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GK dimension of = (7)

€ GK dimension of 7, (7)
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GK dimension of = (7)

Notation. Keep (mostly) the notation in previous lectures.

@ K = unramified extension over Q, of degree f ;
@ Ok = integers of K, Iy = Ok/p;
@ G = GLy(K), Z =center;

eo-(3 )a-(0 9r-(; )

@ | =lwahori, I; =pro-p-lwahori, H := ([]Fg] []FOX])%“ [/l ;

@ Ki = Ker(GLQ(OK) — GL2(]Fq)), 21 =2ZNKy;

@ (E,O,F) : for coefficients of representations.
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GK dimension of = (7)

Assumptions
Throughout the lecture, p: Gk — GLo(F) will be reducible non-split

~ wfz::_‘:—ol pi(ri"l']-)
0 1

with 3 < r, < p—6. Set
00 -— (r07r17°°°7rf—1)
called “ordinary” Serre weight. From Lecture 3, o9 € W(p).

Let m,(7) = admissible smooth F-representation of G in mod p
cohomology (cf. Lecture 1) with 7|g, = p. Assume r = 1 (i.e. minimal
case). Keep global technical conditions in Lecture 8.
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GK dimension of () Generation by Dg(p) Finite length when f = 2

Some useful facts T,

6 ww“i ”d""bﬁ ceW)
(1) JH(Indf*) ) A W(7) = {o0}. (6> > Lad |

2T 6o
(2) let mg := (G.og), then mq is principal series and socgm, (F) = 7.

(4) If Exty(o, 7, (F)) # 0 for some Serre weight o, then o € W(p).

@ = Haim]  meT

m= (%, .a Ta) (I,,)

! @y\
~ Vo Xh ~o
0> TEK) = Hm '—~7(HM ) How (6 Q) < Yo (g, H'L))a
) \>@
T edtare ~N>9 =) @ew(f)—
= Hom (6, @) — ' (6 7®) > ©
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GK dimension of () Generation by Dg(p) Finite length when f = 2

Some useful facts
(1) JH(Ind; ™29 y00) 0 W(5) = {o0}.
(2) let mg := (G.og), then mq is principal series and socgm, (F) = 7.
(3) (Le) m,(F)"* = Do(p).
(4) If Exty(o, 7, (F)) # 0 for some Serre weight o, then o € W(p).
_@ (H., Breuil-Ding) Ordg(7, (7)) is semisimple (as T-rep.).
Ord,, * o p S T = W)

( Emexhn) f exchdes
acton G‘ _ N (b
' Homg (TG T )% Houg (T 0rlgT) |/ T)L_v )

6 Tio
- OPAB(I‘”‘E T)~T. Ovdg(g.c) =%

()
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GK dimension of = (7)

Theorem 1 (H.-Wang)

The Gelfand-Kirillov dimension of 7, () is f.

As in Lecture 6, can deduce that 7, (7)Y is Cohen-Macaulay module of
grade 2f (over A :=F[h/Z1]), and essentially self-dual.
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GK dimension of = (7)

Theorem 1 (H.-Wang)

The Gelfand-Kirillov dimension of 7, (7) is f.

As in Lecture 6, can deduce that 7, (7)Y is Cohen-Macaulay module of
grade 2f (over A :=TF[l1/Z1]), and essentially self-dual.

Strategy of the proof : ( ],e,e}cuxe, %).
My = oe bl FE /20D

Y“I\ - -~ — =
(2) Show [m,(F)[my,] : o] =1 for any o € W(p).

(1) Show [, (7)[m%,] : o0] = 1.

)
(2") Show [, (F)[m}]: x] =1 for any x € =, (7)".
(3) As in Lecture 6, deduce GK(m, (7)) < f (need to use results of

‘ pr(TF)Y) & fudled by 7.

[BHHMSI1]). v 4r(R), "7 = (4s3s gsu:
Conclude by Gee—Newton.J i

°/
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GK dimension of () Generation by Dg(p) Finite length when f = 2

Steps (2), (2')

These steps are purely representation theoretic.
Let p be as above, ™ be an admissible smooth F-rep. of G satisfying :
K> Do(p): = Sty it = D6
(@) 7 = Dop): = SemdT = o
b) if Ext} (o, m) # 0 for some Serre weight o, then o € W(p);
)

there exists one oo € W(p) such that [r[mf ] : o] = 1.

Then the following hold :

(i) [r[m%.]:0] =1 forany o € W(p); (2)
(ii) [W[mi] . x] = 1 for any x € 7h. (2’)

Yongquan Hu Morningside Center of Mathematics Essen Spring School: Lecture 9



GK dimension of () Generation by Dg(p) Finite length when f = 2

T TI‘@T‘C‘ @ D" R?-)

Proof. Recall : the diagram (Dl(p) — Do(p is mdec{)mposable by
Lecture 3.

Ufe 5 vt=iéew$3)* [ Dng,J -‘é:]:l}

"’{%CTI‘ [ wfm? ]:'x]:]} o T 3([‘)’(‘))
\5(0 ()
wa (). () f how Hat- e

T 0E Do, thn xeS, i €S,

S (B g en) ey
‘ > e Gammard| | 5 o
o) < Dl T o
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GK dimension of = (7)

o T
Step (1) : Show [, (7)[m}.] : oo] = 1.

Let I := GLx(FF4) so that F[I'] = F[GL2(Ok)/Z1] /mk,. Let

[ = F[GLa(Ok)/Z]/m3.. & ot a M ala

Let Projrog, resp. PrOJffo be a projective envelope of oq for

[-representations, resp. [-representations. over fF

Have
Projrog — Projroo. L LeoMn 8)

Need to show

. . — ?
dimg Homgy,,(o,) (Projzoo, 7, (F)) = 1.
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GK dimension of = (7)

Let M (and R ) be a minimal.patching functor for p (cf. Lecture 8),

e.g. take e Auad

Moo (=) 1= Hom@,(0,) (Mos, =)

for a minimal patched module M.

Recall that M, /m,, = 7,(F)", so we have

Moo (©) /Mmoo = Homgr,(o,)(©, (7)) .
= im |

Equiv. to show

The Rs-module Mo, (Projzog) is cyclic.
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GK dimension of 7, (7) Generation by Dg(p) Finite length when f = 2

Recall gluing lemma 2 of Lecture 8 :

Given finite dim. F[GL,(Ok)]-modules ©1, ©, which admit a common
quotient ©g, form the fiber product

. oach O1 Xg, O2. :g('x,\,z-v) D XX, @,,}
Apply Mo (—) to get
0— Moo(@l X0 @2) — Moo(el) X Moo(ez) — Moo(@o) — 0.

Assume both M,,(©1), M (©2) are cyclic Ry-modules with annihilator
li, I (hence so is M (©¢) with annihilator Iy), then

M. (©1 Xg, ©2) is cyclic <= h + L = I.
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GK dimension of () Generation by Dg(p) Finite length when f = 2

Roughly, we glue Projroo with an ordinary part of Projzoy :
o @1 = PI‘Oer'o.

Theorem (Le) The R,.-module M, (Projrog) is cyclic.
I
R

@ O = Ind;(]Fq) Xoo (2 quotient of ©1). 2 [V, (B c%f,bz
=26, —

fock (). (@) NWip = {6}
> Nm(@.) = I\Aoocgo)

Fact. There exists a (unique) quotient ©, of Projzoo such that :

nt [M-ext @o hen-lf
Of /[\Jf’“%

@ O; := ordinary part of Projzoq.

0 =0y — O2— B —0.

ES(.'\'LC@O, Go) = E)d"‘l/%‘(xgb, 6‘°) '-‘-d,{lm‘?' 6‘\0 €a 6o
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GK dimension of 7, (7) Generation by Dg(p) Finite length when f = 2

Structure of ©; (f =) &< g\amﬁr =(xr)

B¢ Pgm Q € ks ;ﬁ;j
Mo @ £ B.) |l
(Pl/ }l’ 3-r) o @GD& | o, )

Quda

WL NG
S
X X
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GK dimension of () Generation by Dg(p) Finite length when f = 2

Cyclicity o Woo (©2)

Lemma

Let 7 be admissible F-rep. of G. Assume
o JH(@O) M SOCGLz(OK)T(‘ = {0‘0} e W= Tl_(F) Ok
@ Ordp(m) is semisimple. & (5)

Then the projection ©, — gg induces an isomorphism

HOmGLZ(@K)(Oo, 7T) (:> HomGLz(@K)(@z, 7T).

4 = ohin )
Hom( 8o, TCF) =dim |

(&) P S ot ieckin. B ficor fhogl
= ®,
E L 2= ) —%‘7 T ® _—D/.ET/ v
7 & o s ¥,
J [b) @ s %&éffé, G ®> =

o/ T Romiop ?&gﬁw&%
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GK dimension of () Generation by Dg(p) Finite length when f = 2

Proof of 1 + L = I

e AU J;g V)ﬁ— UA.‘:W.).
Can work locally : replace R, with R;;A““(th@)“ = hwn whso(&,)) UM’( \Pa))

@ have an explicit description of Iy (Fontaine-Laffaille) and /; (Le);

@ the action of Ry on My (©2) factors through R (:=reducible

deformation ring), i.e. "4 C k. < F&W redoeslo
oshowlred+/1:lo. &F% SS‘
lemwns T foe adm, ¢t FH(@,) 1 Segial <16} 1 g .
To o i
o 9% s T qducar o iem | G«gﬂ#
Hom (B, T) 22 fow (B, )

brh(O), v
IXT,P '«:NV “—D H (@ (Mv )0"4) n_ Hm[@ m) Rw " M(Mb)
(j VS . om 2, ._;%—. - o (&) ' *(‘D-A"“SHW‘Q‘T{
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GK dimension of () Generation by Dg(p) Finite length when f = 2

Proof of 1 + 5L = I

Can work locally : replace R with Rj.

@ have an explicit description of Iy (Fontaine-Laffaille) and /; (Le);

@ the action of Ry on My (©2) factors through R (:=reducible
deformation ring), i.e. [red < I,.

o show /74 + f = f.
Example. ?g: OL % Vi,%tﬂ,giéf — 3K /s
W) =faf T. = (® ¥;, 2i)

! L =(m ¥, ECC%C«-P)) e b du £ /<9

?.W\QK \v/\m-CPL-[—
T o, 2:). [ brad i RP =0f /o
o If +It‘Qa\ :Io,
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Generation by Dq(p)

@ Generation by Dy(p)
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Generation by Dq(p)

The main result of this section is :

Theorem 4 (H.-Wang)

As a G-representation, 7, () is generated by Dy(p).

F.

We have Endg(m, (7))
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GK dimension of 7, (7) Generation by Dg(p) Finite length when f = 2

Example/Motivation

S Mpd Timg) s

Take f =1, so W(p) = {00}, 7, (F) = (mo — m1), with m; PS. " mudh- free (&4

- 3 L——/'%/T > TW =& i)
( LD
2> To

Let Q = Injgr,(0)/2.70 together with a smooth action of G and

assume 7,(7) — Q (cf.[BP]). °¥ JL= Hm

Paskunas : if 7,(7) C m C Q with w[m¥ ] mulitiplicity free, then

=7, (7).

Shdue of JT é‘l | T @ TF) | JL/W)

W)
£ = k' (1), 77) Fai T =T AR

> A
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GK dimension of 7, (7) Generation by Dq(p) Finite length when f = 2

6. ca(?) D:c('(\
Exi%rcrm, TE) —> EXG{JH;CQ:)[&' TF) & ReCa, be -
1l
= | i
g -2 . (Qutbsoas) 2k
2.\.(&,\“\/4\
Hbmtebn Y(F)/qu;))
= Hom (&5, TR gm,g,j D)
VLQQA '_\ﬁ?,:T'CY‘:) -0 [ ho &
Eo o
T k\o{:,( D("7/ )c_,> TiF) ( condofiom E_(((r)ﬁhé I3 5
"

> TF) f'ﬂkf )
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Generation by Dq(p)

The proof of Theorem 4

The starting point is :

The G-cosocle of 7, () is an irreducible PS, say . \

Proof. G_\((F(}D :F > T(F)" e, wgf—cf,quz
T <> T(F) v Cede

~> T e el EFR)Y (up 6wt

r
T‘_-C, ( 4 QC\W\M&L)
f_%
IS n
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GK dimension of 7, (7) Generation by Dg(p) Finite length when f = 2

Let 7 C 7, (7)|;. If for some i, some x : | — F*, the composition

Ext)(x,7)
//
s lﬁ’ o Pk
Bz (X, V@H(X, Wv(?))i:@Ext’/(x? mf)
o

is non-zero, then m,(¥) can be generated by 7 as G-representation.

We will find some y, i, 7 such that “Criterion” applies.

o\ -%TKF)—%»TEC whp <&T> ZTE). f <G> V-
Vpakel TR,
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GK dimension of 7, (7) Generation by Dg(p) Finite length when f = 2

How to choose Y,/ and 77

Assume W(p) = {oo} for simplicity. Know the following information :

lae {L;{ ¢
Yo . X,

o Ext;(x,wv(F)ﬂif and only if y € m,(7))" and

dime Ext] (7)) = (7).

/

This suggests to take : x = xo, (the ordinary character).

W%: ﬂnjadiwe reroludy’ o ¢ w&) W Mbo-?:; L YioY

" Me = (%@}
k~ (.')f\ M) ¥ i o2 e 2 Mo TPV — o

o ot il Qo o Q)
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Generation by Dq(p)

How to choose Y,/ and 77

Assume W(p) = {oo} for simplicity. Know the following information :

e Ext|(x,m,(F)) # 0 if and only if x € 7,(F))"* and
dimp Ext/(x, 7, (F)) = (2if)'

This suggests to take : x = xo, (the ordinary character).
@ 7 has injective dimensioyéf, and

d'mFEXt/@”f):{ (L, ) F<i<of
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Generation by Dg(p)

@ The multiplicity-freeness of ,(F)[m3 ] suggests : if take
7 = m,(7)[m}] then
s T)

dimp Ext(x, 7) = 2f
and the map V5o Bs 4o

@ Beittor) > Beltom(m) T
IS an isomorphism. - % D"fl Ylf ° ()’sf <o.

h 1
JGV‘I (Xl FLF)/z) =0 ‘ M [BI g OA"ﬂ
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Generation by Dq(p)

In summary, in the diagram of "Criterion”

Exti(x, 7) 2 Bxti(x, 7 (7)) 2 Bxti(x, 7r)

take
@ X = Xoo
@ | =2f

® 7 = a variant of m,(F)[m7].

Show

(1) ~2r is an isomorphism (easier) ;

(2) Bar is a surjection formmeg==F=—FF Actually, inductively show 3;

is surjective for any 0 </ < 2f.

Yongquan Hu Morningside Center of Mathematics Essen Spring School: Lecture 9



GK dimension of 7, (7) Generation by Dq(p) Finite length when f = 2

Step (2) : §; is surjective
our- Tom.
To deduce wmjectivity of B¢ from that of 5y, 81, need :

C—
W)

Key ingredient : 7,(7)"|; admits a Koszul complex projective resolution,
as M is flat over R, (which is regular) and M /mq, = 7, (7).

Example. when f =1, 7,(p) = (mo — m1), Paskunas shows :

)

050" W aveaWav L nmY So.

Ew&GrLSL") = FExy2

Yongquan Hu Morningside Center of Mathematics Essen Spring School: Lecture 9



Generation by Dq(p)

Consider the following situation : (R, m) = noetherian local ring,
., Xn) With x; € m. Assume

x = (x,..
e K> K1 Ko 0
lﬁz lﬁﬁ ﬁ,
F> F1 Fo 0
where
@ K, = Ko(x, R) = is Koszul complex, with K; = Fﬁ)
@ F, = complex of free R-modules.
Lemma (Serre)
Assume 5 eur pondation e,
(a) x1,...,x, are linearly independent mod m?;
(b) Eo : Ko — Fo is a direct summand.

v

Then Ei - K; — F; is a direct summand for all 0 </ < n.
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GK dimension of 7, (7) Generation by Dg(p) Finite length when f = 2

In practice, can not take R = R in Serre's lemma, as R,, does not act
on an injective resolution of 7.

To solve this, let A := (Proj,x")/mj so that (j::[ f\x
End;(\) 2 F[x;,yi;0 < i < f—1]/(x;, yi)> 9}& \
2 XU v 'Xvol“&
Choose minimal prOJectliresolutlons
v N o)
Qe > 77, K¢ — m,(7) ¥ Hom (-, N)

-V

with K, being Koszul, get morphisms Hom, (K., A)" — Hol'm/(Q.,),\\)v of
End;(\)-modules, and E"ﬁg\ IH)Qﬂ{‘NQ. >,

R

@ Serre's lemma applies with R := End,;()\). Actually get B; are
isomorphisms.

thpsts 7% Bom
o F 5 Hom (Qu, \)" M 7
(L0 oty b elap ned
wm=.

K. K.
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Finite length when f = 2

© Finite length when f =2
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Finite length when f = 2

Theorem 6 (H.-Wang)

If p is reducible non-split, then 7, (7) has the form

gehﬂl_@ trtods-

with g, 7 principal series. If moreover f = 2, then 7’ is irreducible and
supersingular.

Already know : the G-socle of 7, () is mp and G-cosocle is 7¢.

Assume f = 2. Need to show n’ is irreducible and supersingular.
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Finite length when f = 2

Proof. FE:Q’
forh o T@ [, odn. D ohwage. fore On (el Gubriep. cay T

:§ Er(.é_ (TC" 71-0) :FO
@ cdoim T & 2.Q.

Faj [%P] | ? T\—,'(‘S fon- 5.5, W ﬂ?' ~/ F To. 1%0—01 EX{:CI-"—('K.'/ To) =0 !
m»l:) 1{r hek 4MBCWLF)) RS sem‘—;mru.
To
@ ou 76 G-srk § TR/,

Qe fosmine. Q&%(OF)(K(F)/%), Aesime w((?\={6b§

Rl ¢ @ ¢ W) zﬁlc"' S 6'2}
6 oE)  S2,. O The<GEesth> ¢ m/L

it

T‘ ~ eh 1 :@
Cody_ & 5 T Li > 5 ®WF) st fo’)/u@ h(“(}‘_) bR

o
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GK dimension of 7, (7) Generation by Dg(p) Finite length when f = 2

(L

Let Q be an admissible quotient of /(02) := c—Indng(OK)Z o2. Assume
the G-cosocle of Q is irreducible and isomorphic to

o = 1(02) /(T — ) T

F“_L,_/Fﬂl -
for some A € F*. Then v T, —
. n .
Q = 1I(02)/(T —A)1, some n>1. w%

' - N need =T, @ ‘Y_;i
‘d\m n(®) S 0\\011\%*@»\ % ﬁ,(( ) TE) iS %c_&m(. - T i
-—m/ (o

> T((¥)
N

7-(’
0= (1(') — TE) = &
, Juotet- ¥l e qeramted t e inge § RE) wQ
a———

\/ :Qz-
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Finite length when f = 2

= fequb .
- reﬁ Wg‘\ Gk (Mo [y ) 2 GE(Me) =

Y‘gu:lsm Cﬂ.(’uwb_r, ot C.?V-O-L{‘] l‘f‘ Z S @'L(Q\V‘-’Fﬂr fiﬁ.
2 &befo) 21 CM -redle

— Ao TS Q.
Gk Crer)*) seﬁmtﬁmfﬂ Mo, "3
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Finite length when f = 2

Thank you!
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