TOWARDS THE FINITE SLOPE PART FOR GL,

CHRISTOPHE BREUIL AND FLORIAN HERZIG

ABSTRACT. Let L be a finite extension of Q, and n > 2. We associate to a crysta-
belline n-dimensional representation of Gal(L/L) satisfying mild genericity assump-
tions a finite length locally Q,-analytic representation of GL,(L). In the crystalline
case and in a global context, using the recent results on the locally analytic socle
from [BHSI7al we prove that this representation indeed occurs in spaces of p-adic
automorphic forms. We then use this latter result in the ordinary case to show that
certain “ordinary” p-adic Banach space representations constructed in our previous
work appear in spaces of p-adic automorphic forms. This gives strong new evidence
to our previous conjecture in the p-adic case.
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1. INTRODUCTION

Let G be a unitary group over a totally real number field F'™ which becomes GL,, over
a totally imaginary quadratic extension F of F* and such that G(F" ®gR) is compact.
Then the p-adic Banach spaces of continuous functions C°(G(F™)\G(AY,), E) for E a
(varying) finite extension of Q,, can be seen as a p-adic analogue of the complex Hilbert
space L?(G(FT)\G(Ap+)). Assume that all places v|p of FT split in F' and choose ¥v
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in F for each v|p. Choose also a prime-to-p compact open subgroup U? = pr U, of
G(ASP), then the UP-invariant vectors S(UP, E) := {f : G(F*)\G(A%,)/UP — E}
forms an admissible continuous representation of G(F T ®gQ)) = [1,, GLn(F5) over E
(with G(F*®gQ)) acting by right translation of functions). Moreover to any absolutely
irreducible automorphic Galois representation r : Gal(F//F) — GL,,(E) of level U one
can associate a non-zero invariant closed subspace S(U?, E)[m,] of S(U?, E).

The continuous representations S (UP, E)[m,], as well as their locally Q,-analytic
vectors S(UP, E)q,-an[m;| have attracted some attention over the past years (see e.g.
[Eme06b], [BHIH], |[CEGT16], [BHSI7a] and all the references therein). With the
notable exception of GL,(Fy) = GL2(Q)) for all v|p (see for instance [CDP14] and
[CEG™18]), and despite several partial results, these representations remain mysteri-
ous, e.g. one doesn’t even know if they have finite length. In this article, we focus on
the locally Qp-analytic representations S (U?, E)q,-an[my] when r is crystalline at all
p-adic places and we use the recent results and techniques in [BHS17a] and [Brea] to
determine an explicit subrepresentation of g(Up,E)@p_an [m,], which is, to the knowl-
edge of the authors, the largest known subrepresentation so far. Going beyond this
subrepresentation will almost certainly require (seriously) new ideas.

Start with an arbitrary finite extension L of Q,, and a crystalline representation
p: Gal(L/L) — GL,(E) (here Hom(L, E) has cardinality [L : Q,]) with distinct o-
Hodge—Tate weights for all embeddings ¢ : L — FE and such that the eigenvalues
©1, ..., on of pllo@l op Dqis(p) satisfy gpicpj_l o4 {1,pi[L0:QP]} for all i # j, where Lg
is the maximal unramified extension contained in L. Then one can associate to p a
certain list of distinct irreducible constituents (the “locally analytic socle”) €%°¢(p) =
{C(w™e,F)} depending on two parameters: w®®, which is a permutation of the o-
Hodge—Tate weights for each ¢ : L — FE, and F which is a refinement, i.e. an ordering
of the eigenvalues ;. These two parameters (w®#,J) satisfy a certain relation that
involves the Hodge filtration on Deyis(p) ®1, L (see §5.1). In fact C(w?®,JF) is the
socle of a certain locally Q,-analytic principal series PS(w®8, F) of GL, (L), see ,
and C(1, ) is the usual locally algebraic representation associated to p by the classical
local Langlands correspondence (it is in €%°°(p) and doesn’t actually depend on F).

Then one defines a finite length admissible locally Q,-analytic representation H(p)fS
of GL,(L) over E (“fs” for “finite slope”) as follows (see Definition [5.7):

(i) For any (w?#,F) such that C(w™8, F) € €°(p), we let M (w8 F) be the
largest subrepresentation of PS(w®8, F) such that none of the irreducible con-
stituents of M (w8, F)/C(w™8, F) is in €°(p).

(ii) For any C € €%°°(p) we define the following amalgam over the common socle C

M(p)c = P{M (w8, F) : C(w™8, F) = C}
C

and denote by I1(p)% the unique quotient of M (p)c with socle isomorphic to C.
(iii) We finally set TI(p)® := @ceesoc () L(P)E-
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The representation II(p)®™ has socle @Dceesoe(p) C and in general is not multiplicity

free. We give two explicit examples for GL3(Q,) in §5.3 Note that II(p)® does not
allow one to recover the Hodge filtration on Dgis(p) ®r, L, though it depends on it.
Now, for v|p let rj := T|Ga1(F7 P (where r is automorphic of level U? as above) which
we assume crystalline satisfying the above conditions for each v|p. One of us conjec-
tured in [Breld, Conj. 6.1] that ?C(w%lg,?g)(an_l) appears as a subrepresentation
vlp

of S(UP, E)q,-an[m;] if and only if C’(w%lg, F5) € €C°¢(rp) for each v|p (see Conjecture
here (¢"71) is the twist by the (n — 1)th power of the p-adic cyclotomic character
e on each factor C' (wglg, F%)). This conjecture was proven in [BHS17a, Thm. 1.3] under

the usual Taylor—-Wiles assumptions when UP is sufficiently small and r is residually
absolutely irreducible (see Theorem [5.11)).

Theorem 1.1 (see Corollary |5.16]). Suppose that [Brel5, Conj. 6.1] holds and for each
C= ®v|p017 with Cy € C%°°(r5) let

nc = dimpg HomQ(F+®@@p) ( ® C’g(sn_l), §(Up, E)Qp_an[mr]) € Zo.

v|p

Then there exists an injective G(FT ®@g Q,)-equivariant linear map

(1.2) D (@ N(ry)E, (") ™" < (U, E)q,-anlm].
c=pc; P

In particular there exists a G(FT ®q Qyp)-equivariant injection of admissible locally
Qp-analytic representations (% I(ry) (e 1) < S(UP, E)q,-an[my].
vlp

In fact, Theoremextends verbatim (and by the same proof) to the case when ry is
crystabelline (and not just crystalline) for each v|p (satisfying conditions analogous to
the ones above). But in the crystalline case at least it becomes unconditional thanks to
[BHSI7al Thm. 1.3] (under the hypothesis of loc.cit.). Note that the embedding
should be quite far from being an isomorphism in general, for instance because one can
reasonably expect that the locally Q,-analytic representation S(U?, E)q,-an[m,] does
determine all the Galois representations r; for v|p, and we know that this isn’t the case
for the left-hand side of (|1.2]).

The proof of Theorem proceeds as follows: (i) one first deduces from a general
adjunction formula (Proposition in the text) that any equivariant homomorphism
(%) Cy(e"1) — S(UP, E)q,-an[m,] extends uniquely to an equivariant homomorphism
vlp
(%M(rg)cg(anfl) — §(UP,E)Qp_an[mr], (ii) one proves (using [Brel5, Conj. 6.1]) that
vlp

any such homomorphism necessarily factors through the quotient & IT(r3)% (e"~1),
Ulp v
and is injective since it is injective in restriction to the socle ® Cy(e™ ). The proof of
vlp
Proposition itself relies on the same strategy that was already used in the proof of

[Breal, Thm. 1.3] (based on an extension of functional analysis results of Emerton).

Theorem and Proposition (on which it crucially relies) “unify” various results
and give evidence to several conjectures in the literature, which is the main reason
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why we wrote this article. First Proposition [4.8] generalises an adjunction formula of
Bergdall and Chojecki ([BCI8, Thm. B]) in the case of a Borel subgroup and a locally
algebraic character. When n = 2 the representation IT(p)® is exactly the representation
II(Degris(p)) in [Brel6l §4(9)]. In this case Theorem [I.1] was already proven by Ding in
the setting of the completed H! of unitary Shimura curves (see [Dinl7, Thm. 6.3.7])
by a different argument. Theorem also gives evidence to [Brea, Conj. 6.1.1], which
implies in particular that each constituent of the form C' (wglg,?g)(enfl) (assuming
there is only one place v|p in F'* for simplicity) which is not in €%°¢(rz) and where
w%lg is a simple reflection appears in the socle of S(U?, E)qg-an[m]/C(1,F5) (™) (see
the end of . Finally, Theorem allows us to give strong evidence to a previous
conjecture of the two authors in the ordinary case ([BH15, Conj. 4.2.2]). Consider
the crystalline representation p above and assume moreover that L = Q, and that p is
upper triangular. In that case we have a canonical refinement &, and in [BHIS, §3.3] we
associated to p a finite length continuous admissible representation I1(p)°™? of GL,(Q))
over E of the form TI(p)>d = @, II(p)c, w1, where w runs over those w = w8 such
that C(w,w(F,)) € €*°(p) and where each Il(p)c, ,—1 is indecomposable and is a

successive extension of certain unitary continuous principal series of GL,(Q),) over E.

Theorem 1.3 (see Theorem [6.25)). In the setting of Theorem assume moreover
that p is totally split in F™ and that each ry for v|p is upper triangular. For each

w = (wg)y|p such that C(wg, wy(Fy,)) € C°(ry) let

Ny = dimE HOHIQ(FJr@@Qp) ( (/T’? C(wg, 'wg(g"m))(&‘nfl), §(Up, E)Qp_an[mr]) S Z>0.
vip

Then there exists an injective G(FT @g Q,)-equivariant linear map

P (Hlr)e, ()™ = SUP, B)m].

v
w=(wy)y VP

In particular there exists a G(FT ®q Qp)-equivariant injection of admissible continuous
representations (§|§> II(r5)°d(en 1) < S(UP, E)[m,].
vlp

As above, recall that Theorem becomes unconditional under the assumptions of
[BHS17al Thm. 1.3]. One way to prove Theorem [1.3|goes as follows: (i) one first proves
that the locally analytic vectors (II(p)°™)q,-an of I1(p)°™ is a (closed) subrepresentation
of TI(p)®™ (Proposition , (ii) one proves that the universal unitary completion of
(I1(p)°"4)@,-an gives back II(p)°™d (Proposition [6.20]), (ii) one then combines these two
results with Theorem to deduce Theorem (We actually give an alternative
proof, see §6.2])

Along the way, we carefully prove several unsurprising but useful technical results
(e.g. Lemma or Lemma , some of which having already been tacitly used in
previous references (e.g. in [BHS17b], [BHS17a]). We also provide a complete proof
to the crucial Proposition in the text which was already stated (but without a
complete proof) in [Breal, Prop. 6.3.3].

1.1. Notation. We let E/Q, be a finite extension and O its ring of integers. The field
FE will be the coefficient field for all representations and locally convex vector spaces,
unless otherwise stated. In particular all (completed) tensor products of locally convex
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vector spaces will be over E. All locally analytic manifolds will be assumed to be
paracompact.

If V is a locally convex vector space then V} is its continuous dual with the strong
topology ([Sch02, §9]). A unit ball in a Banach space is any open bounded lattice (or
equivalently the unit ball of some norm defining the Banach topology). If V is any
BH-space (see [Emel7, Def. 1.1.1]), then V denotes the latent Banach space structure
on V ([Emel7, §1.1]).

If V; are locally convex vector spaces, we write Vi ®, Vo for the tensor product
equipped with the projective topology ([Sch02l §17]). If the V; are of compact type or
Fréchet, then this agrees with the inductive topology and we just write V; ® Vs ([Emel7,
Prop. 1.1.31)).

If L is a finite extension of Q, we will tacitly identify (characters of) L* with
(characters of) W2P by local class field theory, normalised so that uniformisers cor-
respond to geometric Frobenius elements, and where Wy, is the Weil group of L and
Wb its maximal abelian quotient. We let | - [, be the normalised absolute value
€ L* — p~BQlval@) where val(p) = 1. For instance, for L = Q) the cyclotomic
character ¢ is identified with the character x — x|z|q, of Q).

If I is a finite set, we denote by #I its cardinality.

All other notation will be introduced in the course of the text.

1.2. Acknowledgements. The second author thanks the Universities of Paris-Sud
and Paris 6, where some of this work was carried out, for pleasant working conditions.
We also thank the referee for helpful comments.

2. PRELIMINARIES

We establish some results in non-archimedean functional analysis that we couldn’t
find in the literature.

In this section, K will denote a subfield of E containing Q, (in particular, K is a finite
extension of Q). For a locally K-analytic group G let Repy, . G denote the category of
locally K-analytic representations of G on locally convex vector spaces of compact type
and Rep,q G the full subcategory of admissible locally K-analytic representations (see
[ST02b], [ST03], [Emel7]). Recall that a continuous linear map f : V' — W between
locally convex vector spaces is strict if the continuous bijection V/ker(f) — im(f) is

a topological isomorphism. If V is a locally convex vector space, we denote by V its
Hausdorff completion ([Sch02, Prop. 7.5]).

Lemma 2.1.
(i) If0 — vV’ LV 5 v s a strict short left exact sequence of locally convex

vector spaces, then the sequence 0 — Vi i> V V7 s strict exact.
(ii) If W is a locally convex vector space the functor W @, (—) (resp. W ®(—))
K

is exact (resp. left exact), meaning that it sends strict short exact sequences
(resp. strict short left exact sequences) of locally convex vector spaces to strict
short exact sequences (resp. strict short left exact sequences).
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(ili) Suppose we are given locally convex vector spaces Vi (i € I) and Wj (j € J).
Then we have a natural isomorphism

HV ([Twn = ]I Vigwj.

iel jeJ (i,5)eIxJ

Proof. (i) We first consider the case where g is surjective. On the level of vector spaces
we have a left exact sequence with continuous maps because projective limits are left
exact. The map f is strict by the correspondence between open lattices in a locally
convex vector space and in its completlon The e map g is strict because the universal
property of completion shows that v /im(f ) S Visa completion map, and completion
maps are strict ([Sch02, Prop. 7.5]).

In the general case we factor g as composition V' — im(g) < V" of a strict surjection
and a strict injection. It remains to note that the completion of a strict injection is a
strict injection (by the same argument as before), and that the composition of a strict
map and a strict injection is still strict.

(ii) Consider the sequence from (i) with g surjective. Then 1®; f is strict by [Sch02,
Cor. 17.5] and 1 ®; g is strict by the definitions and by [Sch02, Cor. 17.5] again. The
statement for @ now follows from part (i).

(iii) It suffices to show that (J[;c; Vi) QW = [Lic;(Vi ® W) for any locally convex

vector space W. Since both sides are complete and Hausdorff, it suffices to show that
both spaces are canonically isomorphic after passing to Homg0 (—, M) for any O-torsion

module M (with discrete topology), where HomgO means the continuous O-linear maps.
We easily check

Homo HV ®WM) Homo HV @r W, M).
iel el

Given any element f of this space, it has to vanish on ([Jg A; x [[;_g Vi) x A for some
finite subset S C I and some open lattices A; in V; (i € S) and A in W. By linearity,
f is zero on ([[;_¢ Vi) ®x W. By (ii) the function f factors to give an element of

HomO ((IIg Vi) ®x W, M). Hence

0
Homo HV ®WWM)N1gnH0mO HV ®WWM %@Homg (Vie. W, M),
el €S i€l

where the direct limit is over finite subsets S of I. Replacing for a moment V; by
V;@W and W by E we also get

Homgo (H (VZ @ HomeO Vi ® W, M).
el iel

By combining all the above isomorphisms (and using again that M is complete) we are
done. g

We recall that a Hausdorff locally convex vector space is said to be hereditarily
complete if all its Hausdorff quotients are complete. This is true for Fréchet and
compact type spaces, cf. [Emel7, Def. 1.1.39].
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Corollary 2.2. The completion functor is exact on any short exact sequence of locally
convex vector spaces whose middle term has the property that its completion is heredi-
tarily complete. The completed tensor product is even exact in the full subcategories of
Fréchet and compact type spaces.

Proof. The first part follows from Lemma (1) and its proof. The second part then
follows from Lemma (ii), as both subcategories are stable under completed tensor
products [Emel7, Prop. 1.1.32]. (In the case of Fréchet spaces, see also [Schlll Cor.
4.14].) O

Lemma 2.3. Suppose that C is a finite category and F a functor from C to Rep,q G.
If V is a compact type space, then we have a topological isomorphism

(colim F)® V = colim(F V).

Proof. In the category Rep,q G any homomorphism is strict. The functor Rep,q G —
Rep, . G sending W to W ®V commutes with finite direct sums and cokernels by
Corollary hence also with finite colimits. O

We will apply Lemma in the case of colimits indexed by a partially ordered set.

Corollary 2.4. Suppose that V', W, U are Hausdorff locally convex vector spaces such

that V' and Vy are bornological, W is hereditarily complete, and U is complete. Then

for any continuous linear map f : W — U we have ker(1® f) = V ®(ker f), where 1
™ s

denotes the identity of V.

Proof. By assumption, the map f factors as W — W/ ker f — U, where X = W/ ker f

is complete, the first map is a strict surjection and the second map ¢ is a continuous

injection. By [Emel7, Prop. 1.1.26], the map 1 ®i is injective. The claim then follows
™

from Lemma [2.1f(ii) applied to 0 — ker f — W — W/ker f — 0. (Note that the proof
of [Emel7, Prop. 1.1.26] uses also that V} is bornological, in applying [Sch02, Prop.
7.16].) O

If X is a locally K-analytic manifold and V' a Hausdorff locally convex vector space,
we denote by CX-27( X, V) the locally convex vector space of locally K-analytic functions
from X to V ([EdL99, Satz 2.1.10], [ST02b| §2]).

Lemma 2.5. Suppose that X1, Xo are locally K-analytic manifolds and that Vi, Vs
are locally convex vector spaces of compact type. Then the natural map

(2.6) el-an( X V)@ Ean( X,y Vh) = e (X x Xo, V1 R Vh)

A @ far ((1,22) = f1(21) ® fa(w2))

s an isomorphism.

Proof. Write X; = Hje J; Xij as a disjoint union of compact open subsets. Then
ei-an(x, V) = [Les, CR-an( X, V;) (see [STO2D, §2]) and similarly for €X-a8(X; x
X2, V1 ® V). By Lemma (iii) we are thus reduced to the case where X, X5 are com-
pact. In this case the lemma follows from [ST05, A.1, A.2] and [Emel7, Prop. 2.1.28]
by checking on the dense set of functions f;(z;) = o;(z;)v; with ¢; € C5-2%(X;, E) and
v; € V. O



8 CHRISTOPHE BREUIL AND FLORIAN HERZIG

Let H, G be locally K-analytic groups such that H is a cocompact closed subgroup
of G. Let V € Repy, . H, then we have an exact functor (Ind§ —)%" : Rep,, . H —
Repy, . G. Explicitly (see [FdL99, §4.1])

(Ind§; V)52 = {f € 5*(G, V) : f(hg) = hf(9) Vh € H,g € G}

with left action of G by right translation of functions. Moreover, choosing a locally
analytic splitting s : H\G — G of the projection G — H\G ([FdL99, Satz 4.1.1]), we
obtain an isomorphism of locally K-analytic manifolds H x H\G = G, (h,z) — hs(z)
and hence an isomorphism of locally convex vector spaces (with [Emel7, Prop. 2.1.28])

(2.7) (Ind§ V)K-an =~ el-an( g\ @ V) = K2 (H\G) ® V.
Then exactness follows from the last assertion in Corollary

Lemma 2.8. Suppose that for i = 1,2 we are given locally K-analytic groups G;
with closed and cocompact subgroups H;, as well as locally analytic representation V; €
Repy, o Hi- Then Vi @ Vy € Repy, (H1 X Hz2) and we have a natural isomorphism

(2.9) (Ind$ 262 v, @ V) K2n 2 (Tnd§! V4) 5" & (Tnd G2 15) 5"
in Repy, o(G1 X G2).

Proof. By [Emel7, Prop. 3.6.18] applied to the inflations of V; in Repy, .(H1 x H2) we
deduce that V; ® Vy € Repy, .(H1 x Hz). Fix now sections H;\G; — G;, which induce a
section (Hy x H2)\(G1xG32) — G1 xG4. From applied with X; := H;\G; and from
we can identify the two sides of and see that f1 ® fo for f; € (Ind% V;)f-an
is identified with (g1,g2) — fi1(91) ® f2(g2) in (Ind%i% Vi ® Va)K-20 In particular,
the map is G1 X Ga-equivariant. O

We will now prove a compatibility of the construction of Orlik—Strauch [OS15], as
extended in [Brel6, §2] and [BHS17al, Rk. 5.1.2], with respect to product groups. We re-
call briefly that for G a split connected reductive group over K and a standard parabolic
subgroup P C G, Orlik—Strauch constructed admissible locally K-analytic representa-
tions FG(M, ), where M is an object of Oh, (an algebraic analogue of the parabolic
BGG category O) and 7 an admissible smooth representation of the Levi quotient of
P. They showed that FG(-,-) is functorial and exact in each argument (contravariant
in the first argument), and they established strong irreducibility properties. The first
author extended their constructions to the case where G is the restriction of scalars
from K to Q, of a split connected reductive group over K, or even a product of several
such groups. In this case, which we consider in the following, note that 9§(M , ) is
locally Qp-analytic. We refer to [Brel6l §2] and [BHS17al, Rk. 5.1.2] for details.

Lemma 2.10. Suppose that for i = 1,2 we are given a locally Qp-analytic group G;
which is of the form [ 7L, Gij(Ki;), where K;j/Qy is finite and Gij is a split connected
reductive group over K; (we assume p > 3 as in [OS15] if at least one Gy; has factors
of type different from A). Suppose for each i that P; C G; is a parabolic subgroup, that
M; € ngg (where p; is the Lie algebra of the locally-Qp-analytic group P; and we use
the notation of [OS15]), and that wp, is an (admissible) smooth representation of finite

length of the Levi quotient of P;. Then (see [OS15] or [Brel6l, §2] for the notation)
(2‘11) 3:}G711( 15 7TP1) @ ?}GD; (sz 7TP2) = Stgll;:g; (Ml ®@ My, mp, @ 7TP2)'
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Proof. We take K = Q) for the purpose of this proof. We let g; be the Lie algebra of
G; and U(g;), U(p;) the enveloping algebras. We note that M := M; ® My € OhL?
and that m := 7mp, ® wp, is an (admissible) smooth representation of finite length of
the Levi quotient of P; x P,. Choose finite-dimensional subspaces W; C M, that are
p;-stable and generate M; as U(g;)-module. Then W := W; @ W5 has the analogous
properties for the product group. For any 9; € U(g;) Qu(p;) Wi we get the following

commutative diagram from Lemma [2.5] and Lemma [2.8

(Indgl1 Wi @ 7p, )Q-an @(Indgj Wy @ mp,) o = (Indgllxxgz2 W' ® m)e-an

(2.12) COran (G, Wi @ 7p,) @ €Lt (G, Wy @ p,) ——— CH(Ghy X Go, W' @ )

91 ® 8o 01®02

€U (G, mp,) B €L (G, mp,) ————— €L (G X G, ),

where the vertical maps in the bottom square are as defined in [OSI5, §4.4]. Let
i = Ul(gs) QU (p;) W; — M; denote the natural surjection, and note that the natural
surjection ¢ : U(g1 X g2) @y (p, xpo) W — M is identified with ¢1 @ ¢2. By considering
the diagram we deduce that the left-hand side of is identified (inside the
top left of ) with the simultaneous kernel of all 8; @ 9 for 9; @ &y in ker ¢; @ Wa
and W ® ker ¢, equivalently with the simultaneous kernel of all ) ®1 € ker ¢y ® 1
and 1® 0y € 1 ® ker ¢ (where 1 denotes alternatively the identity map of (IndIGDQ2 Wi ®

7p,) @ and (IndIG)l1 W! ®@mp, ) @), Since the U(g;) are noetherian, we easily deduce
the claim from Corollary O

If G is a locally K-analytic group and ¢ a continuous representation of G on a Banach
space, we denote by (g, ).an the subspace of o of locally K-analytic vectors for the
action of GG, which carries a natural locally convex topology finer than the subspace
topology ([Emel7, Def. 3.5.3]). If the group G is clear from the context, we will write
OK-an instead of o(q, g).an- If X,Y are topological spaces we denote by CY(X,Y) the
space of continuous maps from X to Y.

Lemma 2.13. Suppose that H, G are locally K-analytic groups such that H is a closed
subgroup of G. Assume that there exists a compact open subgroup Gy of G such that
G = HGy. If o is an admissible continuous representation of H on a Banach space,
then

-an ™ 0
(Ind% O(H, K)-an)K — ((Ind% U>e )(G, K)-an’

where (Ind$, o) is the Banach space {f € C*(G, o) : f(hg) = hf(g) Vh € H,g € G}
with left action of G by right translation of functions.

A priori, (Ind% O‘)eo is a closed subspace of C°(G,o), where the latter has the
compact-open topology. As the restriction map identifies (Ind% a)eo with (Indg‘(’) a)eo,
or by the identification with C°(H\G, o), its topology is Banach.
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Proof. Note that the assumption is satisfied if G is the group of K-points of a connected
reductive group over K and H is a parabolic subgroup. Also note that o, k).an is of
compact type, as o is admissible.

Recall from [Emel7, §2.1, §3.5] that we have a continuous injection g oy — o
and hence a continuous injection CX*(G, ox an) < C%(G, o). This induces a con-
tinuous injection (Ind% og_an )™ < (Ind% o) of closed subspaces, which is clearly
G-equivariant. By passing to locally analytic vectors we get a continuous injection
i+ (Ind$ o x-an) X < ((Ind$ o)) k_an by Prop. 2.1.30, Prop. 3.5.6 and Thm. 3.6.12
in [Emel7].

We now show that 7 is surjective. Let Hy := HNGy. Note that restriction maps iden-
tify (Indf; 0)® with (Ind%° 0)® and (Ind§ ox_an) ™ with (Ind§® 0g-an) " (equiv-
ariantly for the action of Gg). Therefore we may assume, without loss of generality,
that G is compact.

Suppose that f € ((Ind$ 0)60) K-an- Choose an analytic open subgroup L C G which
is the K-points of an affinoid rigid analytic group variety L defined over K (we use the
notation of [Emel7, §2.1]) such that f is L-analytic, i.e. the orbit map L — (Ind% ¢)¢’
of f is rigid analytic in the sense of [Emel7, Def. 2.1.9(ii)]. In particular, for each
g € G, the map o4 : L — o, l — f(gl) is rigid analytic. Now choose an analytic open
subgroup M C H which is the K-points of an affinoid rigid analytic group variety M
over K such that (i) M C H N(\eq gLg™! and (ii) for any g € G, the map M — L,
m — g~ 'mg =: mY is rigid analytic (in particular this applies to the inclusion M C L
by considering g = 1). This is possible since G is compact.

Define oppyig := CH8(M, o)212M) a5 in [Emel7, §3.3]. Fix coset representatives
91, -, gn of G/L and define maps f; : g;L — owmrig by fi(gil)(m) := f(mgil) = mf(gil)
forl € L, m € M. Then f; is rigid analytic, since C™8(g;IL, C"8(M, 7)) = C"8(g;,LxM, o)
and the function (g;l,m) — f(mg;l) = f(gim9%1) = o4,(m?1) is rigid analytic. It follows
that the ﬁ define a locally analytic function f: G — oM.rig Whose composition with
J : OMrig = 0 is f. Note that fis H-equivariant, since this is true after applying the
injection j. Then the composition of fwith OMe-rig < OK-an is the desired preimage of
f-

We deduce that i : (Ind% o g_an) < — ((Ind% 7)) k-an is a continuous bijection. It

is a topological isomorphism of LB-spaces by Prop. 3.5.6 and Thm. 1.1.17 in [Emel7].
]

Lemma 2.14. Suppose that for i = 1,2 we are given locally K-analytic groups G,
as well as admissible continuous representations o; of G; on Banach spaces ([ST02al,
§3]). Then oy @ o9 is an admissible continuous representation of G1 X Go on a Banach
space, and we have a natural isomorphism

(2.15) (01 ®02) (G x Ga, K)-an = (01) (61, K)-an @(02)(Ga, K)-an
in Repy, o(G1 X G2).

Proof. We simplify notation “K-an = (G, K)-an” as in the proof of Lemma [2.13] The
admissibility claim follows from [BH15, Lemma A.3] (by passing to compact open
subgroups that act unitarily). Now suppose that H; C G; are analytic open subgroups
which are K-points of affinoid rigid analytic group varieties H; over K, so Hy x Hs is
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an analytic open subgroup of G1 x G (= K-points of H; X g Hs). Then, by definition
([Emel7, §3.3])

(2.16) (o1 ® O2)H; x Ha-rig = (erig(Hl, o1) ® erig(H2, 0_2))A1,2(H1)><A1,2(H2).

We note that A; o(H;) acts continuously on C"&(H;, 0;), because it acts continuously on
CY(H;,0;) [Emel7, Prop. 3.1.5, 3.2.10] and therefore on GO(Hi,oi)Hi_rig =~ @Uig(H;, o)
(see the comment after Def. 3.3.1 and also Prop. 3.3.7 in [Emel7]). (Alternatively,
note that Ajo(H;) acts continuously on CU&(H;, E) ® o; and hence on its completion
C8(H;, 0;).) As the H; are topologically finitely generated, we easily deduce using
Corollary and Corollary (note that the strong dual of a Banach space is still a
Banach space, hence is bornological)

(2.17)  (CM8(Hy, 01) & CT8(Hy, gp)) 12 () xA12(Hz2)

= U8 (Hy, gp ) 12H1) § @18 (Hy, orp) 12 (H2) (01)H,-rig @ (02) Hy-rig-

Finally we choose cofinal descending sequences H Z-(j ) (j > 1) of analytic open subgroups
of G; (= K-points of affinoid group varieties ]HIZ(J ) over K ) as in the proof of [Emel7,
Prop. 6.1.3], so that the transition maps in (0;)x-an = lingI(ai)HEj)_rig are injective
and compact. By using the isomorphisms (2.16)) and (2.17)) together with [Emel7,
Prop. 1.1.32] we deduce that (2.15) holds. O

We refer to [ST03 §3] and [Emel7, §1.2] for (weak) Fréchet—Stein algebras and
coadmissible modules.

Lemma 2.18. Suppose that A, B are Fréchet-Stein (E-)algebras. Then A® B is a
weak Fréchet—Stein algebra, and if M is a coadmissible A-module and N is a coadmis-
sible B-module, then M & N is a coadmissible A® B-module.

Proof. We start by choosing Fréchet—Stein structures A = @An, B = @Bn in

the sense of [Emel7, Def. 1.2.10]. We note that A® B = @(An@@Bn) by [EmelT,
Prop. 1.1.29] (and cofinality) and claim that this expression gives a weak Fréchet—Stein
structure on A® B in the sense of [Emel7, Def. 1.2.6]. The first two conditions of that
definition are verified, as A, ® B,, is a Banach algebra. To check the third condition,
it remains to show that the natural map A®B — A, ® B,, has dense image. We
will show more generally that if V;, V! (i = 1,2) are locally convex vector spaces and
fi : Vi = V/ are continuous maps with dense image, then f1 ® fo : Vi® Vo — V/ @V
™ ™ s

has dense image. It suffices to show that f1 ®x fo : V1 @, Vo — V] @, V3 has dense
image. By factoring fi1 ®r fo = (f1 ®x 1) o (1 ®, f2) we moreover reduce to the case
where V2 = V3 and fo = id (as the composition of continuous maps with dense images
has dense image). It is enough to show that for any open lattices A} of V{ and Ag of V3
we have im(f1) @ Va+ Al @ Ay = V{ @ Va. Given v] @ vy € V{ ® Vi, choose a € E* such
that avy € Ag and write a~'v] = fi(v1) + 21 with v; € Vi, 21 € A} (which is possible
by assumption). Then v @ vy = f1(v1) ® ave + 21 ® ave € Im(f1) @ Va + A} @ Ag, as
required.

To check that M & N is coadmissible, we write M, := A, ®4 M (= A, %\) M), N,, :=

B, ®p N(2 B, ® N) (which are Banach spaces by [ST03, Cor. 3.1]) and note that
B
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M®N = l&l(MnG@Nn) by [Emel, Prop. 1.1.29]. By assumption, M,, (resp. N,,) is a
finitely generated (locally convex) topological module over A,, (resp. By,) in the sense
of [Emel, §1.2]. It follows from Corollary that M, ® N,, is a finitely generated
topological A, ® B,,-module. We have

(219  (An®B,) @  (Mpp1®Npp1) = (A ® Mpy1) @By ® Npga)

An+1 ® Bn+1 A"+1 Brt1

as topological A, ® B,-modules, because all spaces in question are Fréchet (even Ba-
nach), so using for instance Corollary one easily checks that either side represents
the Hausdorff quotient of A,, ® M, 11 ® B, ® N,,+1 on which the two natural actions
of Apy1, Bny1 agree (acting on A,, B, on the right and M, 11, N,+1 on the left).
Thus the module in is isomorphic to M, & N,. This completes the proof of
coadmissibility. O

Lemma 2.20. Suppose that for i = 1,2 we are given locally K-analytic groups G,
as well as admissible locally K-analytic representations o; of G;. Then the locally
K-analytic representation o1 @ o9 of G1 X Go is admissible.

Proof. For a locally K-analytic group G let DE-20(G) := CK-n(@G, E)] denote the
locally K-analytic distribution algebra of G. Let now G := G; x G2. We may as-
sume without loss of generality that both G; are compact, and we need to show that
(01 ® 02)}, = (01), @(02)} is a coadmissible DE-2"(G)-module (the isomorphism follows
from [Emel7, Prop. 1.1.32(ii)]). By the argument in Step 2 of the proof of [ST03|
Thm. 5.1] we have a quotient map D@ (G — DX-2%(@G) and it follows that a locally
K-analytic representation of G is admissible if and only if it is admissible as locally
Qp-analytic representation (see the proof of [ST03, Prop. 3.7]). Thus we are reduced
to the case where moreover K = Q,.

From Lemma [2.5|and [Emel7, Prop. 1.1.32(ii)] we have an isomorphism of Fréchet—
Stein algebras DY 27(G) = D& (G ) ® D@2 (Gy), identifying a Dirac distribution
O(g1,g0) With dg, ® dg4,. The result then follows from Lemma 0

The following technical lemma will be needed later. We denote by C(X,Y) the
space of continuous G-equivariant maps from X to Y.

Lemma 2.21. Suppose that G; (i = 1,2) are topological groups and that w; and I1; are
locally convex vector spaces equipped with a topological action of G; such that the 11;
are of compact type. If GOGI (m,111) = 0, then G%MG2 (m @, IT; ® I1p) = 0.

™

Proof. Suppose that f € G’OcleQ(ﬂl Q mo, I} ® IIy). By assumption, for any y € w2 and
K
any A € (IIy) we have (1&X) o f)(m1 ®y) = 0, so also (1&N) o f)(m @) = 0. It

thus suffices to show that if z € I} ® Iy and (1®A)(x) = 0 for all A € (TIy)’, then
z = 0. By [Sch02, Cor. 18.8] we have IT; ® Ty = £((TI2)}, 1) (see loc.cit. for the
notation), and it is easily checked that this isomorphism is compatible with evaluation
at any A € (IIz)". The lemma follows. Note that the same argument shows in fact that
GoGleQ (1 (?Trg, I ® IIs) = 0, where 7 ®, 72 is the tensor product equipped with the

inductive topology ([Sch02 §17]). O
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3. UNIVERSAL UNITARY COMPLETIONS

We compute the universal unitary completion of certain locally analytic parabolic
inductions (Proposition [3.1)).

We still denote by K a subfield of £ containing Q, and by G the group of K-points
of a connected reductive group over K. We refer to [Eme05) §1] for the definition of
universal unitary completions.

Proposition 3.1. Suppose that P is a parabolic subgroup of G with Levi subgroup
M and that o is a locally analytic representation of M of compact type satisfying the
following assumptions:

(i) o admits a central character Xy ;
(ii) there exists a BH-subspace oo of o such that o =3\, mog.

Then o has a universal unitary completion ¢ and the locally analytic representation
= (Indg o) K0 satisfies the same hypotheses as o (for G instead of M). If moreover
Xo 15 unitary, then the universal unitary completion T of 7 is given by T = (IndIG; 3)60,
together with the evident canonical map ™ — 7.

Note that if x, is non-unitary, then & = 0, whereas 7 may be non-zero. For an
example, see the representation 7 in the proof of Proposition below. Proposition
has the following immediate corollary.

Corollary 3.2. Suppose that P is a parabolic subgroup of G with Levi subgroup M
and that o is a finite-dimensional locally analytic representation of M such that o
has a unitary central character. Then (IndIGD o) K21 has universal unitary completion
(Ind% 5)¢".

Note that in the situation of Corollary o is the largest unitary quotient of the
Banach representation ¢ and thus an isomorphism if and only if the M-action on o is
unitary. For example, if G is quasi-split, B = TU is a Borel subgroup, and x a uni-
tary character of T, then the universal unitary completion of (Ind$ x)X-2" is (Ind$ x)¢’.

To prepare for the proof of Proposition [3.1] we first need some preliminary results.

Let P denote the parabolic subgroup opposite to P with common Levi subgroup
M, and let N denote its unipotent radical. Choose z € Z);, the centre of M. Choose
an analytic open subgroup Ng — Ng(K) of N (where as usual Ny is an affinoid rigid
analytic group over K) such that the function Ng — N, 7+ znz~! is rigid analytic,
i.e. lifts to Ng — Np. Recall [Emel7, §0.1] that a chart of a locally K-analytic manifold
X consists of an open subset X’ C X, a K-affinoid closed ball X, together with a locally

~

analytic isomorphism X’ — X'(K). For any chart ¢ : X — X(K) of N and any

m € M, n € N we denote for short by mnXm~! the chart mnXm~t =5 X 2 X(K),
where the first map sends mnzm ! to z. Recall [Emel7, §2.1] that an analytic partition
of a locally K-analytic manifold X is a partition of X into a disjoint union of charts.
The following lemma is clear.

Lemma 3.3. If ()~ 2"Noz"" = 1, then for any fized m > 0 the set {z"UNoz"" : U €
2N 2" /N ko s cofinal among all analytic partitions of 2~ ™Ngz™.
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Lemma 3.4.

(i) Suppose for each 1 < i < r that G; is the group of K-points of a connected
reductive group over K and that o; is a locally convex vector space equipped
with a continuous action of G; such that o; has a universal unitary completion
0;. Then the representation o1 @y -+ Qr 0 of G1 X -+ X G, has universal
unitary completion 61 ® - - - ® G,.

(ii) Suppose that H is the group of K-points of a connected reductive group over K
and that o is a locally convex vector space equipped with a continuous action
of H such that o has a universal unitary completion o. Then the (usual)
completion of o has the same universal unitary completion.

Proof. (i) It is clear that G := G; X --- x G, acts continuously on the locally convex
vector space 0 := 01 Q@ - - - Qr 0. We first show that for any G-invariant open lattice
A in o there exist G;-invariant open lattices A; in o; such that A; ®¢---®9 A, C A. By
definition of the projective tensor product topology, there exist open lattices A] C o;
such that A} ®¢ -+ ®9 AL, C A, so we can take A; := Zgie(}i gi\\,. Hence, if A;
for each ¢ is a minimal (up to commensurability) G;-stable open lattice in oy, then
A=A ®o- - ®9A, is a minimal (up to commensurability) G-stable open lattice in o.
Hence by [Eme05, Lemma 1.3] o has universal unitary completion (o1 ®---®0o,)3 (with
the notation in [Sch02, §19]), which is isomorphic to &1 & ---® &, by [Sch02, Lemma
19.10(i)).

(ii) Let us write here o€ for the usual completion of o. Since H is locally compact
it follows that H acts continuously on o¢ (use that a compact open subgroup of H
acts equicontinuously on o [Emel7, §3.1]). If A is a minimal (up to commensurability)
H-stable open lattice in o, then its closure A is easily checked to be a minimal (up to
commensurability) H-stable open lattice in ¢¢. Finally, observe that the natural map
op — (0°)F (again with the notation in [Sch02, §19]) is an isomorphism. O

Suppose that X is a locally K-analytic manifold and that o is a Hausdorff locally
convex vector space. We denote by CY(X, o) the vector space of functions in €%(X, o)
that have compact support in X (recall the support is the closure of the non-vanishing
locus) and by CX-21(X, 5) the linear subspace of €X-*"(X, s) consisting of compactly
supported locally analytic functions, i.e. CX2%(X o) = €K(X o) N CY(X,0). As in
[Eme07, §1] we give CX-21( X o) the locally convex inductive limit topology according
to the isomorphism

(3.5) CEM(X,0) = lim @D e, V),
{Xi,Vitier i€l
where {X; = X;(K)}icr runs through all analytic partitions of X and the V; run

through all BH-subspaces of o. The inclusion CX-2%(X, o) < CK-21( X 7) is continuous.
Moreover, the natural map

(3.6) lim €57 (X, V) — €570 (X, 0),
\%4

where V runs through all BH-subspaces of o, is a continuous bijection. If X is compact

we have CX-21(X o) = @K-27(X o) and the map is a topological isomorphism.
Suppose that X is a reduced affinoid rigid analytic space over K. Let C'8(X, E)

denote the Banach algebra of E-valued rigid analytic functions on X, i.e. C'8(X, E) =
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A ®k E, where A is the affinoid algebra of X. Then C"8(X, E) is a reduced affinoid
algebra over E by [Con99, Lemma 3.3.1]. Since it is reduced, the usual supremum
norm defines the affinoid Banach topology. Recall also that if V' is any Banach space
(over E), then C"8(X, V) denotes the Banach space C"'8(X, E)® V.

Definition 3.7.
(i) We denote by C'8(X,0) the open subring of power-bounded functions in
Cr&(X, E) (equivalently, the functions of supremum norm at most 1).
(ii) If V0 is a unit ball of a Banach space V, we denote by C"8(X, V) the closure
of C"8(X, ) ®e VO inside C"8(X, V).

Note that €"8(X,V0?) is a unit ball in C"8(X,V). For example, if X is the n-
dimensional closed unit ball, we can think of C"8(X,V) as the Banach space of all
power series ) yn Thy; with Tt = Tli1 ---Ti» and v; € V tending to zero in V as
i — 00, and then C'8(X, V) consists of all such power series with v; € VO If X is a
topological space we remark that C°(X,V?) is the space of functions in €°(X, V) with
image in V. From Definition we obtain the following lemma.

Lemma 3.8.

(i) The evaluation map C8(X,V) — CYX(K),V) restricts to C8(X, V) —
CY(X(K), V).

(i) Suppose that V. — W is any map of Banach spaces sending a unit ball V° C
V to a unit ball WO C W. Then the natural map C"8(X,V) — C8(X, W)
restricts to C18(X, V) — Crig(X, W0).

(iii) Suppose that X — Y is a map of reduced affinoid rigid analytic spaces over
K. Then the natural map C'8(Y,V) — CU8(X, V) restricts to C8(Y,V?) —
cris(X, V0.

Suppose now that X is a locally K-analytic manifold and V' a Banach space. Using
Lemma (3.8 we can make the following definition. We note from (3.5]) that

ClMX, V)= lim (P eTE(X, V),
{Xitier iel
where the inductive limit runs over all analytic partitions { X, };c; of X and €X-27(X V)
is equipped with the locally convex inductive limit topology.

Definition 3.9. We let
clem(x, Vo) = lim @ erE(x;, V),
{Xi}ier i1
where the inductive limit runs over all analytic partitions {X;};c; of X. If X is compact
we write CX-an( X, V0) for €-an (X, V0).

~

If X’ = X/(K) is any chart of X, then the natural map C"8(X', V) — C¥»(X,V)
is injective, since X'(K) is Zariski-dense inside X’. From the definitions it follows that
CRan(X V) = Yy, CU8(X/, V), where the sum runs over all charts X’ — X'(K).
Note also that CX-27(X, V%) is an open lattice in €5-2"(X, V) and that CX-an (X, V0) =
> 5 C8(X!, VO) inside CEa0(X, V). If X = [I;c; Xi is a partition by open subsets,
then the natural map @, ; CE-an(X, V) — €K-an(X V) is a topological isomorphism,
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identifying @, ; €57 (X;, V) with C&-21(X, V). (There are continuous maps in both
directions, using a cofinality argument.)

From Definition and Lemma we obtain the following lemma, where
X,V =YX, V)N eOX, VY.
Lemma 3.10.
(i) The natural injection CE-22(X V) — CYUX,V) restricts to CK-3(X V0) —
CY(X, VY.
(i) Suppose that V — W is any map of Banach spaces sending a unit ball VO C V
to a unit ball W° C W. Then the natural map CEX-*(X, V) — eK-an(X W)
restricts to CE-an (X V0) — ef-an(x W0),
(iii) Suppose that X — Y is a proper map of locally K-analytic manifolds (i.e.,
inverse images of compact sets are compact). Then the natural map
CE-an(y V) — CE-an(X V) restricts to CE-an(y, V0) — eK-an(x V0),

We next establish a compatibility of the lattices C"8(X, V?) and €X-22(X, V) with
respect to addition.

Lemma 3.11. Suppose that X is a reduced affinoid rigid analytic space over K.

(i) Suppose that V. — W is a continuous surjection of Banach spaces, send-
ing a unit ball VO C V onto a unit ball WO C W. Then the natural map
Crig(X, VO) — e8(X, W0 is surjective.

(ii) Suppose that o is a Hausdorff locally convex vector space and that Vi, Vo are
BH-subspaces of o with unit balls A; C V;. Then A+As is a unit ball in Vi + Vs
and we have CH8(X, A1)+ Cr8(X, Ag) = C8(X, A;+As) inside CT&(X, V] + V3).

Proof. (i) We equip C"8(X,E) (resp. V) with the gauge norm of the open lattice
Crg(X,0) (resp. V). Then C"8(X, VY) is the unit ball in C"8(X, V) = C8(X, E)®V
with respect to the tensor product norm. Since the gauge norm of C'8(X, E) by defi-
nition takes values in |E|g, it follows that C"&(X, ) is isometric to the Banach space
co(I, E) of functions I — E that tend to zero, for some set I [Col10, I.1.5]. By [Coll0,
1.1.8] we have isometric isomorphisms C"&(X, V) = ¢o(I, E) @ V = ¢o(I, V), hence giv-
ing a isomorphism C"&(X, V0) 22 ¢q(1, V) of unit balls. The claim now follows since
co(I, V) — co(I, W?) is clearly surjective.

(ii) By [Emel7, Prop. 1.1.5] note first that V; + V4 is also a BH-subspace of . By
[Emel7, Prop. 1.1.2(ii)] we have a continuous surjection of Banach spaces Vi @ Vo —»
Vi + V. It is an open map by the open mapping theorem and sends VO := A; @ A
surjectively onto W0 := Ay + Ay, which is thus a unit ball in Vi + V5. We conclude by
(1). O

Corollary 3.12. Suppose that X is a locally K-analytic manifold. Suppose that o is a
Hausdorff locally convex vector space and that Vi, Vo are BH-subspaces of o with unit
balls A; CV;. Then we have the following equalities inside CX- (X, Vj + V3):

CIn (X, Ay) + (X, Ag) = €5 (X A + Ag),
CX(X, Vh) + CX(X, V5) = € (X, Vi + ).

Proof. The first equality follows by summing the equality in Lemma [3.11{(ii) over all
charts (or all analytic partitions) of X. The second follows by inverting p. O
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Proposition 3.13. Suppose that X is a locally K-analytic manifold and V' a Banach
space with unit ball VO. Then we have inside CO(X,V):

(3.14) ekan(x vyned(x, v = el (x v

Proof. 1t is clear that the right-hand side is contained in the left-hand side. To show
that the other inclusion holds, choose any analytic partition {X;}ier of X. Then each
term in decomposes as a direct sum over i, and so we may assume without loss
of generality that X =2 OC}{ for some d > 1.

We first make some preliminary remarks. Let w denote a uniformiser of K, k the
residue field of K, ¢ the cardinality of k£, and wpg a uniformiser of E. We equip the
Banach space V with the gauge norm of V. Then any lift (v;);cs of an algebraic basis
of V0 /wgV? is an orthonormal basis of V. Note that if X, Y are compact topological
spaces, then we have isomorphisms of Banach spaces (see e.g. [Sch02] §17])

CUX,V)=CYX,E)®V and C°(X x Y, E) =2 C"(X,E)® (Y, E).

It is easy to verify that they are all isometries, where each function space carries the
supremum norm. On the other hand, for r € |K*|x and a € K™ let B,(a) denote
the K-affinoid closed ball of radius r and centre a. Then for ¢ € K", b € K™
the canonical isomorphism B,(a) x B,(b) = B,(a,b) induces an isometric isomor-
phism C"8(B,(a,b),E) = C'8(B,(a), E) ® C"8(B,(b), E). Define the Banach space
LAL(O%, E) = @Grig(B‘w‘?{(g),E), where the sum runs over representatives a of
O% / whO% and each summand is eq/u\ipped with the supremum norm. It follows from
what is before that LA, (0%, E) = &<,y LAL(Ok, E) is an isometric isomorphism.
Define more generally the Banach space LA, (0%,V) = @(‘Brig(BWl;}((g), V), where
each summand is equipped with the tensor product norm. Hence its unit ball is
LAL(0%, V) =P @rig(IB%‘w‘;;((g), V), and we have a topological isomorphism

eK—an(ocIl{’ V) @LAh(O?O V) lig(LAh(Od ,E) ® V)
h h

which restricts to €X-an(04. V0) =~ lim, LA, (0%, V).

We now recall a particular Mahler basis of C°(Ok, E) from [dS16] §1]. For m > 1
let ggm(2) := @@~ D/(a=1) [T, (z —r), where R, := (>rtaiwt s a; € k) and
tilde denotes the Teichmiiller lift. Any integer n > 0 can be written n = 22161 biq" for
some m > 1 and some b; € {0,...,q— 1}, and we define g,, := H?:ol ggﬁ and, for h > 0,
Gn,h = szhL%Jgn. Then the {gy, }n>0 form an orthonormal basis of €%(Ok, E), and
for any h > 0, the {gy»}n>0 form an orthonormal basis of LA, (O, E) (see Thm. 1.1
and Prop. 4.2 in [dS16]).

Suppose now that f € CK-a2(04. V)N %04, VP). Then f € LAL(0%,V) for some
h > 0 and by what is above we can uniquely write

f(z1,.00,2q) = Z An,iGn (21) - 'gnd(zd)via

where n = (ny,...,nq) € Z‘éo, 1€, A\pi €0 and ppip = Apiw 2j<ass>nlgt] — 0
in E. Then for all but finitely many pairs (n,i) € Z‘éo x I we have p,; € 0. We can
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therefore find an h' > h such that j, ;5 = Ap,iww Y j<aissn LgF )] € O for all pairs (n,1).
It follows that f € LAh/(O?{, VY C GK‘an((‘)?(, V), as required. O

Lemma 3.15. Suppose that o is a locally analytic representation of G of compact type
such that there exist a BH-subspace og of o and elements g; € G for i > 1 satisfying
o =Y..2,9i00. Then o has a universal unitary completion. Explicitly, if Ay is any
unit ball in oy, then A =3 5 gAg is a minimal (up to commensurability) G-stable
open lattice in o.

Proof. The proof only uses that o is an LF-space [Emel7, Def. 1.1.16]. Since o is
an LF-space we can write o as an increasing union of FH-subspaces o; (i > 1) such
that ¢ = li_n)laﬁ- is a topological isomorphism. It is clear that A as in the statement
is a G-stable lattice in 0. We now verify that A is open. Let o} := 3, g;00. Then
by assumption, ¢ is an increasing union of the FH-subspaces o (using [Emel, Prop.
1.1.5]). By [Emel7, Prop. 1.1.10] the sequences o; and o] are mutually cofinal, and
we obtain that o = ligag is a topological isomorphism. Therefore, to check that A is
open, it suffices to show that its preimage in 07 is open for all ¢ (see [Sch02, §5.E]).
This is true since that preimage contains the lattice ) i<i g;\o, which is easily checked
to be open using the open mapping theorem.

Suppose now that = is any G-stable open lattice in ¢. Then Z N &g is open, hence

after scaling = we may assume that =N &y 2 Ag, so = contains deG gAo = A. This
shows that A is a minimal (up to commensurability) G-stable open lattice in o, and
hence that o has a universal unitary completion, namely o7;. ([l

Proof of Proposition[3.1 Choose a cofinal sequence M; O My 2 ... of analytic open
subgroups of M and for each ¢ let M[; be the affinoid rigid analytic K-group such that
M; = M;(K).

Step 1: We show that we can enlarge our given oy, if necessary, to ensure that there
exists an analytic open subgroup M(, of M such that o is M-stable and the induced
action of M on 7 is Mj-analytic (with obvious notation).

By assumption, o = li%mi> | Ti» where 7 is a Banach space and the transition maps
are injective (and compact). Let 7; denote the image of 7; in o. By Propositions 3.2.15
and 1.1.10 in [Emel7] (using the completeness of o) and an easy induction we may
assume that each 7; is Mi-stable. Thus, as o is a locally analytic representation of M,
by [Emel7, Thm. 3.6.12] we have topological isomorphisms

o= hgnUMj-an = hgn(?i)Mj-an = hﬂ(ﬁ)Mi-an-
J Jst i

Let ; := (7i)M,-an and let o; denote its image in o, a BH-subspace. By [Emel7, Prop.
1.1.10] there exists an ¢ > 1 such that oy C ;. Then we can enlarge oy to o; and take
M = M;.

Step 2: We show that o admits a universal unitary completion and identify a minimal
(up to commensurability) G-stable open lattice in o.

By [Eme06al Prop. 4.1.6] we may choose an analytic open subgroup H = H(K) of G
that has a rigid analytic Iwahori decomposition with respect to P and P in the sense
of [Eme06al, Def. 4.1.3]. This means in particular that there are closed rigid analytic
subgroups My, Ng, Ng of H satisfying Mo(K) = HN M, No(K) = HN N, No(K) =
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H N N, such that the multiplication map induces an isomorphism Ny x My x Ng — H
of rigid spaces. We let My := HNM, No:= HNN, Ng:= HNN. Let Ay C M be the
split part of the connected centre of M and choose z € Ay that strictly contracts each
root subspace of the Lie algebra of N. By shrinking H, we may assume that My C M|
(as analytic open subgroups) and that the conjugation map Nog — Ng, o — znz ! is
rigid analytic.

Note that o is an My-analytic representation of My, as My C M. In particular,
My acts continuously on 7, so we can find an My-stable unit ball Ag C 7y [EmelT,
Lemma 6.5.4]. Since M /My is countable, Lemma implies that A := )", mAg
is a minimal (up to commensurability) M-stable open lattice in o, and that ¢ = o,
exists.

Pick coset representatives m; (i > 1) for M/Mj. In particular, A = > m;Ag. We
define the increasing sequence of BH-subspaces o) := ngi m;og, so that o = hglaj
(see the proof of Lemma [3.15).

Step 3: We set up some notation. Let 7 := (Ind% o)5#". Recall that €X2"(N, o)
is naturally a closed P-invariant subspace of 7, with image consisting of all functions
whose support is contained in PN [Eme, Lemma 2.3.6]. We normalise the closed
embedding Gf‘an(ﬁ, o) < 7 so that the inverse map (on its image) is f € 71— (T €
N f(*_ )) The P-action on CX-#"(N, o) is then given explicitly by (maf)(®@) =
mf(R 'm~'"'m). In particular, for any chart X — X(K) of N and any BH-subspace
V of o, C8(X,V) embeds as a BH-subspace of CX-"(N o) and hence of 7. For
m € M, n € N we see that mnC"8(X,V) = €"8(mnXm~—!, mV) and in the limit that
muCKk- (X, V) = CEa(maXm~1 mV) (as subspaces of CX2"(N ¢)). Similarly, if
VYis a unit ball in V, then mn€"8(X, Vo) = €"8(mnXm =1, mV?), where mV? denotes
the image of V? inside mV and mnCE-2n(X, V) = eK-an(mpaXm~!, mV?).

Step 4: We show that 7 satisfies hypotheses |(i)| and |(ii)| (for G instead of M). It is
obvious that 7 has a central character. To verify hypothe we take as BH-subspace
Cr&(Np, 5). By compactness of P\G we can find a finite partition P\G = |_|‘;-:1 Cj; into
compact open subsets and elements g; € G such that C; C P\PNgj_l. It is enough to
show that

(3.16) T = > gymi2"vC8(Ny, 77)
1<5<5,i>1,n>0,0€ N/ Ny

with N, o9 and (m;);>1 as in Step 2. Inside CX22(N,5) we have by the equalities in
Step 3

> 2'weE(Ng,o0) = Y CE(z"Noz ", 5g) = CE (N, 7),
n>0,0€N/No n,v

as o has a central character and using Lemma From Corollary and the
bijectivity of (3.6)) we then deduce

> mieE (N, 5g) =) | CFN (N, mizg) = | €5 (N, 0}) = X" (N, 0)
121 i>1 £>1

with o as in Step 2. (For the last equality note once again that the o are cofinal among
all BH-subspaces of ¢.) By partitioning the support of functions in 7 = (Ind$ o)%-2»
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and translating, it follows that 7 =3"_, g; CK-an(N o). We obtain by combin-
ing these equalities.

Step 5: We now assume that the central character x, of ¢ is unitary. Define A=
> geG 9C"8(Ny, Ag) and A/ := 7N (Ind$ A) , where A = ZmEM mAo (see Step 2) and
the intersection is taken inside (IndICSv ) . We will show that A = A’, and that it is a
minimal (up to commensurability) G—Stable open lattice in 7.

According to equation in Step 4 we may apply Lemmato the BH-subspace
€8(Ny, 7g) of  and see that A is a minimal (up to commensurability) G-stable open
lattice in 7. Since G“g(No Ag) € €%(No, Ao) C (Ind% A)® (noting that MAg C A), it
follows that A C A, as A/ is G-stable by definition.

For the reverse inclusion, suppose that f € A By partitioning the support of
f and by translating (as in Step 4) we may assume, without loss of generality, that
supp(f) € PNy, so f € CK- an(No o) N €%(No,A). By Propositions 2.1.6 and 1.1.10
in [Emel7] and recalhng that o = lim_ o}, there exists ¢ such that f € CO(Ny,0!). Tt

7,

follows that im(f) C o} is compact Recall that A}, : Z]Sk m;Ag is an open lattice
in o), (see the proof of Lemma , and note that A = [J, A}. Then for the value
of i above, A N o] is an increasing union of the open lattices A’ N 0 for k > 4. By
compactness, im(f) C A} No, C A} for some k > i. By increasing 4, we conclude that
fecka(Ng )N eO(NO,A;).

By Proposition we have f € CK-a1(Ny, A}) C €X-an(N Al). By Corollary
Lemma and since o has a unitary central character we have (as in Step 4)

fe Z Gf‘an(ﬁ, mjAo) = Z mjef'an(ﬁ, Ao) = Z m; eris (anNQZ_n, Ao)
jsi jsi PEN,j>1,n>0
= Z m; z”i@rig (No, Ao),
DVEN,j>1,n>0

and this is contained in K, as required.

Step 6: We show that 7 is canonically isomorphic to (IndG 5)¢ e

Consider the natural map 0 : 7 = (Ind§ o)X — (Ind% o77)® € (with A as in Step 2
and Step 5). By choosing a locally analytic section of the map G — P\G, the map 6
is identified with CX-22(P\G, o) — CO(P\G,07}). Since the locally constant, o-valued
functions are dense in C°(P\G, 07}), we deduce that 6 has dense image. Moreover, if A
denotes the closure of the image of A in o}y (whose preimage in o is A), then A’ is the
preimage under 6 of the unit ball (Indg K)eo. It follows that 6 induces a topological

isomorphism T, — (Ind$% UA)GO. By Step 2 and Step 5 we know that o = o} and
7 = n7,. This finishes the proof of Proposition O

4. A PARTIAL ADJUNCTION

We prove an adjunction result (Proposition which will be crucially used in the
proof of the main result.
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We first need to discuss some technical preliminaries. We let G := Hszl GL,(L;)
with L;/Q, finite for all i. We let B (resp., N, resp., B, resp., T') denote the subgroup
of upper-triangular (resp., upper-triangular unipotent, resp., lower-triangular, resp.,
diagonal) matrices in G. Let b, b, t denote the Qp-Lie algebras of B, B, T, respectively.
Let Ng denote any compact open subgroup of N and let T+ := {t € T : tNot ! C Ng}.
Then for any locally analytic representation 7 of B we have a Hecke action of T'F on
alNo by t v = DN N1 kv for t € T+ and v € 70 (cf. [Eme06a, §3.4], but note

that we do not normalise). Let K := H?Zl GL,(Or,).

Proposition 4.1 (Emerton). Suppose that 11 is an admissible continuous represen-
tation of G on a Banach space and that 0 — Hg,an — ™ — m — 0 is an ezact
sequence of admissible locally Qp-analytic representations of G, where g, an C 11 is
the subspace of locally Qp-analytic vectors for the action of G (an admissible locally
Qp-analytic representation of G by [ST03, Thm. 7.1]). Suppose that x : T — E* is a
locally Q,-analytic character and 1 : t — E its derivative. If H(b,Ilg,-an ® (—7)) =0
then we have short exact sequences

(4.2) 0 = (Tlg, an) V[t = 7] = 7Vt = 5] — 7Vt = ] =0,
(4.3) 0 = (Hgy-an) V[t = ]y = 7°[t = g = 720t = 5] — 0,

where V[t =n] CV (resp. Vi, C V) denotes the largest subspace on which t acts via
n (resp. the generalised x-eigenspace under the action of TT), and all vector spaces in
the last exact sequence are finite dimensional.

Proof. This is the statement of [Breal Prop. 6.3.3], and we (finally!) give here full
details of its proof. Let TY := T'N K. The exactness of (4.2) follows as in the proof of

loc.cit. from H'(b, Hg,-an ® (7)) = 0. To see the finite-dimensionality, we first show
that

(4.4) Vo[t =y = Jg(m)[t = 1]y,

where Jz denotes Emerton’s locally analytic Jacquet functor for the subgroup B of G
([Eme06a]). Note that the T+-action on the left extends uniquely to a T-action. We
have

45) w0t =)t — x (1)t € TH] = Jy(m)[t = n)[(t — x(t)* : t € T7]

for all s > 1 by an analogue of [Eme06a, Prop. 3.2.12], noting that the T-action on
the left is locally Qp-analytic and T-finite (as T° acts semisimply and 7/7° is finitely
generated). Taking the union of over all s > 1, we obtain , since again 7
acts semisimply and T/TY is finitely generated.

Next, [Eme06a, Prop. 4.2.33] shows that the strong dual Jz(m)[t = 7]} is the space
of global sections of a coherent sheaf F on T (the rigid analytic variety of locally Q,-
analytic characters of T') with discrete support. We write T = Un>1 fn as increasing
union of an admissible cover of affinoid subdomains. Then F(T},) = @xeﬁl?(fn)mw’

where the direct sum is over all closed points x of fn and m, is the corresponding

maximal ideal. It is a finite decomposition, as suppJF is discrete; moreover, mi(w)

annihilates F(T},)m, for some s(z) > 1 and F(T},) is finite-dimensional. Also, F(T},)m, =
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F, by [BGR&4, Prop. 9.4.2/6]. By passing to the limit over n we get a topological

isomorphism Jg(7)[t = ], =[], .7 Tz and dually

zeT

For any ¢t € T the function ¢t — x(t) on T is contained in the maximal ideal m, of x € f,
hence by above (t — x(t))*X) annihilates F, for all t € T. Therefore, J5(m)[t = 1], =
(Fy)p is finite-dimensional.

To see the exactness of , we first note that by the above we can identify it with
the sequence 0 — J5(Ilg,-an)[t = 1] — J5(7)[t = 0], — Jg(m1)[t = 7], — 0, and thus
it is independent of the choice of Ny.

Next, let H := [[%,{g € GL,(0,) : g =1 (mod p")} for some large r and Ng :=
H NN (these are uniform pro-p groups). Then T° normalises N, so the Hecke action
of T° on (HQp_an)N ° coincides with its natural action. Using [Eme06al Prop. 3.3.2] we
choose z1,...,zs € T such that ziﬁoz;1 - Wg for all i and such that T°, z1,..., z
generate 1" as group. By increasing r we may assume that moreover z; 'Hz C K for
all . Then by [BHS17b, Lemma 5.3] we know that Ilg,.an is an increasing union of
H-stable BH-subspaces II(") for h > 1 and, moreover, for each h > 1 the elements
z; preserve the BH-subspace IIj, := II") N (HQp_an)N °o[TY = x] and induce a compact

operator on the Banach space II, (a closed subspace of II1(") N (HQp_an)NO [t=1n]), see
for the notation.

We observe that if Y C T is any submonoid that contains 70 and generates T as
group, then we can also compute Jg(m) using Y instead of TF by [Eme06al, Lemma
3.2.19]. In fact, all results of [Eme06al, §3.2] apply and we deduce in particular that
Vo[t = nly—, = Jz(m)[t = n]y—y by the argument at the beginning of our proof,
where the subscript Y = x denotes the generalised eigenspace for x|y. As Y generates
T as group we also have Jz(m)[t = n]ly—, = Jgz(m)[t = n],. Thus the space 7Vo[t =
Nly=y = 7V [T = x]y—, is finite-dimensional and independent of the choice of Y.

Let Y denote the submonoid of TF generated by TV, 21, ..., z,. From we deduce
an exact sequence 0 — (Ig,-an)V[T0 = x] — aVo[T0 = ] — VT = x] = 0
and it remains to show that the last map is surjective on generalised x/|y-eigenspaces.
Let My := 7°[T° = Xly=yx = Vo[t = 5], and let M be the preimage of M; in
aNo[T? = x]. Let V be any subspace of 7Vo[T° = x| mapping isomorphically onto
the finite-dimensional space M;. Now choose h > 1 such that z;V C V + II; for all
i (recall (Tlg,-an)V°[T° = x] is the increasing union of the II;), and let V' :=1I,, & V
(a BH-subspace of 7¥0[T? = x]). We have a Y-equivariant exact sequence of Banach
spaces 0 — II, — V/ — M; — 0. As the z; are compact on II, and dimp M; < oo, we
deduce that the z; are compact on V. It follows that the generalised eigenspace V)’,:X
is finite-dimensional and surjects onto M;j. This finishes the proof of . U

Example 4.6. Suppose that Il = CO(K, E)®" for some r, or just that Ho,-an|x =
CUran(K, E)®", then H'(b,Tlg,-an ® (—n)) = 0 for all linear maps n : t — E by the
proof of [Breal, Prop. 6.3.3].



TOWARDS THE FINITE SLOPE PART FOR GL, 23

We will need the following corollary for future reference.

Corollary 4.7 (Emerton). Suppose that 7 is an admissible locally Qp-analytic rep-
resentations of G and that x : T — E* is a locally Qp-analytic character. Then

Homg+ (y, 7™V°) = Homyp(x, Jg(m)) is finite-dimensional.

Proof. The two spaces are equal by [EimeOGa, Prop. 3.2.12]. Moreover, the image of
any T -equivariant linear map y — 7V has to be contained in ™[t = 7], which is
finite-dimensional by Proposition |4.1 O

We recall that for M € Oglg and 7 an admissible smooth representation of 1", Orlik—
Strauch have defined an admissible locally Q,-analytic representation ?g(M , ™) (see
the paragraph before Lemma . Let X(T') denote the Q,-algebraic characters
T — E*. The derivative of any p € X (T') gives a Q,-linear map t — E and hence a
Verma module M (1) € 0%, whose simple cosocle we denote by L(u) (cf. [Brel6, §2]).

alg

Proposition 4.8. Suppose that 11 is an admissible continuous representation of G on
a Banach space together with an action of a commutative algebra T by continuous G-
linear endomorphisms. Let m T be a mazimal ideal with residue field E and o an
admissible locally Qp-analytic representation of G of finite length such that:
(i) we have H*(b,Tlg,-an ® (—71)) = 0 for all linear maps n : t — E;
(ii) we are given a (G-equivariant continuous) injection j : socg 0 — Ilg,-an[m];
(iil) any irreducible constituent of o/socg o is of the form FG(L(u),x) for some
uw € X(T) and some smooth character x : T — E* such that moreover no
irreducible subquotient of FG(M (n),x) injects into Ilg, an[m].
Then j extends uniquely to a (G-equivariant continuous) map o — g, -an[m] that is
moreover injective.

Proof. The uniqueness of the extension is clear by the last assumption. To show
existence we follow the strategy of [Breal, §6.4]. For existence, we may assume by
induction that we have already extended j to an injection jo : ¢’ < Ilg,-an[m],
where socgo C ¢ C o and C := o/0’ is irreducible. We define the amalgam
S :=1lg,-an Dj,0r 0 and let T act on S by declaring that it acts through T/m = FE on
o. Then S[m] = Ilg,-an[m] ©;,,o- 0, and so we have an exact sequence 0 — Ilg,-an[m] —
S[m] — C — 0. By assumption, we can write C' = FE(L(x), x), and hence by [Brel5),
Thm. 4.3],

(4.9) Homqp+ (t7#x, C’NO) # 0.

(We note that [Breld] works with the group of L-points of a split reductive group over
L. However, the proofs work unchanged for our group G. See also [BHS17al, Rk. 5.1.2].)
Let  : t = E denote the derivative of t7#y, i.e. n = —u. By Proposition we have
an exact sequence of finite-dimensional vector spaces

(4.10) 0 = (Mg, -an) N[t = 7lp-uy — SVt = n]yny = CVO[t = n]y—ny — 0.

If we had ((Ig,-an)™V°[t = )4y )m # O then Homp+ (¢ x, (Tlg,-an[m])V0) # 0, so by
[Brel5, Thm. 4.3] we would get a non-zero G-linear map FG(M (n)Y, x) — g, -an[m]
(see loc.cit. for the notation) and hence some irreducible constituent of FG(M (1), x),
or equivalently of Srg(M (1), x), would inject into Ilg,-an[m], contradicting our last
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assumption. Therefore the second and third terms in the sequence (4.10) become
isomorphic after m-localisation, and thus also on taking m-torsion. In particular, we
have an isomorphism

(4.11) Homp+ (t 7y, Sim]N0) = Homq (¢, CN0),
and they are non-zero by (4.9). (In fact they are one-dimensional, but we will not need
that.)

As in [Brea, §6.4] a non-zero element of Homp+(t7#x, S [m]N0) corresponds to a
non-zero (g, B)-linear map

(4.12) U(s) @y 5, (—11) @5 €2(N, x) = Sm,

where C° (N, x) is the B-representation defined in loc.cit. twisted by the character .
The map (4.12)) factors through a map

1 : C®(N) = L(—p) @ €°(N, x) — S[m]

by our last assumption, where L(—p) denotes the simple module of highest weight — in
00,. (For C'*(N) C C we use the notation of [Eme, §2.7] and for the identification with

alg *
L(—p)®pCX(N, ), see the proof of [Brelsl, Prop. 4.2].) By the isomorphism (4.11)) we
may assume that the composite of ¢ with the natural map S[m] — C' is the inclusion
C(N) - C.

Let us write 0 = (¢/ — C) and let ¢/ — C'(N) be the pullback of ¢ along the
inclusion C'P(N) < C. Let 13 be the composite ¢/ — C®(N) < ¢ < S[m], 50 Vo], =
jo and let s denote the projection (¢/ — C'(N)) — C'™(N). Then by construction,
Y i=1py —1p1os: (¢/ — CP(N)) = Ilg,-an[m] and it restricts to jo on o’. By [Brea,
Thm. 7.1.1], the map 9 extends uniquely to a G-equivariant map o — Ilg,-an[m]. This
latter map is injective, since it is non-zero on socg o (as jo is). (|

Remark 4.13. At least in our global application, the condition that no irreducible
subquotient of FE(M (u), x) injects into Ilg,-an[m] in Proposition (iii) will be equiv-

alent to demanding that FG(L(x), x) does not inject into g, -an[m] by Conjecture
(which holds in many cases by [BHS17a, Thm. 1.3]), see the proof of Theorem

Remark 4.14. We note that Proposition generalises [BCI18, Thm. B] when the
parabolic subgroup P of loc.cit. is the Borel subgroup and the character is locally
algebraic.

5. THE FINITE SLOPE SPACE IN THE GENERIC CRYSTABELLINE CASE
We prove our main result (Corollary |5.16]).
5.1. Local setup and results. We define and study the “finite slope” representation

I(p)®.

Let L/Qp be a finite extension and set 87, := Homg, (L, E). We fix a crystabelline
representation p : Gal(L/L) — GL, (F) satisfying the following genericity hypothesis.
Hypothesis 5.1. We assume that p is potentially crystalline with WD(p) = @' ;x;

for some smooth characters x; : W — E* (and N = 0), that Xix;I Z{1,]- |f1} for
all i # j, and that for each o € 8, the o-Hodge—Tate weights of p are distinct.
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Let L'/L be finite abelian such that p|Gal(Z /L) is crystalline. Then, in particular,
the Deligne—Fontaine module D := Dcris(p]Gal(f / L,)) covariantly associated to p satisfies

Hypotheses 5.1 and 5.2 in [Brel6]. For each o € 8y, let hy, < --- < hy, denote the
jumps in the Hodge filtration on Dy, := Dy, ®L®q,E.0 E (or equivalently, in the n-

dimensional E-vector space DS,ET};(LI/L)), and let \; o :== —hj,—(n—i) foralll <i<n,
so that A1 g > -+ > Ao

Let G := GL, and G := Resp g, G Xq, E = [[s, GL,/g. Let B (resp. B) denote
the lower-triangular (resp. upper-triangular) Borel subgroup of G, let T denote the
diagonal maximal torus and W 2= S,, the Weyl group of (G,T) with Bruhat order <,
and let wgy denote the longest element of W. We let A C X (T") denote the simple roots
naturally identify W as a subgroup of W. Also, we can and will think of A = (X )i
as an element of X (T), which is dominant with respect to B.

We say that a refinement of D is a complete flag of Deligne—Fontaine submodules of
D. Equivalently, it is a complete flag of Weil-Deligne subrepresentations of WD(D) =
WD(p) = &]' ;xi. Since the characters y; are distinct by assumption, every refinement
of D is of the form

(5.2) ?ZogDﬁlgDal@Dg’Qg-”gD,

where the Dy ; are pairwise distinct Deligne-Fontaine submodules of D of rank 1. Let
X7, := WD(Dg;), which is a smooth character of ijb or equivalently of L*. Thus we
see that a refinement of D can also be thought of as an ordering xs1, ..., X7, of the
characters x;. Moreover, we have a simply transitive action of W on the set Ref(D) of
refinements of D, given by

wF : 0 C Dy y-1(1) € Dy p-11) ® Dy y-1(2) € --- € D,

where w € W and § € Ref(D) is as in (5.2), i.e. Xws,i = Xg,0-13)-
Let W := W x Ref(D). For (w8, J) € W we define a locally Q,-algebraic character
n(w*e, F) : T(L) — E* as follows:

(5.3) <z1 - > € T(L) — ﬁ ( 11 a(xi)_h(”alg)fl(“"’)X'f,z’(fﬁi)ﬁ_(n_i)(%)

=1 O‘ESL

= (n—-1) = (n—2)
L L

and we let g5 == x5.1 ® X7F,2 ® -+ - ® Xg,n denote the smooth part
of n(w®8,F). We define the locally Q,-analytic principal series representation of G(L)

Qp-an
(5.4) PS(ws,5) i= (Tndf ) n(ws, 7)) e

(which is of compact type and admissible). For w®® € W let W (w®8) denote the
subgroup of W generated by all reflections s,, for o € A with s,w™8 > w8 (where we
see W as subgroup of W) and P(w™8) the parabolic subgroup of G containing B with
Weyl group W (w?#).

Lemma 5.5.

(i) The principal series PS(w™8, F) has finite length and irreducible socle, which
we denote by C (w8, F).
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(ii) We have C(w?lg, F1) = C(w;ﬂg, Fs) if and only ifw?lg = wglg and W(wiﬂg)fﬂ =
W(wglg)3r2 .

(iii) The irreducible constituents of PS(w®®, F) are the representations C(1,F) for
T €W, 7> w8, They occur only once in case T € {w™8, w,}.

Proof. Part (i) is a special case of the results in [Brel6, §6]: using the theory of
Orlik-Strauch [OS15], as extended in [Brel6], we can write PS(w®8, F) = FG(M (ws -
(=\)), 7B 5), so by [Brel6l, Cor. 2.5] we have that C'(w®8, w) = FE(L(wde-(—=\)), 75.5)
is the (irreducible) socle of PS(w™#, J). (We remark that for us, the construction of
Orlik—Strauch, as well as the dot action of W on X (T'), are defined relative to our choice
of lower-triangular Borel subgroup B, just as in [Brel5]. In [Brel6] the dot action was
defined relative to B.) Part (ii) now follows from [Brel6, Lem. 6.2], the sentence before
[Brel6l, Lem. 6.3], and [Brel6l Lem. 4.2]. Since —A\ is dominant with respect to B,
the Verma module M (w™& - (—\)) has finite length and constituents L(7 - (—))) for
7 > w8, which occur only once in case 7 € {w®®, w,} (see for example the bottom
of p. 155 in [HumO8] for the latter case). As the smooth induction (Ind§mp 4)> is
irreducible by genericity, parts (i) and (iii) follow from the main results of [OS15]. O

By base change a refinement F € Ref(D) gives rise to a Gal(L'/L)-stable flag F7, of
D =L® L D. On the other hand, forgetting the indexation, the Hodge filtration
Fil* Dy, gives rise to another Gal(L'/L)-stable flag of D/. By Galois descent we obtain
two complete flags (F7, )G /L) (Fil* Dy,)Gal(L'/L) on the free rank-n L®q, E-module
(D L/)Gal(L// L) Their relative position is given by an element of W, which we denote by
w'8(F)wg (thus defining we(F)). Explicitly, if a : (L®g, E)" = (Dp,)GaE /L) i any
isomorphism of L®q, E-modules, the flags o ((Fp) G L)y @=L (Fil* Dy )GalE /1))
are described by an element of

G(EN((G(E)/B(E)) x (G(E)/B(E)))

which is independent of the choice of a. We mean that this element is in the same
coset as (1, w™8(F)wy).

Remark 5.6. We relate C(w™8, F) and w*8(F) to the notions introduced in [Brel6)
§6], [Brelb, §6]. In those references, a refinement JF is fixed at the outset to define
C (w8, w) and w™8(w). To indicate the dependence on F, we write Cq(w™8, w) and

w;lg(w) in this remark. With this convention, we have Cq(w®8, w) = C(w*#, wF) and

w8 (w) = w¥e(wF). (The latter equality follows from w®(w) = w™& (1), which holds
F q y F wF\L)

by an elementary argument just as in the proof of [Brel6l Prop. 6.4(i)].)
Now, we let W5°¢(p) := {(w?8,F) € W : w8 < w*8(F)} and
€%¢(p) := {C(w™®, F) (up to isomorphism) such that (w8, F) € W*(p)}.

We recall that if C(w?lg,ffl) = C(wglg,.’fg), then w?lg = wglg =: w8 and we have
w8 < wds(F)) if and only if we < w8(F,) (as follows from [Breld, Lem. 6.3]).
The following construction takes place in the abelian category of admissible locally

Qp-analytic representations (in fact, all representations that are involved are of finite
length).

Definition 5.7.
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(i) For any (w#&,J) € W¢(p), let M (w8, F) be the largest (non-zero) subrep-
resentation of the principal series PS(walg, F) such that none of the irreducible
constituents of M (w*#,F)/C (w8, F) is contained in €%°¢(p).

(ii) For any C € €C*°°(p) let M(p)c denote the amalgam

DM (w8, F) : (w8, F) € W(p), C(w™e,F) = C}
C

over the common socle C.
(iii) Let TI(p)% denote the unique quotient of M (p)c whose socle is isomorphic to
C

(iv) Let I(p)® := Dcesee(n) (p)E.
Remark 5.8.

(i) By construction, C' is contained in the socle of M (p)c, but equality does not
hold in general (see the examples in . Moreover, the quotient l'I(p)fCSv is
well-defined, since C' occurs just once in M (p)c.

(ii) Note that M (w8, F) = PS(w™#, F) if and only if w?'® = w*'8(F) (use Lemma
B3 i)

(iii) Note that M (w™#, F) injects into H(p)fcs, for each (w8, F) € W°¢(p).

(w?l8,5)
Proposition 5.9. Suppose that F € Ref(D).

(i) If a € A, then C(sa,F) occurs precisely once in TI(p)®.
(ii) The representation C(wy,F) occurs precisely once in II(p)®™s.

Proof. (i) If (s,F) € W°¢(p), then C := C(s4,F) is a subrepresentation of II(p)®
and occurs only once. Otherwise, if C' occurs in M (w™#, ") with (w8, F') € W<(p),
then w8 = 1 and W(s,)F = W (se)F by Lemma By the Kazhdan-Lusztig
conjectures (or Jantzen’s multiplicity 1 criterion), the Verma module M (—X\) contains
the constituent L(sq - (—A)) with multiplicity one, and in the second radical layer.
Therefore PS(1,3"), having an irreducible socle, contains a non-split extension & of
the form C(1,1)—C as subrepresentation, and hence so does M (1,F"). More precisely,
we have € = FE(M, 7 ), where M is the length two quotient of M(—\) with socle
L(sa-(=A)). As s4-(—A) and — A are dominant with respect to the Borel BN Lps,) of

Lps,), it follows that € = H’g( )(M, (Ind};(s“)(L) 7,9 )>), and hence is independent

Sa (L)
of the choice of ¥, as (Ind};ESLOS)(L) 7R, )> is by the genericity conditions. Therefore,
all occurrences of C' inside M(p)c(1,1) are contained in an amalgam of r := #W(sqa)

copies of the extension € over the common socle C(1,1). But this amalgam is easily
seen to be isomorphic to & @ C™ !, hence there is only one copy of C in H(p)%(l’l).
(ii) On the one hand, M(w¥8(F),F) = PS(we(F),F) contains C := C(wyy,F)
precisely once as constituent by Lemma [5.5] On the other hand, if C' occurs in
M (we, F") with (w8, F") € W°(p), then F = T as W (w,) = 1, so ws < w?le(F).
If w?e < w8(F), then we have a surjection PS(w®8, F) — PS(ws(F),TF) (because
of a corresponding injection of Verma modules). It has to send M (w™#, F) to zero, as
otherwise M (w8, F) would contain C(w™8(F),F) € C*°(p) as constituent (not in its
socle), so C' does not occur in M (w™8, F). Hence w8 = w?'8(F) and we are done, since

M (ws(F), F) injects into H(P)fgv(walg(?) F) -
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5.2. Global applications. We prove our main global results (Theorem and

Corollary [5.16]).

We first explain our global setup, which is essentially the same as that of [Brel5,
§5-86] (except we do not assume that p splits completely in our totally real field),
to which we refer the reader for further details and references. We fix a totally real
number field F™ # Q and a totally imaginary quadratic extension F/F*. We let c
denote the unique complex conjugation of F' and suppose that every place v|p of FT
splits in F'. We let G be a unitary group over F'* defined by a hermitian form of rank n
over F, so we have an isomorphism (g : G X p+ F — GL,,. We assume moreover that
the hermitian form is totally definite, i.e. G(F™ ®g R) is compact. We fix a compact
open subgroup U? of G(A7}") of the form U? =[] vp Uv for compact open subgroups

Uy, C G(E)) for v {p. We define
S(U?, E) = CUG(FF)\G(AR)/U”, E),

which is a Banach space for the supremum norm on the (profinite) compact topological
space G(FT)\G(AY,)/UP. We will sometimes just write S for S(UP, E). For any place
v of F* that splits as v = ww® in F, we choose an isomorphism ¢, : G(F,}) —

GL,,(F,) that is conjugate to the isomorphism induced by ¢ on Fy,-points (the choice
of which won’t matter). If in addition U, is a maximal compact subgroup of G(F,/),
then we demand moreover that ¢, (U,) = GL,,(OF, ). We let ¥(UP) denote the (finite)
set of places v of F'* that split in F' and are such that U, is not maximal compact.
We let T(U?P) = E[Tw 7Y )] denote the polynomial algebra over E generated by all T(] ) for
w a place of F lying over a place v of F* that splits in F and such that v & X (UP)
and v { p. Then T(UP) acts topologically on S(UP, E) by letting T act as the double
coset operator [U, L;l(l ol )Uv], where w,, is a uniformiser of F,,. This action

commutes with the unitary left action of G(F,") on §(U7’, E) by right translation of
functions, where F.f := F ®g Q,. For each place v|p of F* we choose a place v]v of
F (the choice of which won’t matter). We note that F,” =[], F;; and that G(F)") is
identified with J],,, GLn(F%) via the ..
We let 7 : Gal(F/F) — GL,(F) be a continuous representation and we assume:
(i) 7 is unramified at the places of F'* that split in F and are not in %(UP);
(ii) 7¢ =2 rV @ el™" (where 7¢(g) := 7(cgc), g € Gal(F/F) and r" is the dual of 7);
(iii) 7 is an absolutely irreducible representation of Gal(F/F).
We associate to r and UP the maximal ideal m, in T(UP) generated by all elements

((—1)jNorm(w)j(j_1)/2Tg) — ag)) o
Jw

where j € {1,...,n}, w is a place of F' lying over a place v of F'* that splits in F' and
such that v ¢ ¥(UP) and v { p, Norm(w) is the cardinality of the residue field at w,
and where X™ + ag)X”*1 + -+ aq(]}l_l)X + aq(]f) is the characteristic polynomial of
r(Froby) (an element of O[X], Frob,, is a geometric Frobenius element at w). We as-
sume that S(U?, E)q,-an[m;] has non-zero locally Q,-algebraic vectors (where (—)q,-an
is the locally convex subspace of locally Q,-analytic vectors for the action of G (Fp+ ),
i.e. r is automorphic of “level” UP.
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We now assume in the following that for each place v|p of F* the representation
ry = T’Gal(ﬁ /) is crystabelline and satisfies Hypothesis We use the notation of

modiﬁed in a trivial way as follows: we let W := [, W5, W*¢(r) := ][, W5 (r5)

and we write Cg(wglg, F%), Mg(wglg, F%), ete. for the representations of GL,, (F) defined
in Usually we will omit the subscript v on the outside, which should not lead to
any confusion.

Recall the following conjecture of the first author (slightly generalised, since we do
not assume that p splits completely in F'T).

Conjecture 5.10. [Brel5, Conj. 6.1] Suppose that (wglg’ga)v cW. We have
~ al n— ~
Homg5)(8 C(w5®, o) (™), S, Bg-anlme]) # 0

if and only if (w%lg,?g)v € Weo¢(r) (where *(x) := * ® (x o det)).
Recall this is known to be true in many cases where r; is crystalline for all v|p.

Theorem 5.11. [BHSI7a, Thm. 1.3] Assume that UP is sufficiently small ([CHTOS,
§3.3]), the residual representation T is absolutely irreducible, ry is crystalline for all v|p
(and satisfies Hypothesis , and that the following assumptions hold:

(i) p>2

(ii) F/F* is unramified and G is quasi-split at all finite places of F;

(iii) U, is hyperspecial when the finite place v of F™ is inert in F';

(iv) 7(Gal(F/F(¥/1)) is adequate ([Thol2l Def. 2.3]).
Then Conjecture is true.

Before stating our theorem, we observe that for any (wglg,&"g)v € W the represen-
tation & C(w%lg, F5) (™) of G(FF) = IL,
vlp

irreducible. This follows from Lemma and the theory of Orlik—Strauch. Below we
will tacitly use the exactness of & for compact type spaces (Corollary [2.2)) and that
the external tensor product of admissible locally analytic representations is admissible

(Lemma [2.20)).

Theorem 5.12. Suppose that Conjecture holds. If Cy € ©%°°(ry) for all v|p,

then any injective G(F,")-equivariant homomorphism ® Cs(e" 1) = S(UP, B)g,-an[my]
vlp

extends uniquely to a G (F; )-equivariant homomorphism

GL,(Fy) is admissible and topologically

? (r)&, (") — S(UP, E)g,-anlmy]
vlp

that is moreover injective.
Proof. We let f denote the given injection & Cy(e"!) — §(UP,E)Qp_an[mr] and we

vlp
use the notation of
Step 1: We show that f extends uniquely to a Q(Fp+ )-equivariant homomorphism

(5.13) & M(rg)e, (") — S(U?, E)g,-an[m,].

vlp
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By construction (see Definition [5.7(ii)), and by Lemma it suffices to show that
for any fixed (w~g Fs)o € W(r) such that Cy = C(w2®, F5) for all v|p the map f
extends uniquely to a G (F; )-equivariant homomorphism

& M(w2®, F5) (") — S(UP, E)q,-an[m,].

vlp

This follows by applying Proposition for the group Q(F; ), IT = S (UPE), 0 =

® M(w~ F5)(e" 1), T = T(UP), m = m,, as we now explain. Note first that as-
vlp
sumption (i) in the proposition is satisfied by the proof of [Brea, Prop. 6.3.3] (where

it is reduced to Example . Next, ® M (w} 218 F.) is of finite length (by the remark
vlp

preceding the theorem) As C5 only occurs once in M (w~g 3”~) for all v|p, it easily

follows from Lemma that the G(F,")-socle of ® |pM (w '8 ) is isomorphic to
® Cy. Any irreducible constituent of & M(w~g F5)/ ® Cy has the form ® C(73, T5),

vlp vlp vlp vlp
where 75 > w~ & and for at least one v'|p we have 7 £ w%}g(?g/). Using Lemma we
+
have © C(15,55) = 5 7 (L). ) with g = (75 - (=35)Jpp and x = [L,, T By
G(Fy)

B(F )(M (1), x) = ® PS(73, F5) which has irreducible constituents
vlp
® C (7%, Fy) with 72 > 7 for all v|p, so 74, £ w-af}g (Fs). Therefore, by Conjecture |5.10
vlp
we may indeed apply Proposition and the claim follows.
Step 2: We show that the map (5.13]) factors uniquely through a map

Lemma|2.10|again, 3’*

(5.14) BIs)E (") — S(U”, E)g,-anlm]

which is moreover injective. By Corollary [2.2| we have a surjection & M (r5)cy =
vlp

® I(rz)5  with kernel Z ( ® M(rv )cy,), where K := ker(M(rz)c, —
vlp ”

H(rv)csvﬁ). By definition, no irredu(nble constituent of Ky is contained in C%°¢(ry),
hence the claim follows from Conjecture The resulting map (5.14)) is injective,

since it is non-zero, the left-hand side has socle ® Cy by Lemma [2.21] and no other
vlp
irreducible constituent injects into the right-hand side (by Conjecture |5.10)). n

Lemma 5.15. For (w~g F5)v € W the E-vector space

HomQ(F;') ( (% C(w~ F5 )( )a §(UP7E)Qp—an[mr])

1s finite-dimensional.
Proof. Let II := S(UP, E)q,-an[m,], which is an admissible locally Q,-analytic G(F,)-

representation. As in (4.9) and using the notation of §d (recall G(F}") = [, GLn(F5)),
we can find a locally Q,-analytic character x : T'— E* and a non-zero T -equivariant
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homomorphism f : x — C’NO, where C = ® C(w%lg,?;;). Then restriction to N-
vlp
invariants and composition with f gives a map

Hom sy (& C(wd, F5)(" ), TT) — Homg (6,11°),
- vlp

(where @ is the relevant twist of x) which is injective, as & C (w%lg, F%) is irreducible.

vlp
The latter space is finite-dimensional by Corollary O

Corollary 5.16. We keep the hypotheses of Theorem . For each C = @U‘ng with
Cy € C°%ry) let

ne = dimg HomQ(F;r) (@v‘pC’ﬁ(gn*l)? §(Up7 E)Qp-an[mr]) € Z=o.
Then there exists an injective Q(F;r )-equivariant linear map

(5.17) P (&neyns (1) — SU, E)g,-anlm,].
=50, v|p

Proof. By assumption we have an injection

(5.18) P (& Ca(e" )" = S(UP, E)gy-anlmy].
=80, vlp

Applying Theorem to each irreducible direct summand, we see that the given map
extends uniquely to a map as in (5.17). The resulting map is injective because from
(5.18)) it is injective on the socle. O

Combining Corollary with Theorem we obtain the result in the introduc-

tion.

5.3. Special cases and examples. We give explicit examples for the representations
II(p)™ and also relate II(p)® to previous results or conjectures. For simplicity, we only
consider here crystalline representations.

We first give two examples in the crystalline case for GL3(Q)). A refinement is here
an ordering of the (distinct) eigenvalues {1, p2, @3} of the crystalline Frobenius. We
denote by s., sg the two simple reflections, which generate the Weyl group W = S3.

We start with the noncritical case, by which we mean w®2(JF) = 1 for all refinements
F. We fix an arbitrary refinement Fy := (¢1, p2, ¢3) (the choice of which won’t matter)
and recall that wFo = (py-1(1), Pw-1(2), Pw-1(3)) for w € S3. One can then check
that H(p)fs has the following explicit form, where the constituent C(w®#, wJFy) is just
denoted C,u1 ,, below, where the (irreducible) socle is the constituent C(1,%9) = C1 1
in the middle, where we use without comment the intertwinings provided by Lemma
5.5(ii), where a line between two constituents means as usual a non-split extension as
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subquotient and where the constituent further away from the centre is the quotient:

CSQSBSQ,Sg CsasBsa,l
\ /
sa35, sas[;,
55sa,5ﬁ \ / 055sa,
sa,l
CSBSQ,SB 53 sg sB, sasa,l
CSaSﬁSa,Sasg 1 sasgsa,sa
Csas;; SasSg T sa,saslg sa,sa SQS[{( Sa
CSﬂ 885a
sa55 Sasg / Csa5g,sa
555a,55sa S/}Sa,SﬁSa
/ \
Csa35sa,sa55$a CsasBsa,Sﬂsa

(Note with Lemma. (ii) that II(p)® is not multiplicity free: the 6 distinct constituents
of the form C(sqs3,F) or C(sgsq,F) all appear with multiplicity 2.)

We go on with an example in the critical ordinary case. Here we have a canonical
refinement ¥y = JF, (see the beginning of due to the fact that p is upper triangular
with distinct Hodge—Tate weights. The possible locally analytic socles are worked out
in [Brebl §6.2], we only give here II(p)® when its socle is C(1,5,) ® C(sa, Sa55F,) =
Cip @ Csmsasﬁ (the interested reader can easily work out the other cases). We get the
following form (same notation as before, the socle in each summand being now on the
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left)
Csa35sa,s,3
CSBSQ,SB
C Csa35,
53,58
/ CSQSB, sa355a,1
Sm 055sa,55 —— Csa355a,5a55
Sﬂsaa / /
C'1 1 85, @ Osa Sasg Csas/g Sasg
Cspsal \ \
Sa, CSﬂSa,SﬁSa CSQSESQ,SQSBSQ
SQSE Sa SQSBSa,Sa
Cs sgs
8 B\Q\ C’sasﬂ .
CSBSQ,SESQ

IS

Csas[gsa,s;;sa

One can check that TI(p ) again fails to be multiplicity free 4 constituents appear with
multiplicity 2) and that (IT(p)°*®)g,-an (see Proposmon is the direct summand on
the left.

In the crystalline case for GLo(L), the representation II(p)® is easily checked to be
exactly the representation II(Deis(p)) in [Brel6l, §4(9)]. In particular, in this case The-
orem was already proven by Ding in the setting of the completed H' of unitary
Shimura curves (see [Dinl7, Thm. 6.3.7]). The proof of loc.cit. however is different
from that of Theorem (e.g. it doesn’t use [Brea, Thm. 7.1.1]). Note that here
I(p)™ is multiplicity free.

Finally, Theorem (assuming Conjecture [5.10]) together with Proposition i)
imply that any constituent of the form

| ®7£ C<17SF§/)(€”_1>) ®C(Sa§79~5)(6n_1)7
v’ |p, v’ #£v

where v|p and s, is a simplereflection in Resp, g, GLn X, E = [[s,. GLy/Eg (see 3)

that does not inject into S(U?, E)q,-an[m;] is such that there is a non-split extension

©  C1,Tw) (") ® (C(L T5)C(sa;, T5)) (")

v |p,v’ #v

that does inject into g(Up,E)Qp_an[mr]. By [Breal §3.3] and together with Theorem
this gives further evidence to [Breal, Conj. 6.1.1] in the crystalline case (note that
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in loc.cit. it is assumed that there is only one v dividing p in F'T, in which case the

factor ® C(1,F)(e" ') disappears).
v'[p’#v

6. ORDINARY REPRESENTATIONS

For L = Q, and p crystabelline upper triangular satisfying Hypothesis we prove
that the locally analytic vectors of the representation II(p)°™d of [BHIS, §3.3] is a

subrepresentation of II(p)®, and then deduce strong evidence to [BHI5, Conj. 4.2.2] in
the crystalline case using Theorem (and Theorem [5.11]).

6.1. Local setup and results. For L = Q, and p crystabelline upper triangular
satisfying Hypothesis ﬂ we prove (among other results) that (II(p)*?)g,-an is a sub-
representation of II(p)* (Proposition and that II(p)°™ is its universal unitary
completion (Proposition .

We keep the notation of §5(and specialise to the case where L = @, and p is crysta-
belline ordinary, that is p : Gal(Q,/Q,) — GLy(E) is of the form

P ok ... %
(6.1) p~ v *
Un

and satisfies Hypothesis We write ¢5(x) = z "ix;(z) (for z € Q) with x; =
WD(%;) smooth and h; € Z. We remark that Hypothesis implies that p is generic
in the sense of [BH15| Def. 3.3.1].

As p is regular de Rham we may assume without loss of generality that hy < --- <
hn. Thus D := Degis(p) has a canonical refinement F, with xg,; = x; for all i, and
for wile w € W we write n(ws, w) = n(ws, wF,), PS(ws, w) = PS(ws, wTF,),
C(w8, w) == C(ws, wTF,), and ws(w) := w8 (wF,).

We fix a representative homomorphism in the conjugacy class p that is a good conju-
gate in the sense of [BHI15| Def. 3.2.4], and we will also denote it by p. This is possible
after conjugating by a suitable element of B(F) by [BH15, Prop. 3.2.3]. We emphasise
that the following definition depends on our choice of good conjugate.

Definition 6.2. We let W, = {w € W : wp~! is upper-triangular}, where 1 is a
representative of w (this is the inverse of the subset W, defined in [BH15, §3.2] and is
in general different from the subset denoted by W, in [BH15] (14)]). For each w € W,
we let ¥,, C W consist of all (commuting!) products sq, - Sq, with r > 0, o € A
pairwise orthogonal, and s, w & W, for all i.

Note that if o € 3, and ¢’ < o, then o' € X,,. (In fact, 0’ = [[;c; So, for a unique
subset I C {1,...,7}.) Note also that in this case we can uniquely write o = ¢”¢’ with
(o) = £(0") + £(0”). (Namely, 0" = [[;4 sa,-)

Lemma 6.3. For any w € W,, 0 € ¥, we have w8(cw) = w.

Proof. For any 0 < ¢ < n, let J,; denote the member of the flag wJF, that has rank

i. The element w™(w)wy gives the relative position of the flags (wffp)g’,a /%) and
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(Fil* Dy, )Gal(E'/Qp) - A calculation shows that this means that the filtration Fil* Dy, N
(Fw,i)rr on (Fyi)rs (omitting Galois invariants for simplicity) jumps precisely at the
integers {Ayuiz(y)-1¢;) 1 1 < J < i}

Next we claim that for w € W the flag w3, (with induced structures) consists of
weakly admissible subobjects if and only if w € W,. The first condition is equivalent to
saying that p has a filtration with subquotients ¢,-1¢;), 1 <4 < n in this order (where
i = 1 corresponds to the subobject), i.e.

Yy-1(1) - *
(6.4) p~ g :
wuﬁl(n)
By [BHI15, Prop. 3.2.3] we may assume, after further conjugation by B(E), that the
right-hand side of is a good conjugate. By [BHIS, Prop. 3.2.6] it then follows
that w € W,. The converse is clear.

Let us now go back to our given w € W, and o € £,,. We can write o = [[,_; s¢
with s, corresponding to the simple root €,, — €,,41 and such that n, +1 < ngy; for
all 1 < ¢ < r. Assume first 0 = 1. By the previous paragraphs each subobject J, ; is
weakly admissible and the Hodge filtration of F,, ; jumps at {hwalg(w)fl(j) 1 <j<i},
from which we easily deduce w™#(w) = w by induction. For general ¢ € ¥, as above,
note that Fpyp; = Fyi for i & {ny,...,n,} and that Foypn, = Fsyw.n,, which is not

weakly admissible by the previous paragraph, as sjw € W,. As moreover Fgy; = Fyyy i
for ¢ = ny £ 1, the only possibility is that the Hodge filtration of Fsy,,, jumps at
{Pupeiz(wy-1(jy : 1 < j < ne}. Hence again W (ow) = w. O

We recall the following result of Breuil-Emerton ([BEL0, Thm. 2.2.2]).

Proposition 6.5. Suppose that n = 2, that k1 > ko are integers, and that 01,05 :
Q) — E* are smooth characters such that x 0;(x)(x)¥ is unitary for i = 1,2. If
k1 = ka+1, we further assume that 61| |@i % 0. Then the universal unitary completion
T of

7= (Indigg?) fa(—)M1e™" @ 6y (—)F2)

(where (=) means the character x € Q) — 2¥) is an admissible representation that is
a non-split extension of (Indié%‘;; Or(—)2e 1 @ 91(—)]“)60 by (Indgggg O1(—)Fe 1l ®

0
02(—)k2)e , each of which is topologically irreducible. Moreover if 0165 ¢ {1,] - @; ,
then the canonical map ™ — T is injective.

Proof. We first reduce by twisting by a power of the unitary character € to the case
where k1 = 1. Then the first result follows from [BE10, Thm. 2.2.2]: in their notation
we need to take yo = f2(—)*e~! smooth, x; = 01(—)*?, and k = k; — ks + 1. Note
also that [BE10] work with the upper-triangular Borel B.

For the second result, recall that m is a non-split extension of 7’ :=

(Indgé%ﬁ; 92(—)k2€71®91(—)k1)(@p_an by SOCG(QP) (Indgg%ﬁ; 91(—)’61671®92(—)k2)(@p-an,

both of which are irreducible, as 6105 ¢ {1, ] - \E (see e.g. [Brebl §3.2]). If the map

m — 7 isn’t injective, it thus has to factor through the quotient 7”. From the definition
of universal unitary completions it would then follow that 7 = (7”)”. However, we
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know that (7)™ = (IndBEQ ; Oo(—)F2e1 @ 0, (=)F1)€ (for example by Proposition
but see also the proof of [BEL0, Thm. 2.2.2]). This contradiction shows that the map

m — 7 is indeed injective. O

Proposition 6.6. For any w € W,, 0 € Xy, the locally analytic principal series
PS(w,ocw) admits an admissible universal unitary completion PS(w,ow)” that is iso-
morphic to the representation I1(p),,-1(y) constructed in [BHI15, §3.3], where J = {a €
A : s € supp(o)}. Moreover, the canonical map PS(w,ocw) — PS(w, ow)™ is injective.

Proof. Let Pj be the parabolic containing B determined by the subset J C A of
the statement, let M; be the Levi subgroup of P; that contains 7' and let Nj de-

note the unipotent radical of P;y. We let 7 := (Ind?éﬁ%]))(@ )n(w, aw))Qp_an, so that

PS(w, ocw) = (Ind%% W)Qp'an.

From Proposition applied to the character n(w, cw) we deduce that there exists
a BH-subspace mg C 7 such that m = Zme M5 (Q,) V0 and that 7 exists. Moreover
observe that o lies in the Weyl group of M; with respect to 7. Hence the central
character n(w, aw)|ZMJ (@,) of  is equal to n(w, w)\ZMJ(Qp), which is unitary by ,

as each v; is. Applying Proposition [3.1] again, this time to =, we deduce that

0
PS(w,ow) = (Ind,, (Qp Py (@ )) )Qp ™ has universal unitary completion (Indgﬁ%i) %)e .

We now determine 7 explicitly. There exist integers 1 < n; < .-+ < n, < n such
that n; +1 < n;4; for all 7, and J consists of the simple roots €,, — €,,+1. Then we
can identify M; with GLj x GL’f_%, where the i-th factor of GLo corresponds to the
simple root €,, — €p,+1. By Lemma , 7 is the external completed tensor product of
all 1,156~ ("9 for o(j) = j and

(6.7) (Ind, 7% w1 (1) (=) P 00 e @ o g (=) T g (i) G

for 1 < ¢ < r, where By is the lower triangular Borel of GLy. For any 1 < i < r,
as w € W, and sq,w € W,, we note that the homomorphism wp ™! contains the
d}w—l(ni) *
ww—l(m+1)
conjugate, we see that the extension * is in fact non-split. It is moreover de Rham, as
p is, hence —hw—l(ni) > —hw—l(ni+1).
By Lemma3.4] (both parts), Proposition [6.5, and Hypothesis[5.1] (and what is above),
we deduce that 7 is the external completed tensor product of all -1 )e_(”_j) for

o(j) = j and of the unique non—split extension of (IndgL(QQQp V=1(ng+1)E —(n—ni) g

Gurpe D) by (Indgl? S 1 (g™ @ Yy gy D) for
1 < i < r (cf. [BHIS, Prop. B.2] for the uniqueness). This is admissible and iso-
morphic to the representation ﬁ(p)wq( oy constructed in [BHI5| §3.3] (see in particular
the construction in Step 2 of the proof of [BH15, Prop. 3.3.3]). By the second paragraph

. ~ G(Q,) = e )
it follows that PS(w, ow)™ = (Indpﬁ(éi) H(p)wqu)) 2 1I(p)y-1(s), as desired.

We note that in the setting of Lemma [3.4] it follows from its proof that if each
canonical map o; — 0; is injective, then so is the canonical map o1 Q5 -+ Qx 07 —
01 ®---®0,. Similarly, in the context of Proposition if 0 — 7 is injective, then

so is (Ind% o)@20 — (Ind% 5)%’. By the injectivity assertion of Proposition and

2 x 2-submatrix ) with * £ 0. As p is by assumption a good



TOWARDS THE FINITE SLOPE PART FOR GL, 37

by construction we thus deduce that the canonical map PS(w,ow) — PS(w,ow)” is
injective. ([l

For w € W, and 0,0 € £, with ¢ < ¢/, by Proposition and [BHIH, §3.3] there
exists a G(Qp)-equivariant embedding PS(w,ow)”™ < PS(w, ¢’w)” that is unique up
to scalar. As in that reference we can fix a compatible system of injections i, 5 :
PS(w,ow)” < PS(w, c’w)” (the choice of which won’t matter) and obtain that
(69 (o), et = lim PS(w, o)

o€y
in the notation of that reference (see Definition [6.2)).

We will need the following lemmas below.

Lemma 6.9. Suppose that w € W, and o € 3.
(i) We have L(ocw) = £(o) + L(w).
(i) If w <7 < ow, then 7 = o'w with o’ < o (hence o’ € ¥y,).

Proof. Write 0 = 54, - -+ Sq, With o; € A pairwise orthogonal and s,,w ¢ W, for all
i. The latter condition implies that w~!(a;) > 0 for all i. Note that o is of length 7,
sending each «; to —a; and preserving ®* — {ay,...,a,}, where @+ C X(T') (resp.
@~ C X (T)) denotes the positive (resp. negative) roots of G = GL,, with respect to B.
It follows that ocw and w send precisely the same elements of ®T to ®~, except that
w™a1), ..., w () are sent to @~ by cw and to ®+ by w. This implies (i).

For (ii) we induct on the length of 0. If o = 1 there is nothing to show. Trivially we
have so,0 < 0, hence by (i) we have so, cw < cw.

If 77%(ay) € @, then 7 < s4,7. By the lifting property of Coxeter groups, from the
previous two inequalities and 7 < ocw we deduce that 7 < s,,0w. By the induction
hypothesis applied to sq,0 we deduce the claim.

If, on the other hand, 7-!(a;) € ®~, then s,,7 < 7 and w < so,w by (i). As
w < 7, the lifting property of Coxeter groups gives w < s,,7. On the other hand,
using that sy, cw < ocw and 7 < ow, the lifting property gives s, 7 < So,0w. By
applying the induction hypothesis to s,, o we see that s, 7 = o’w with ¢’ < s4,0.
Hence 7 = s,,0'w. Finally, 0/ < s4,0" (as 0’ is a product of some s,, with i > 1) and
the lifting property shows that s,, 0’ < o, as required. ]

Lemma 6.10. Suppose that w € W,, o € ¥y,.

(i) For any o’ < o the representation C(o'w,c'w) occurs with multiplicity one in
both PS(w, ow) and (PS(w,ow)”)qg,-an-
(ii) The socle of (PS(w,ow)”)q,-an s isomorphic to C(w,w).

Proof. (i) We note that by Proposition and its proof the representation PS(w, ocw)™

0
has a filtration with graded pieces (Indgggz %n(a”w,a” w))e with ¢” < o. Hence

(PS(w, ow)")q,-an has a filtration with graded pieces PS(o"w, 0"w) with ¢ < . More-
over PS(c”w, 0”w) has irreducible constituents C'(v, o”w) with v > ¢”w. Suppose that
C(c'w,o’w) occurs in PS(¢”"w, c"w) for some ¢” < 0. Let 7 := ¢'w and 7/ := ¢"w.
By Lemma [5.5(ii) we see that 7 > 7/ and W (7)r' = W (7).

We claim that 7 = 7. By Lemma [6.9(ii) we deduce from 7 > 7/ that o/ > ¢”, so
o' = uo” with €(c") = {(u) + {(0”). Hence 7 = ur’ and by Lemma [6.9(i) we deduce
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that so7 < 7 for any simple reflection s, in the support of u. On the other hand, by
above, u = 7(7')~! € W (1), so so7 > 7 for any simple reflection s, in the support of
u. This shows that u = 1, so indeed 7 = 7’.

As C(1,7) occurs with multiplicity one in PS(7,7) we have established part (i) for
the representation (PS(w,ow)”)q,-an-

For the representation PS(w, cw), we first claim that C(7,7) = C(7,0w). Indeed,
by Lemma [5.5(ii) this is equivalent to showing that o(¢’)~! € W(7). This is true
by Lemma [6.9(i), which shows that {(c(0’)™!) + 4(1) = £(o(o’)"17) = l(ow). Tt
follows that C(7,7) occurs in PS(w, ow). As PS(w,ow) injects into (PS(w, ow)™)q,-an
by Proposition the proof is complete. (Alternatively we could check directly that
P, +(1) = 1 (Kazhdan-Lusztig polynomial) using Jantzen’s criterion [HumO8| §8.7].)

(ii) By the filtration mentioned in (i), if C' is any irreducible closed subrepresentation
of (PS(w,o0w)”)q,-an, then it has to inject into PS(o’w, o’'w) for some o’ < o, hence
C = C(o'w,o'w) for some ¢’ < o. Using part (i) and that PS(w,cw) injects into
(PS(w, 0w)")q,-an We deduce that C injects into PS(w, ow), hence C' = C(w,ow). By
Lemma (ii) we have C'(w, ow) = C(w, w). Finally, the socle of (PS(w, ocw)”)q,-an is
irreducible, as C'(w,w) occurs with multiplicity one by part (i). O

We need to understand better the ordinary representations H(p)cp’w—l constructed
in [BH15, §3]. To do this, we introduce an abstract framework. Suppose that (I, <)
is a finite poset, that X; (i € I) are objects of some abelian category A, and that we
have a compatible system of injections X; < X; for any i < j. We say that a subset
J C I is a lower subset if i1 <9 in I and io € J imply i1 € J. Consider the following
condition.

Condition 6.11. For any non-empty lower subset J having upper bound b € I and
for any maximal element m of J we have (32 ;_y,,, X;) N Xm =3_,,, X; inside X,
For any lower subset J we define Ly := li%mje J X;. If J1 C J are two lower subsets,

then we have a canonical map Ly — Ly,. If J = {i € I : i < n} for some n € I,
then we write L<,, for L; and L, for Lj_¢ny. Note that L<, = X,,. Also note that
L@ = 0

Lemma 6.12. The map Ly — Ly is injective for all pairs of lower subsets J' C J
if and only if Condition holds. If this holds, then for any lower subsets Iy, I we
have L1n1, = Ly, N Ly, inside Ly.

Proof. We first observe that if I;, I are lower subsets, then Ly, = L1, © Ly, o, Ly,
(write down inverse isomorphisms).

To prove “«<”, we induct on #J, the case J = @ being trivial. We may assume that
J" # J. Pick a maximal element m of J which is moreover such that J" C J — {m}
(note that m exists since J' is a lower subset and that J — {m} is still a lower subset).

Assume first that m is not a maximum of J, then the maps Ly — Lj_gny, Lam —
L (my, and Loy — L<y, are injective by induction hypothesis (which can be applied
to the latter since L<,, C J). Hence sois Ly — Lj_gpy ®rL.,, L<m = L and we are
done.

Assume now that m is the maximum of J, so L; = X,,,. We now fix J and induct
on #.J', the case J' = @ being trivial. Let n denote a maximal element of J'. If n
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is a maximum, then X,, = Ly — Lj = X,, is injective by assumption. Otherwise,
Ly =Ly _ny ®L., L<p. By induction the maps

LJ’f{n} — LJ

T

Lep——L<,

are all injective as previously. The images of Ly _(,y, L<pn, L<y inside L; = X, are
equal to ZJ,_{n} X;, Zj<n Xj, Xy, respectively. Thus the map Ly = Ly_g,) ©rL.,
L<n — Ly is injective if and only if (32 ;/_y,y X;) N Xy = 32, X inside Xp,, which
holds by Condition [6.11]

As a consequence we know that whenever I, Iy are lower subsets, the map Ly 1, =
Ly, ®Lr, i, Lj, — Ly is injective, so L,nr, = Ly, N Ly, inside Lj.

To prove “=", we just apply the identity L;,nr, = L1, N Ly, inside Ly, 7, € Ly with
L=J—{m}and I ={i € I :i < m} (noting that Iy Uls C {i € I : i < b}). O

Example 6.13. Suppose that C; (i € I) are simple objects in A that are pairwise non-
isomorphic and that X; is a finite length object that is multiplicity-free with Jordan—
Holder factors {C}; : j < i} such that the submodule structure (i.e. the Alperin diagram)
of X; is described by the partial order <. Then Condition holds.

The following lemma is in fact already tacitly used in [BH15| (and should have been
proved there!).

Corollary 6.14. Fiz w € W,, 0 € ¥, and let J, :== {a € A : s, € supp(o)}. Then
the map 11(p)y-1(1,) = H(p)c, w1 is injective (with the notation of [BHIS, §3.3], see

(6-8))-

Proof. We apply the above formalism with A the abelian category of admissible con-
tinuous representations of G on Banach spaces, I = X,, with respect to <, and
Xo = I(p)y-1(s,) for o € %y, Recall that we picked a compatible system of in-
jections between the X,. To verify Condition we fix o € ¥, playing the role of

/ : ~ G(Qp) e
the upper bound b € I. For each ¢’ < o we can write X, = (Ind Y, /) , where

Py (Qp) 7€
— My, (Qp) T e : G(Qp) e
Y, = (Ind(z\/jJUﬂ;DJU,)(Qp) H(p)w_1(JU,)) . The functor ¥ : ¥ — (IndPJU(Qp) Y)" from

submodules of ﬁ(p)w—1(JU) (see Step 2 of the proof of [BHI15, Prop. 3.3.3] for the no-
tation) to submodules of I1(p),,~1(;,) respects addition and intersections (for example,
by choosing a continuous section and rewriting F(Y) = €%(P;, (Q,)\G(Qp),Y)). Then
Condition follows from the corresponding condition on the Levi subgroup M, (Qp)
by Examp and [BHIS, Rk. 3.3.4(ii)]. O

For any n € I we let Q,, := L<y,/L<p.

Lemma 6.15. Suppose that Condition holds. Then for any lower subset J, the
object Ly has a filtration with graded pieces isomorphic to Q; (j € J).

Proof. By induction it suffices to show that if J is a lower subset and m € J is a maximal
element, then L;j/L;_;;) = Q. To see this, note that the natural map L<m/Lem —
Lj/Lj_{my is surjective by construction and injective by Lemma O
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Corollary 6.16. For any w € W, the representation H(p)cmw—l has a filtration with

- G(Qp) e -
graded  pieces (IndB(Qp)n(Uw,aw)) with o € X,.  Moreover we have

socG(Qp)(H(p)meq)Qp_an = C(w,w).

Proof. As in the proof of Corollary [6.14] we put ourselves in the context of the above
formalism. Then the first claim follows from Lemma Hence (II(p)c, w-1)Q,-an
has a filtration with graded pieces PS(ow,ocw) with o € ¥,,. We deduce that if C
is any irreducible closed subrepresentation of (II(p)c, w-1)Q,-an, then it has to inject
into PS(ow, ow) for some ¢ € 3, hence C = C(ow,cw) for some o € ¥,,. We claim
that C(ow,ow) occurs in (II(p)c, w-1)Q,-an With multiplicity one, or equivalently that
it occurs in PS(o’w,o’w) for ¢/ € ¥, only when ¢/ = 0. If C(ow,ow) occurs in
PS(c’'w, o’w), then by Lemma [5.5(ii) we deduce that cw > ¢’w, hence o > o’ by
Lemma [6.9(ii). It now follows from the proof of Lemma [6.10{i) that o = o', proving
the claim. Therefore C' has to be contained in the subrepresentation (PS(w, ow)”)q,-an
of (I(p) ¢, w-1)Q,-an, and the claim follows from Lemma ii).

Remark 6.17. Suppose that all representations 7, := (Indggg‘;; n(aw,aw))eo with
o € 3y, are (topologically) irreducible. Then the above results show that II(p)c, ,,-1 is
a multiplicity-free representation with Jordan—-Holder factors 7, (0 € X,,) such that the
submodule structure is described by the poset (2., <). In particular, this establishes
the existence part of Conjecture 3.5.1 in [BHI5| (in case all 7, are irreducible). Hauseux
[Hau] recently established the uniqueness part (under the same assumption).

ord)

Proposition 6.18. With the above assumptions we have that (I1(p)°*®)q,-an s isomor-

phic to a subrepresentation of TI(p)®.

Proof. Fix any w € W, and let C := C(w, w). It suffices to show that the representation
(I(p)c,,w-1)Q,-an injects into II(p)5. By Corollary we know that (IL(p)c, w-1)Q,-an
has socle C. By Proposition and Corollary for each 0 € ¥, we have an
injection PS(w, ow) < (II(p)c, w-1)q,-an, Which is unique up to scalars. We also recall
that (w,ow) € W¢(p) for o € ¥, by Lemma[6.3]

Step 1: We show that (II(p)c, w-1)Qpan = Dgex, PS(w,ow). We first consider
n = 2 (with arbitrary p satisfying our assumptions) and note that (PS(1,54)")q,-an =
PS(1,s4) + PS(1,1): by Corollary the left-hand side has irreducible constituents
C(1,1), C(sa,1), C(saySa), each occurring with multiplicity one, and these all occur
in the right-hand side.

For general n, by (6.8)) it suffices to show (PS(w,o0w)™ )g,-an = > _,r1<, PS(w, 0'w)
for any fixed o € X,,. e define J, Py, m as in Proposition and its proof, so

that PS(w, ow)™ = (Indgi%i) ) eo, and by Lemma [2.13/ we have (PS(w,ow)”)q,-an =

(Indgﬁ%i) %@p_an)Qp_an. By the proof of Proposition ﬁ and by Lemma|2.14] we deduce

that Tg,-an is an external completed tensor product of all 1,1 j)e_("_j) for o(j) = j
6.7
6.5)

and (7;)q,-an for 1 < i < r, where 7; is the representation (6.7) and 7; its universal
unitary completion (note that 7; is admissible by Proposition . From the previ-
ous paragraph we deduce that (7;)g,-an is the sum of the subrepresentations 7 and
(Indgiﬁ&%”) ww_l(m)s—(”—"i) ®ww—l(niH)s_(”_"i_l))Qp_an. The exactness of locally an-
alytic parabolic induction then implies the claim.



TOWARDS THE FINITE SLOPE PART FOR GL, 41

Step 2: We show that (II(p)c, w—1)Q,-an injects into II(p)5. By Step 1 it follows
that the amalgam A := @ {PS(w,ow) : ¢ € ¥} over the common socle C' surjects
onto (II(p)c, w-1)g,-an- As C occurs precisely once in A, namely in the socle, we see
that (II(p)c, w-1)Q,-an is the unique quotient of A that has socle C. We also have that
M(w,ow) := M(w, (cw)J,) = PS(w,ow) by Lemma and Remark [5.8[(ii). Now,
consider the composition 4 = @ {M(w,ow) : o € X} — M(p)c — I(p)E. As
H(p)fg has socle C, we deduce by what we showed at the beginning of Step 2 that it
factors through a map (Il(p)¢, w-1)g,-an — I1(p)5. By considering socles we see that
it is injective. ]
Remark 6.19. The proof shows, in particular, that (II(p)c, -1)@,-an for w € W, can
be described more explicitly as the unique quotient of @C(wﬂu){PS(w, ow) o € Byt
that has socle C(w, w).

Proposition 6.20. For any w € W, the unitary representation H(p)cp’w—l s the uni-

versal unitary completion of (Il(p)c, w-1)Q,-an- Also, I(p)°Y is the universal unitary

completion of (I1(p)°d)

Qp-an-
Proof. Step 1: We show that for any w € W, and o € X,, the unitary representation
PS(w, ocw)” is the universal unitary completion of (PS(w, ow)™)q,-an-

We need to show that if IT is a unitary continuous representation of G(Q,) on a Ba-
nach space, then any continuous G(Q))-equivariant map ¢ : (PS(w, ow)”)q,-an — I ex-
tends uniquely to a continuous G(Qj)-equivariant map PS(w, ow)™ — II. The unique-
ness is clear by the density of locally analytic vectors. Let i : PS(w, ow) — PS(w, ow)™,
i' : PS(w,ow) — (PS(w,ow)”)q,-an and j : (PS(w,ow)”)g,-an — PS(w,ow)” denote
the canonical maps (all of which are injective), so ¢ = j oi’. From the definition
of PS(w,ow)” the map 6 o i’ extends uniquely to a map ¢ : PS(w,ow)” — II, i.e.
0'oi = 0oi'. Tt follows that (6'oj—6)oi’ =0, ie. ' oj—6 factors through the cokernel
of 7.

We claim that no irreducible constituent of the cokernel of i admits a G(Q))-
invariant O-lattice. This claim easily implies that ' o ; = 6, completing the proof.
Suppose now that C' is any irreducible constituent of coker(i') that admits a G(Qy)-
invariant O-lattice. By the proof of Lemma [6.10|i) we know that C = C(r,0’w) for
some ¢’ < o and 7 > o’w. More generally, suppose that C(7,w’) admits a G(Q,)-
invariant O-lattice for any (7,w’) € W? with 7 > w’. Then the necessary condition of
Emerton (cf. the proof of [Brel6l, Cor. 7.7]) shows that (—7-(—X))(t)mp . (t) € O for all
t € T, where 7p v = Ty, TT = {diag(ti,...,tn) € T(Qp) : |tl-7f;r11|@p <1 Vi}.
(We note that the dot action in [Brel6] is defined relative to B.) By equation [Brel6),

(8.8)] and the line following [Brel6l Rq. 8.7] we deduce that pzzzl(hw‘l(ifhf‘l(i)) €0
for all 1 < j < n, which is easily seen to be equivalent to 7(—h) > w'(—h) by the
dominance order on X (7T') relative to B. But —h is dominant with respect to B and
7 > w' by assumption, so 7(—h) < w'(—h). It follows that 7(—h) = w'(—h). As
the h; are distinct, we deduce that 7 = w’. For our constituent C above this means
C = C(0’'w,0'w). But C does not occur in coker(i’) by Lemma [6.10{i), contradiction.

Step 2: We deduce the result. It is completely formal to see that universal uni-
tary completions commute with finite colimits on the additive category of continuous
representations of a p-adic reductive group on locally convex vector spaces. (In fact,
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finite colimits exist in this category, since finite direct sums and cokernels exist.) Simi-
larly, the functor of passing to locally Q,-analytic vectors commutes with finite colimits
on the abelian category of admissible continuous representations of G(Q,) by [STO03,
Thm. 7.1]. Hence from we get (IL(p) ¢, .w-1)Qp-an = @JGZW(PS(w, ow)")Q,-an and
by Step 1 we deduce

((H(p)Cp,wfl)Qp—an)A = hﬂ PS(w, Jw)A = H(p)Cp,wfla
oEYw

completing the proof of the first statement. By passing to a finite direct sum over W,
we deduce the second statement. g

6.2. Global applications. We give strong evidence to [BHI5, Conj. 4.2.2] in the crys-
tabelline case (Theorem [6.25)).

We keep the global setup and notation of but now assume in addition that
p splits completely in F' (or equivalently F™). We assume in the following that for
each place v|p of F'* the representation rz = 7| Gal /) is as in namely that it is
upper-triangular as in , satisfies Hypothesis and we choose a representative
(still denoted by) r5 of ry that is a good conjugate.

Proposition 6.21. Assume Conjecture . If (w%lg,w;,)v € W such that w8 =

v
w%lg(wg) for all v, then restriction to the socle induces an isomorphism

HomQ(F;) ( @ Ps(wg’lga wﬁ)(gn_l)a §(Up7 E)Qp—an [mr])

vlp

= HOHIQ(F;—) ( @ C(wglg’ u)g) (5”‘1)’ S?(Up’ E)Qp—an [mr]) .

vlp

Moreover, any non-zero element of the left-hand side is injective.

Proof. By Remark (ii) this is a special case of Step 1 of the proof of Theorem
O

Proposition 6.22. Assume Conjecture|5.1(]. For each place v|p of F* suppose that
wy € W,y and oy, 0% € By, with oy < 0%. Then the restriction map

~

(6.23) Homg pr) ( pPS(wg, oywy) (" Y), S(UP, E)[m,))

v|
— HomG(Flj') ( (% PS(w;, O—%wﬂ)/\(gn_l)7 g(Up’ E)[mr])
€l olp
induced by the injections iy, - 5 of (see just above ) s an isomorphism of
finite-dimensional  vector spaces. Moreover, any non-zero element  of
HomG(FJ)(@) PS(wy, o5wy) " (e"7 L), S(UP, E)[m,]) is injective.
- vlp

Proof. We will first check the last assertion, by passing to locally Qp-analytic vec-
tors, using Lemma and [ST03, Thm. 7.1]. Suppose that for each v|p we are
given an irreducible constituent Cy of (PS(wg, 05ws)”)Q,-an- Recall from the proof of
Lemma that the representation (PS(wy, o3wy)”)g,-an has a filtration with graded
pieces PS(oswy, oswy) with o < oy, hence by Lemma (iii) we have Cy = C(75, oswy)
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for some 7y > oLwy. If ® C3(e™ 1) injects into §(UP,E)QP_an[mT], then by Conjec-

vlp
ture Lemma and Lemma (1) we get that 75 < wglg(g%wg) = wy < oLwy and
hence 75 = wy = oLwy and 0% = 1, i.e. C5 = C(wy, wy). From Lemma and Lemma
6.10ii) we deduce that ® Cj is the G(F,})-socle of ® (PS(wg, 03W5)")Q,-an- Therefore,
v|p vlp
any non-zero element of HomG(FJ)(@) PS(wy, opws) (e""1), S(UP, E)[m,]) is injective.
- vlp

Since ® C(wy, wy) is the G(F;)-socle of ® (PS(wy, T5wg) " )Qp-an fOr 75 € {05, 05},
vlp vlp
occurring as constituent with multiplicity one (by Lemma [6.10(1)), it follows that the

map (6.23)) is injective.
To complete the proof it suffices to show that the two sides of (6.23) have the same
finite dimension. We note that

(6.24)  Homg s ( f?p PS(ws, ows) ("1, S(UP, B)[m,])

= HOIIlG(F;r) ( é|§ PS(w’g, Uﬁwﬁ) (gnil)v §(Up7 E)Qp-an [mr])
G vlp

= Homg ) (& Clw, oswn)(" ™), S(UP, B)q,-an[my])
=\&'p vlp

by Lemma Proposition and Lemma As Cl(wg, ozwy) = C(wg, wy) is
independent of o3 by Lemma [5.5(ii) and the vector space (6.24) is finite-dimensional
by Lemma [5.15| we complete the proof. O

The theorem that follows gives evidence for [BHI15, Conj. 4.2.2] (corrected as in
below) in the crystabelline case.

Theorem 6.25. Assume Congjecture[5.10. Then there exists an injection of admissible
continuous representations @ I(ry)°* (e~ 1) < S(UP, E)[m,]. More precisely, for any

vlp
w = (wg)y € [, Wr; let

Ny = dimpg HomG(F;) ( (/X? C(wg,wa)(gnﬂ% §(Up7 E)Qp-an[m'r]) € Zo.
G olp

Then we have an injection of admissible continuous representations

(6.26) P (& H(m)crﬁ’wgl(gnfl))@”w < S(U?, E)[m,].

v
w=(wg)y VP

Proof. By assumption we have an injection

(6.27) @ ( @ C(wg, wi)(&—n—l))@nw . §Qp-an[mr]-

v
we(wy)y VP
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Fix any w = (wg)y € [],), Wr;- By the isomorphism and Lemma [2.3| we have

Homg iy (@ (rg) ("1, S(UP, E)[m,])

vlp
— Homg pt ( }EEE %Ps(wm oywy) (e"71), S(UP, B)[m,))
= lim HomG(F;r)(?PS(wa,ana)A(E”_l),g(Up7E)[mr])~
JgEEwa o v

-1
Cry wy

By Proposition the projective limit is isomorphic to the final term where o =
for all v|p and hence by (6.24)) it is further isomorphic to

~

HOIHQ(F;’) ( pC(’LU5, ZU5) (5n_1)a §(Up7 E)Qp—an [mr]) .

v

Thus we can extend the map (6.27) uniquely to a map as in (6.26). The extended
map is injective by the last statement of Corollary (using Lemma [2.21)) and the

injectivity of (6.27)). O

Remark 6.28. Alternatively we could prove Theorem [6.25|using Theorem [5.12] Propo-
sition and Proposition We also recall that Conjecture[5.10]is known in many

cases (see Theorem [5.11)).

Remark 6.29. When n = 3, some cases of this theorem were claimed in an unpublished
preprint [BC14].

7. ERRATA FOR [BH15|

The definition of TI° just above [BHIS, Conj. 4.2.2] should be replaced by the
following definition: II°" is the closure (in the admissible continuous representation
IT) of the sum of all its finite length closed subrepresentations with all irreducible
constituents being constituents of unitary continuous principal series. Then [BHI15,
Conj. 4.2.2] can be stated verbatim, and implies in particular that S(UP, E)[p¥]ord
should be of finite length. Note that, due to the closure process, it is not clear a
priori that all irreducible constituents of S(U?, E) [p*]°™¢ are still constituents of unitary
continuous principal series.

The proof of [BHI5, Thm. 4.4.8] is too sketchy and moreover the representation
g(Up, E)pz at the end of the proof is not a Banach space (it is not necessarily complete,
as it is just some localisation), hence one cannot apply [BH15, Cor. 4.3.11] to it. One
can fix our proof of [BH15, Thm. 4.4.8] (by working instead with the localisation at a
maximal ideal of the complete integral Hecke algebra as in [Emelll, §5.2]), but in any
case this result is now a special case of Theorem (together with Theorem [5.11]).

Finally, due to the above comment on the (corrected) definition of S(UP, E)[p*]°,
[BH15, Rk. 4.4.9(a)] should be ignored.
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