:
Suppose that f has ano fixed point. Then for x e D?, we can definer(x) in S' asfollows:
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It isthe intersection point of the line from f(x) to xwith S'(the point that is closer to X)
This works because we assumed f(X) # X.

r: D2 - St (not bad to check that r iscontinous.) Notethat r(x) = xif xe St.

Sl—'>D2—r>Sl, hencer oi =Id

Supposea : | - Stinaloopat1, theni o @ =1 — D2 Thenioa ~ €; constant loop since D? c R2 isaconvex subset.

a €

= reica ~pToe iNS. Som(S' 1) ={[e1]}: contradicting Theorem 63. o

Theorem 66 (Bor suk-Ulam Theorem)

v f: S > R2continous, dxe S suchthat f(x) = f(—x).
Proof:

. . f(x—f (-x)
If not, define g(x) := oo fool

g: S - S continous. Note g(—x) = —g(X).

e S, note f(x) — f(—x) # 0 by assumption.

Consider theloop o : | -» &
S+ (cos(2rs), Sin(2rs), 0)

Let B=gea: | - S (loop)

. 1 1
Note: B(s+ E) =-pB(9foralse|0, E]
Bls+ ) =dla(s+ 3)) = g-a(s)) = ~ga(9) (by oddness) = —4(s).

By Proposition 61, can lift g to apath B: | - R ( pick any starting point € 7~%(5(0)) )

For any se [0, %] B(s+ %) - B(s) = % +gsWheregse Z

= 0s=B(s+ %) —B(s) - % Thisis a continuous function [0, %] - 7 = discretetopology.
So thisis constant, gs = q € Z (independent of s)

Then,B(l):[S(%)+ %+q = B(0) + %+q+ %+q:B(O)+2q+l.

So B windsaround St, 2q+ 1times. So B #p€, but @ ~,einside S

B €
= goa ~p go€, contradictionby Lemma64. o
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