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1 Introduction

The p-adic Langlands programme for the group GL3(Q,) is now well understood,
both from a local and a global point of view ([Coll10], [Pasi3], [CDP], [Emell],
see [Brel(] for an overview). In particular, to (essentially) any continuous
representation p : Gal(Q,/Q,) — GLy(E) (where E is a finite extension of Q,)
one can associate a unitary continuous representation I1(p) of GL2(Q,) on a p-adic
Banach space over E. Likewise, to (essentially) any continuous representation
p: Gal(Q,/Q,) — GLa(kp) (where kg is the residue field of E), one can associate
a smooth representation I1(p) of GLy2(Q,) over kg. It is moreover expected that
the p-adic Langlands correspondence — if there is one — for any other group
beyond GL2(Q,) (e.g. GL2(L) or GL3(Q,) or GSp,(Q,)) will be significantly
more involved than for GLy(Q,) (see e.g. [Brel(, §3, §4] or [Sch]). The aim of
the present work is nevertheless to start to investigate the possible shape of the
representation(s) I1(p) and II(p) when p, p take values in split reductive groups
other than GLs.

Let G be a split connected reductive algebraic group over QQ, with dual G , B
a finite extension of Q, and p : Gal(Q,/Q,) — G(E) a continuous representation.
Assume that both G and G have a connected centre and that (up to conjugation)

p takes values in a Borel subgroup B(E) of G(E). In this setting, at least when p is
sufficiently generic, we define a unitary continuous representation II(p)°™d that we



expect to be the maximal closed subrepresentation of I1(p) whose constituents are
subquotients of unitary continuous principal series of G(Q,) over E. We define an
analogous smooth representation I1(p)°"d when G is a split connected reductive
algebraic group over Z, and p : Gal(Q,/Q,) — B (kg). When G = GL,, and
p comes from some (automorphic) global Galois representation 7, we moreover
prove using results of Gee and Geraghty ([Ger09], [GG12]) that (under suitable
assumptions) the GL,(Q,)-representation I1(p)"® occurs in the T-part of spaces
of mod p automorphic forms for certain definite unitary groups which are outer
forms of GL,. We only consider split reductive G in this paper because, when
G is not split, e.g. G = Resy g, GLy, the results of [BP12] (see the remarks at
the end of section 19 of loc. cit.) as well as [Haul3, Thm. 1.2] suggest that the
representations I1(p)°d, TI(p)*¢ are generically semi-simple and thus not very
interesting.

We now try to motivate the idea underlying the construction of II(p)°r
and II(p)°Y. One crucial ingredient in the p-adic Langlands correspondence for
GL2(Q,) is the construction by Colmez ([Coll0]) of a covariant exact functor F
from unitary continuous (resp. smooth) representations of GLy(Q,) over E (resp.
kp) with suitable properties to finite-dimensional representations of Gal(Q,/Q,)
over E (resp. kg) sending II(p) (resp. II(p)) to p (resp. p), see [Emelll §3.4] for
more details in the ordinary case. One may hope that F' has an analogue when
GL, is replaced by G as above, see [SV11] for one tentative construction (see also
the recent [Breld]). Denoting by L% o p the tensor product of all the fundamental
algebraic representations of G (E) composed with p, evidence coming from var-
ious sources (explicit computations with Serre weights, locally analytic vectors,
the results of [Haul3|, [Hauld], etc.) suggest that the internal structure of the
representation II(p) (its constituents and socle filtration) should somehow “re-
flect” the internal structure of the Galois representation L% o p, and that likewise
I1(p)° should reflect the structure of an explicit subrepresentation (L®)°*4 o p of
L%op (see below). Note that if p is the restriction of a global automorphic Galois
representation r, it is natural to expect that the r-part of spaces of p-adic/mod
p automorphic forms is a direct sum of finitely many copies of II(p). (These
globally defined spaces are denoted by S(U?, E)[p¥] and S(U?, E)[m¥] in section
4.20) This would be a (weak) analogue of Emerton’s local-global compatibility
when n = 2 ([Emell]). Therefore, although we don’t have II(p) and II(p), if
a functor F' exists when n > 2, one may ask whether F(II(p)) = L® o p and
F(II(p)) = L® o p (see in the text for more details). Let us just emphasize
that, although we don’t know II(p) or II(p), we can use L% o p as a guide to make
predictions about II(p) or II(p) and then test these predictions on cohomology.
This is what we start to do in this paper in the case where p (resp. p) takes
values in B(E) (resp. B(kg)) and is sufficiently generic. But we do hope that
the consideration of L® o p will also be of importance for Galois representations
which are not Borel-valued.



In light of the expected local-global compatibility for GL,,, our main theorems
suggest that I1(p)°*d is contained in II(p) and II(p)* is contained in I1(p), as
expected. Moreover, the expected local-global compatibility also gives evidence
for our expectation that IT(p)° is distinct from II(p) and I1(p)°™¢ is distinct from
I1(p) for n > 2. In the mod p case, if p is semisimple and sufficiently generic, then
I1(p)°¢ contains n! irreducible GL,(Z,)-subrepresentations up to isomorphism,
whereas I1(p) should contain a lot more by the Serre-type conjecture of [Her(9]
(see also [EGH13]). In the p-adic case, suppose for instance that n = 3 and that p
is crystabelian as in the second example of [Brel3al, §6.2] (see the case ajasas # 0
and ajay = ag of loc. cit.). Then [Brel3cd, Thms. 9.3, 9.10] and [Brel3bl Lem. 8.8]
show that the locally analytic representation C(s,, soS3) of [Brel3al, §6.2] should
occur as a subrepresentation of II(p) but cannot occur as a subrepresentation
of TI(p)°™ (see also the forthcoming [HM] for an analogous result in the mod p
case).

Let us now describe the main results of the paper.

In section , for any closed subgroup EC of B containing the maximal torus,
we completely describe the maximal Bo-subrepresentation (L% EC)Ord of L¥|z,
such that all its weights are in the orbit under the Weyl group W of the highest
weight A of L®. One finds a direct sum of indecomposable Bg-representations:

(L®|§C)Ord = EBwEWCL%ﬂUv
where We := {w € W : ' Beiw C BY.

Let p : Gal(Q,/Q,) — B(E) and ¥, : Gal(Q,/Q,) % B(E) — T(E). In
section [3 we use this description to associate to any sufficiently generic such p an
admissible unitary continuous representation I1(p)°™® of G(Q,) over E which is a
successive extension of finitely many unitary continuous principal series. First,
we associate to p a closed subgroup Bg, of B (defined as the smallest Zariski
closed subgroup of B such that p takes values in B\CP(E)) We may assume (after

conjugation) that Ecp is minimal among all E(E)—conjugates of p. Then we
define I1(p)°*d as
H(p)ord = @wEWCpH<p)prw7

where each II(p)c, ., is a successive extension of unitary continuous principal se-

ries of G(Q,) over E. More precisely, II(p)¢, ., mimics the structure of L%p,w in

ord

the following way: each time the weight w'(\) appears in (L®|g_ )° (for some
P

0
w' € W), the continuous principal series I(p), := (Indg(_%gp) w’_l(Xp)'(a_loH))c
appears “at the same place” in II(p)c,., where B~ C G is the Borel oppo-

site to the dual of E, X, : B7(Q,) - T(Q,) — E* corresponds to X, by
the local correspondence for tori and el o0 is a certain twist. The ‘ini-
mality assumption on Be, guarantees that II(p)°™® only depends on the G(E)-
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conjugacy class of p. This construction also works in characteristic p for a generic
p: Gal(Q,/Q,) — B(kg) (, and produces an admissible smooth G(Q,)-
representation I1(p)°™d = @wewcﬁﬂ(ﬁ)cﬁ,m where each I1(p)c, . is indecompos-
able and a successive extension of finitely many smooth principal series.

In section , we prove that the representations II(p)c,., all occur in some
spaces of mod p automorphic forms, and, when W, = {1}, that the representa-
tion II(p)°™® occurs in some spaces of p-adic automorphic forms. More precisely,
let F'* be a totally real field and G/F™ be a totally definite unitary group which
is an outer form of GL, /F* that splits over a totally imaginary quadratic ex-
tension F of F* (and is quasi-split at all finite places). We assume that F//F* is
unramified at all finite places and that p splits completely in F'. If U? C G(ARY)
is a compact open subgroup, we have the kg-vector space

S(UP kg) :={f: G(FH\G(AX:)/U? — kg, f locally constant}

of mod p automorphic forms of level UP which is equipped with a smooth action of
G(F" ®q Q) = [],, GLn(Qp) and with a commuting action of a certain Hecke

algebra T. If 7 : Gal(F/F) — GL,(kg) is a continuous absolutely irreducible
representation, we can associate to 7 a maximal ideal m of T with residue field
kg. We denote by S(U?, kg)[m] C S(UP, kg) the corresponding eigenspace and
by S(UP, kg)[m]d C S(UP, kg)[m] the maximal G(F* ®q Q,)-subrepresentation
all of whose constituents are subquotients of principal series. Following [GG12,
§6] we say that 7 is modular and ordinary if there exist UP (ramified only at places
of F* that split in F) and an irreducible representation o of G(Op+ ®z Z,) =
[T, GLn(Zy) over kg (a Serre weight) such that the action of the Hecke algebra

H(o) = @upke[Tiu, - Tho10, Tia] on Homgo, , @,2,) (0, S(UP, kg)[m]) has a
nonzero eigenvector (after possibly extending kg) on which each T;, is nonzero.
Let us choose a place © of F' above each v|p in F* (this choice won’t matter)
and denote by 7; the restriction of 7 to a decomposition subgroup at v. If 7
is modular and ordinary, then 7; takes values in a Borel subgroup of GL,(kg)
so that the GL, (Q,)-representations I1(7;)°*¢ are defined (if 75 is generic). Our

main local-global compatibility result is (cf. Theorem 4.4.7)):

Theorem 1.1. Let7 : Gal(F/F) — GL,(kg) be continuous absolutely irreducible
and assume:

(i) 7 is modular and ordinary;
(ii) for each v|p the restriction of Ty to inertia is generic;

(it) T|GaF/r(c,)) @ absolutely irreducible, p > 2n +2 and (, ¢ F.

Then there is an compact open subgroup UP C G(ALY) and integers d, > 0 for
each w = (wy) € [[,, We,, such that we have an essential injection of admissible

5



smooth representations of G(FT ®q Q,) over kg,

@ (® <H<Fﬁ)0@3,wv Rw" o det))@dw < S(U?, kg)[m]™,

w=(wy) ~ v|p

where w is the mod p cyclotomic character.

We refer to for a more precise statement, and to Theorem for a
p-adic version assuming that all W are trivial and replacing S(U?, kg) by a
suitable p-adically completed E-vector space of automorphic forms. If all d,, are
equal (e.g. if all We,. are trivial), note that the left-hand side of the injection in
Theorem [1.1]is exactly (up to twist) a direct sum of copies of ®,,I1(75)°"d. The
assumption (ii) that 75 is generic on inertia (which implies e.g. p > 2n) shouldn’t
be crucial and one should be able to replace it by just 75 generic (not necessarily
on inertia) and p > 3. Following our “philosophy” that II(p)°*¢ should be the
maximal subrepresentation of I1(p) built out of principal series, we also conjecture

(cf. Conjecture [4.2.5)):

Conjecture 1.2. Let 7 : Gal(F/F) — GL,(kg) be continuous absolutely irre-
ducible and assume:

(i) 7 is modular;

(i) 75 is upper triangular and generic for each v|p.

Then for any compact open subgroup UP C G(ALY) such that S(UP, kg)m] # 0
there is an integer d > 0 depending only on UP? and 7 such that we have an
isomorphism of admissible smooth representations of G(F* ®@q Q,) over kg,

(® (H(Fa)ord ®@w" ! odet ) ) " s S(UP, k) [m].

vlp

We have an analogous conjecture in characteristic 0 (cf. Conjecture [4.2.2)).

The proof of Theorem goes as follows: using results of Gee and Ger-
aghty on ordinary Serre weights ([GGI12|, [Ger09], these results require the small
technical assumptions alluded to in (iii)) together with Frobenius reciprocity,
we first deduce that for each w = (w,) € [[,, We,, the G(F" ®q Q,)-socle
Qulp (T5)w, of ®U|p(H(F@)Cﬁ,w ® w™ ! o det) occurs in some S(UP, kg)[m] with
a certain positive multiplicity d,,. We thus have an injection as in Theorem
but with H(Fg)cﬁﬂwv ® w" ! o det replaced by its socle I(7;),,. Moreover,
combining the results of [GG12] with [Herll, Cor. 9.13], one easily checks that
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this injection is essential. The whole point is thus to prove that it extends to
Qulp (H(F@)C?ww ® w" ' odet). This follows from a key local theorem (cf. The-
orem which states that, under certain conditions on a smooth G(Q,)-
representation II over kg, restriction to the G(Q,)-socle induces an isomorphism
Homgq,)(TI(7)cpw @ Wt o det, IT) = Home(g,)((p)w, IT). Here, we use an
important improvement due to Pasktuinas in the proof of this local theorem.

Since the first version of this article, several results have been proven that
confirm some of our speculations and questions. In [Brel4] the first-named author
constructed a functor from smooth representations of G(Q,) over Og/w} to
étale pro-(¢,I')-modules over Og/w} for any m > 0 which satisfies the mod p
analogue of properties (i)—(iii) in (see [Breld, Cor. 9.5]). Hauseux [Haul3],
[Haul4] gave a positive answer to our question on extensions between principal
series representations (see Theorem and proved our Conjecture on
the unicity of II(p)°¢ (assuming the irreducibility of the principal series (23))).

We now finish this introduction with some notation.

In the whole text E is a finite extension of Q, (the coefficient field) with ring
of integers O and residue field kg. We denote by wg a uniformizer in Op. We
denote by € : Gal(@p /Qp) = Z; — E* the p-adic cyclotomic character and by
w its reduction mod p. If F' is a number field and w a finite place of F', Frob,,
is a geometric Frobenius at w. We normalize the reciprocity map of local class
field theory so that uniformizers correspond to geometric Frobenius elements.
We denote by nr(u) either the unramified character of Q' sending p to u or the

unramified character of Gal(@p /Q,) sending a geometric Frobenius element to .

If H is a p-adic Lie group, e.g. H = G(Q,) where G is an algebraic group
over Q,, we call a continuous representation of H over E any p-adic Banach
space II over F endowed with an E-linear action of H such that the action map
H x Il — 1II is continuous. If G is a connected reductive algebraic group over
Z,, we call a Serre weight for G(F,) any irreducible representation of G(F,) (or
equivalently any irreducible smooth representation of G(Z,)) over kg. A Serre
weight is in fact absolutely irreducible and defined over I, when G is split. The
other notation will be introduced in the body of the text.

We would like to thank L. Clozel, M. Emerton, W. T. Gan, G. Henniart, S.
Morra, S. W. Shin, and P.-J. White for discussions related to this work. We would
also like to thank especially T. Gee and D. Geraghty for patiently answering our
questions. The second author would like to thank the University of Paris 11,
where some of this work was carried out. Finally, we are deeply indebted to V.
Paskinas for finding a much better proof of our main local result (Theorem |4.3.9)
which easily extends to characteristic 0 (Corollary and for allowing us to
reproduce it here (our initial proof in the first version of that paper was long,



laborious and less general).

2 The algebraic representation L%

We define the algebraic representation L? and study its restriction to certain
subgroups of the Borel subgroup.

2.1 Definition of the representation L®

We define the algebraic representation L.

Let H/E be a split connected reductive algebraic group. Let T C H be a split
maximal torus (over £), X(T') = Hom,, (7, G,,) the group of characters of T" and
XY(T) = Homgg (G, T') its group of cocharacters. We let (X (7)), R, XV (T), R)
be the root datum of H, where R C X(T') (resp. RY C XY(T)) is the set of roots
(resp. coroots). For av € R, we let s, be the reflection on X (T) associated to «
and recall that s,(\) = A — (X, a¥)a for A € X(T'). We let W be the Weyl group,
that is, the subgroup of automorphisms of X (7") generated by the s, for a € R.

We fix a choice of simple roots S C R and denote by Rt C R the positive
roots, i.e. the roots that are in @acsZsoa. We finally let H9 be the derived
algebraic subgroup of H and H the dual algebraic group of H. We recall the
following standard proposition (see e.g. the proof of [DL76l, Prop. 5.23] where the
fact that the base field is algebraically closed of char. p is here irrelevant).

Proposition 2.1.1. The following conditions are equivalent:

(i) the dual group H has connected centre;
(ii) the derived subgroup H" is (semi-simple) simply connected;
(iii) there exists (Aa)acs € X (T such that for any g € S:

w_ 1 it a=p
<)\a”8>_{0 if a#p.

We assume from now on that H satisfies the equivalent conditions of Propo-
sition 2.1.1] We recall that A € X(T) is said to be dominant if (A, a¥) > 0
for all « € RT. If A € X(T) is a dominant weight, we denote by L(\) the
irreducible algebraic representation of H over E with highest weight A. Let
XUT) :=={\ € X(T) : (\,BY) = 0VBY € R'}. Then L(\) has dimension 1
if and only if A € X%T). The weights A, of Proposition for € S are
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clearly dominant and are called fundamental weights. They are uniquely de-
fined in X (T)/X%(T), that is, one can obviously replace A\, by A\, + Ao for any
Ao € Hom,,(H, Gy,) = X°(T). However this only changes L()\,) by a twist by a
1-dimensional L(\o).

Definition 2.1.2. Assume H has connected centre or equivalently H9" is simply
connected. The fundamental algebraic representations of H are the irreducible
representations (L(\,))acs (defined up to twist).

Example 2.1.3. We briefly give the examples of H = GL,, and H = GSp,,
(n>2).

When H = GL,, T is the torus of diagonal matrices and B the upper triangular
matrices, we have X(T') = Zey & --- & Ze,,, where ¢; is the character sending
diag(xq,...,2,) to z; and S = {e; —e;41 : 1 <@ < n—1}. Then A, _,,, =

€1+ ey + -+ +e; (up to an element of X°(T') = Z(e; + -+ +e,)) and we have

L(A )=A%(Std) 1<i<n—1 (upto a twist),

€i—€i+1

where Std is the standard n-dimensional algebraic representation of GL,, over E.
When H = GSp,,, = {4 € GLy, : 7(A) (% §)A=v(_9 %) forsomev €
Gm} (7 is the transpose in GL,, J,, is the anti-diagonal “identity” matrix of size
n), T is the torus of diagonal matrices in GSp,, and B the upper triangular
matrices in GSp,,,, we have X(T') = Ze, & --- & Ze,, & Ze, where e; (resp. e)
is the character sending diag(w1, ..., o, va; ..., vay!) to 2; (resp. v) and S =
{ei—eq1:1<i<n—-12e,—e}. Then A\.,¢,,, =e1+---+¢,1<i<n—-1
and Age, . = €1 + - + €, (up to an element of X°(T) = Ze). If Std is the
standard 2n-dimensional algebraic representation of GSp,,, over E, there is for
2 < i < nasurjection ' : A% (Std) — A2 ?(Std)(v) and we have L(\,, _.,) = Std,
L(Age, —e) = Ker(¢™) and

L(A ) =Ker(¢"), 2<i<n—1 (all up to a twist)

€, —€i4+1

(we refer to [FHII, §17.2] for more details).

We define the following algebraic representation of H over E:

L? == Q) L(\a)-

aesS

It is a reducible algebraic representation in general. The representation L? de-
pends on the choice of weights A\, as in Proposition M(iii), but any change
in this choice only modifies L? by a twist, which won’t affect the results of this
paper. We just keep in mind in the sequel that L% is canonical only up to twist.

Proposition 2.1.4. There is an algebraic character g € Homye(H,G,,) =
XOT) such that (L®)V = L® @ L(\).



Proof. Let wy be the longest element of W. Then —wy permutes the elements of
S, and thus we have from Definition [2.1.2

—wo(Aa) = Awg(a) € X(T) for any a € S.
Since L(A,)Y = L(—woA,), we get
L()\a)v — L<)‘7wo(a)) & L( — U)()()\a) — )‘fwo(a))-
Setting Ao = Yocs(—10(A) = Auy(ey) € XOT), we deduce (1) = I° @
L (o). [

Remark 2.1.5. Any change in the choice of the A, that doesn’t affect > ¢ Aa
doesn’t change L% either (as is immediately checked).

Note that, if H = H, x H,, then one has L® = L{ ®p L5 (where we index by
i everything related to H;, i = 1, 2).

2.2 Multiplicity one weights of L%

We determine the weights of L?|7 which occur with multiplicity 1. We keep the
notation of

We start with some lemmas.

Lemma 2.2.1. Let o« € RY and f € S. If sa(Ag') = Ag for all B’ € S except
possibly B, then s,(Ag) = A\g — .

Proof. We have
(Mg = sa(Ag),@") = 2(Ng, @),

where (A, a") is the coordinate of 8¥ in o" (using the properties of the funda-
mental weight A, see Proposition 2.1.1]). Since so(Ag) = A for all 5" € S\{3},
this coordinate is 0 for 5’ # 8 and we thus get oV € Z3V. Since ZSYNRY = +3Y
and « is a positive root, we have o = 8 which finishes the proof. O

For \,p € X(T), we write up < X (resp. pu > ) if A — u € BaesZso (resp.
A — 1t € Buesl<per). We write pr < A (resp. > A) if p < XA and A # p (resp.
> Xand A # p). Recall that, if A is dominant, then w(A) < A for all w € W.

Lemma 2.2.2. Let A\ € X(T) be a dominant weight and 1 be a weight that
appears in L(N)|p. Then there exist an integer s > 1, a sequence of weights
Wiy -y pis i L(N)|r and a sequence of positive roots g, ..., as_1 satisfying the
following conditions:
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(i) p1 =X and ps = p;
(i) prip1 € pi + Zay and Sq, (1) < piv1 < pi for alli e {1,...,s —1}.

Proof. Since (ii) is empty when s = 1, we can assume p < A. We use the following
result: there exists a € R* such that 4+ o < X and p + « is still a weight of
L(A\)|r. Indeed, if p is not dominant, then we can take any o € R such that
(1, ") < 0 (considering the restriction of L? to the subgroup SLy corresponding
to the root «a, we see by [Hum78, Prop. 21.3] that the weight 1 + « appears in
L(\)|r being between p and s, (p) = p — (u, @")a). If p is dominant, then by
a result of Stembridge (see [Rap00, Lem. 2.3]) there exists o € R' such that
w4+ a < Xand p+ « is still a dominant weight, hence u + « still appears in
L(\)|r (use that w(p+ o) < p+a ¥V w € W together with [Hum78, Prop. 21.3]).
Choosing such an «, the set of weights u + i« for i € Z that appear in L(\)|r
is of the form {u — iy, p — (i1 — Ve, ..., pu + iza} for some i; € Z>o and some
iy € Z>1, and we have p — i1 = so(p + i200) < p < p+ igax (see again [HumT78,
§21.3]). If ph := p + i < A, we start again with another positive root 8 such
that ph + 5 < X (and pf, + B appears in L(A)|r) and get a weight uf5 such that
Sa(pty) < phy < pf. Since all weights in L(A)|7 are bounded by A, we necessarily
reach \ after a finite number of iterations, say s — 1. We finally set u, := p and
pi =g forie{1,...,s—1}. O

Lemma 2.2.3. Let n € Z>y and Ay, ..., A\, € X(T) be dominant. The weights
that appear in Q7 L(X\;)|r are the weights that appear in L(>" | N)|r (up to
multiplicity).

Proof. Since L(}"1 | A;) is a direct summand of ®!",L(});), the weights that ap-
pearin L(D> " | A\;)|r clearly all appear in ®7_, L();)|r. Let us prove the converse.
Let pg + -+ + p, be a weight of @, L(\;)|r, where p; is a weight of L(\;)|r.
We use the following well-known result: if A € X(7T) is a dominant weight, then
the weights that appear in L(\)|r (up to multiplicity) are exactly all the weights
€ X (T) satisfying the following condition:

A — w(,u) S @aeszzoa Yw e W. (1)

For w € W, we have \; — w(i;) € BacsZ>oa by applying to L(\;). By
summing, we get

zn:)\z‘ — w(iﬂi) € Paeslioor Yw € W,
i=1

i=1 i—

which implies that Y | p; is a weight of L(> ;. \i)|r- O
We now state the main theorem of this section.
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Theorem 2.2.4. The weights of L®|r that occur with multiplicity 1 are exactly
the weights {w( Y cgXa) 1w € W},

Proof. Let \ := Zﬁes Ag. Since A occurs with multiplicity 1, the same holds
for all the weights in its W-orbit. Let u € X(T') be a weight of L®|r, we have
to prove that either p occurs with multiplicity > 1 or g is in the W-orbit of
A. By Lemma 2.2.3] p occurs in L(A)|r. We will make an induction on the
smallest integer s(u) > 1 such that there are weights pu1,. .., jts(u) in L(A)|r and
positive roots ar, ..., Q-1 as in Lemma 2.2.2 If s(u) = 1, then p = py = A
and the statement is obvious. Let us assume s(p) > 1 (i.e. p < A) and that
the statement is true for all weights p' of L?|p with 1 < s(u/) < s(u). By
the induction hypothesis applied to jis)—1, we have that either fi,,)—1 occurs
with multiplicity > 1 or fpie,)—1 is in the W-orbit of A. In the first case, we
immediately deduce that s, <M>_1(Us(u)—1) occurs with multiplicity > 1, as well as
all the weights of the form fis(,)—1 + Zas()—1 between s, (fs(uy—1) and fis()—1
(use [HumT78, Prop. 21.3] as in the proof of Lemma . So in particular g
occurs with multiplicity > 1 in L®|7. In the second case, let w € W be such that
fs(uy—1 = w(X). Applying w™! (which doesn’t change the multiplicities), we can
assume fi5(,)—1 = A and s,(A) < p < A with p € A+Za, where o := w ™ (v5()-1)
(which is still a positive root). For g € S, let ng := (A\g,a") € Z>,. All the
weights A\g —ia for 0 < i < ng appear in L(Ag)|r. Let i € {1,...,> 5 ¢ng} such
that p = A —ida. If i = 3 5 onp, then u = s,(A) is in the W-orbit of A and we
are done. Let us assume 1 < i < (Z,Bes ng) — 1. We can write i = Zﬂes ig for
some ig € {0,...,ng}. Since p > s,(A), there exists f; € S such that ng, # 0
and 0 < i, < ng — 1. Since g < A, there exists 5, € S such that ng, # 0 and
1 <ip, < ng,. If we can find such (3, B2 which are distinct, then p appears at
least twice in L(\)|7 since we can write

po= Y (Ag—iga)

Bes

= ( > (- 2'504)) + (Mg, — (ig,+1)a) + (Ag, — (ig,—1)a).

BES\{B1,B2}

If we can’t, then we have 1 <5, < ng, —1 and ig =0 for all 5 # ;. By Lemma
2.2.1] since ng, > 2 there exists 5, € S, B2 # f1 such that ng, > 1. Then p again
appears at least twice in L(\)|r since we can write

Ho= Z Ag + <)‘51 - Z.5100
BeS\{1}

= Z )\/5 + ()\51 — (iﬁl — 1)04) + ()\52 — Ck).
BES\{B1.82}
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Remark 2.2.5. By using Weyl’s character formula, one can actually prove the
stronger result that the weights of L(A)|r (A = >_5.5 Ag) that occur with multi-
plicity 1 are only the weights in the W-orbit of A (it is indeed stronger because
of Lemma [2.2.3)). Since any weight of L(\)|r is in the W-orbit of some dominant
weight and since the multiplicity is constant on a W-orbit, we are reduced to
proving that if a weight u of L(\)|7 is dominant and distinct from A, then it
occurs with multiplicity > 1. Arguing as in the proof of lemma and using
again the fact that, if y; occurs with multiplicity > 1 in L(A)|r, then the same
holds for all the weights between s, (11;) and p;, we can easily reduce to the case
1 is as big as possible for the order relation <. The same use of Stembridge’s
lemma as in loc. cit. then yields 4 = A — 8 for some § € R*. If 8 € S, we easily
check that A — 8 = s(\) and thus A — § is not dominant, hence § € Rt\S. We
now use Weyl’s character formula for L(\) which states that the multiplicity of a
weight v in L(\)|r is the coefficient of e(v — (A — p)) in the ratio (see e.g. [Jan03,
§1I1.5])

Haem(e(a):Z(—a)) =TI () +e(=5)) =eo) T (1 +e(-a)),

o (e(3) —e(—5) — 1L

where p := 13" .. a (we have A — p € X%(T)" ®; Q). Since f is not simple,
there exist v € R and 0 € S such that 8 = v+ § and we see that the coefficient
of e(A =5 —(A—p)) =e(p—pB) is already 2 in the factor e(p)(1 + e(—05))(1 +
(=) (1 +¢(=9)).

Definition 2.2.6. An ordinary weight of L? is a weight w( Y ees )\a) as in The-
orem 2.2.4

Remark 2.2.7. In the sequel, we will actually only need the easy part of Theorem
2.2.4) that is, any ordinary weight of L? occurs with multiplicity 1.

2.3 On the restriction of L” to various subgroups I

For certain subgroups B¢ of the Borel subgroup B we define Bg-representations
(L®|p, )" and Lc .. We keep the notation of and

Let B =TU C H be the Borel subgroup (over E) containing 7" which corre-
sponds to our choice of positive roots R, where U C B is the unipotent radical
of B. If @ € R, recall that one has an associated root subgroup U, C H such
that « is the only root of U, (see e.g. [Jan03), §11.1.2]). We have v € R* if and
only if U, C B. A subset C' C R is said to be closed if the following condition
is satisfied: f a € C, f € Cand o+ € Rthena+ € C. f C C RT isa
closed subset, we let Us C U be the Zariski closed subgroup of B generated by
the root subgroups U, for a € C. For instance one has Uy = {1} and Ug+ = U.
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The roots of the algebraic group Ueq are exactly the roots in C' ([Jan03, §11.1.7]).
We let Be :=TUs C B, it is a (Zariski) closed subgroup of B.

Lemma 2.3.1. Let B’ C B be a Zariski closed algebraic subgroup containing T .
Then there exists a closed subset C C R* such that B’ = Bc.

Proof. Since T' C B’, we have B’ = TU’, where U’ := B’ N U is stable under
conjugation by 7' (or T-stable in the sense of [Bor91]). By [Bor91l Prop. 14.4(2)],
we have Lie(U’) = @,ecLie(U,) for some subset C' C RT. Now let «, 8 € C such
that o+ 8 € R. Since U’ is closed, it contains the closure U” of the commutator
group [Uy, Us]. By [Bor91l Prop. 3.17], Lie(U") contains [Lie(U,), Lie(Ug)|. Since
[Lie(U,), Lie(Ug)] = Lie(Us+p) ([Bor91, Rk. 14.5(2)], we use here that E has
characteristic 0), we finally get Lie(U,4g) C Lie(U’) and hence o + 3 € C. This
shows that C' is closed. O

Lemma 2.3.2. Let C C R be a closed subset and I C C' be a subset satisfying
the following conditions:

(i) a root in I is never the sum of more than one root in C;

(i) for any distinct o, 5 € I, one has (Zsoa ® Z>o5) N R = {a, 5}.

Then I and C\I are closed subsets of R*, Ucy; is a normal subgroup of Uc, Uy is
a commutative subgroup of Uc (isomorphic to [],.; Ua) and one has a semi-direct
product Uc = Uc\; X Uf.

Proof. Condition (ii) obviously implies that I is closed whereas condition (i)
together with C' being closed imply C'\[ is also closed. Thus U; and Uy are well-
defined subgroups of Uc and one has an isomorphism of varieties UUc 1 S Ue.
Leta € I, u € U, and € C\I, then the commutation formula [Jan03] §11.1.2(5)]
together with condition (i) imply ulUsu™' C Ugy;. This implies that Ugyg is
normal in Ug and hence that Uc = Uyt % U;. Finally, if «, 8 are distinct roots
in I, by (ii) there exist no positive integers i, j such that ia + j5 € R and by
[Jan03, §I1.1.2(5)] again we see that U, and Uz must commute with each other
in Ug. This finishes the proof. O

If Li,Ly C I[?|p. are two Bg-subrepresentations such that all their
weights are ordinary, it is clear that the same holds for L; + Ly C L?|p,.

Definition 2.3.3. We let
(L?|B.)™ C L% 5,

be the maximal Be-subrepresentation of L?| g, such that all its weights are ordi-
nary. We say (L®|p,)? is the ordinary part of the algebraic Bo-representation
L?|p,.
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By (the easy direction in) Theorem [2.2.2 the representation (L®|p.)°¢ is
multiplicity free.
Example 2.3.4. For C' = @, one obviously has (L?|7)" = @ueww (Y acg Xa)-

aesS o

Remark 2.3.5. (i) Since the ordinary weights occur with multiplicity 1 in L%
and also occur in its direct summand L(}_ .¢Ao) (Lemma , we see that
(L®’Bc)ord c L(ZQGS )‘a)‘Bc for all C'.

(i) If H = Hy x Hy and C = C; 11 Cy C R™ = R} 11 R then one easily checks
that (L%|p.)"" = (L7]Be, ) @& (L5]B.,)"" (where we index by i everything
related to H;, i = 1,2).

(iii) One could also define the maximal quotient (L?|p.)ora 0f L?|p, such that
all its weights are ordinary. From Proposition [2.1.4] it is easy to deduce an
isomorphism (L2|p.)ord = ((L?]5,)"4)Y ® L(—Xg) for A as in that proposition.

We now define certain Be-representations L¢ .. We will show in the next
section that they appear in (L?|g, ).

We first define the following subset of W:
We:={weW :wC)CR"}. (2)

For instance one has Wy = W and Wg+ = {1}. One immediately checks that
w™(C) is again a closed subset of R* for w € We. Let Ny (T') be the normalizer
of T'in H and recall that the algebraic group Ny (T')/T is a finite group isomorphic
to W. For w € W, we let w be a representative of w in Ny (T') (the choice of
which essentially won’t matter). The following (easy) lemma gives an alternative
description of We.

Lemma 2.3.6. Let C C R be a closed subset. Then one has

Weo ={w e W : 1w 'Bew C B}.

Proof. For w € W and o € R one has 0™ 'Upth = Upy-1(o) ([Jan03) §I1.1.4(5)]).
Assume w € W, then we get w™!'Bew = By,-1(c) € B. Assume w'Bew C B,
then in particular w™'Uy = Uy-1(o) C B for any o € C' which implies w™ () €
R*, hence w € We. ]

Recall that two roots a, f € R are orthogonal if (o, 5") = 0, or equivalently
(B,aY) = 0.

Lemma 2.3.7. Let C C R* be a closed subset, wg € W and I C we(S)NC be
a subset of pairwise orthogonal roots. Then I satisfies conditions (i) and (i) of

Lemma[2.3.3.
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Proof. Let «, 5 be two distinct orthogonal roots in we(S) N C and assume ia +
jB € R for some nonzero integers i, j. Applying w;', we get iwg' (o) +jw;' () €
R with w;'(a) and w;'(B) being orthogonal simple roots. In particular i and
j must have the same sign. But we also have 5,1, (iwg! (@) + jw'(B)) =
—iwg' (o) + jwg'(B) € R which is impossible since —i and j now have different
signs. Thus condition (ii) of Lemma[2.3.2 holds (even in the stronger form (Za @
ZB)NR = {xa,+F}). Now assume o € we(S)NC is the sum of several roots in
C, then wz'(a) € S is the sum of several roots in w;'(C) € R which is again
impossible since wg' () is simple. This gives condition (i) of Lemma m O

For C' and I as in Lemma [2.3.7, we thus have Uz = Ug\; % U; with Uy
commutative (Lemma [2.3.2)).

Now let C' C R* be a closed subset, we € We, I C we(S)NC be a subset of
pairwise orthogonal roots, and set A := Y _oA,. Let H; be the Levi subgroup
of H that contains 7" and whose roots are +=I. Then B; = TU; is the Borel
subgroup H; N B of H;. We have

(we(N\),a")y =1 Vael. (3)

In particular, we(\) is a dominant weight for H;. Let L; be the Bj-representation
obtained by restriction from the irreducible Hj-representation over E of highest
weight we(A). We view L; as a representation of Bg via the quotient map
Be — Br = Be/Ueyr (see Lemma . If I’ C I, it is clear that there is
a Be-equivariant injection Ly — L; which is unique up to multiplication by a
nonzero scalar (its image is the Bp-subrepresentation of L; generated by we())).
We fix a compatible system of such injections, that is, such that for any inclusions
I" C I' C I the corresponding diagram of injections is commutative (it is always
possible to do so, note that there is only a finite number of 7). We then define
the inductive limit

LC,wc = lgl}l L[, (4)

I

where I runs among the subsets of we(S)NC of pairwise orthogonal roots. More
explicitly, L¢ . is the quotient of @;L; by the subrepresentation generated by
elements @ —x € Lp @ Ly for all z € Lp and all subsets I’ C I C we(S)NC of
pairwise orthogonal roots. Up to isomorphism the representation L¢ ,,, does not
depend on the above choice of compatible system of injections and note that the
canonical maps L; — L¢,,,. are all injections.

One can give a more explicit description of L;. By the same proof as for
Lemma below (applied to H and I, use that w;'(I) C S) we have H; =

T7 x GL; for some subtorus 7; € T'. Correspondingly, 7' = T7 x [],.,; 7o and
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By =17 x [[,e; Ba- Then

L; 2 we(N)|y ® (@La>, (5)

acl

acl

where L, is the restriction to B, of the irreducible GLy-representation over E
of highest weight wc(\)|r,. Equation shows that L, is the unique non-split
extension of s,we(N)|r, by we(N)|r, -

Example 2.3.8. For C' = & and wy € Wy = W, one obviously has Lg ., =

Wy ( Z(XGS AO‘) :
The following lemma follows directly from the construction of L¢ . since the

socle filtration is compatible with subobjects.

Lemma 2.3.9. Let C C R*' be a closed subset and we € Wg. The Be-
representation Lc ., has socle filtration 0 = Fil_; L¢ ., € FilgLcw, C -+ - such
that for j € Z>,

Fil Lowe /Fili 1 Lowe = @D (( I1s) wc) (D)

ICwe(S)NC acl acs
[7|=4
= D we(X )
ICwc(S)NC a€esS ael
[7|=4

for I running among the subsets of wa(S) N C of pairwise orthogonal Toots.

2.4 On the restriction of I? to various subgroups I1I

We completely describe (L?|p,)° for all closed subsets C' C R* in terms of the

representations L¢,,, of . We keep the notation of , and

This section entirely consists of the proof of the following theorem.

Theorem 2.4.1. Let C C R" be a closed subset, then

(Llpe)™ = D Lewe-

woEWe

Proof. As the weights w()\) occur with multiplicity 1 in L®, we often identify
w(A) € X(T) with the corresponding 1-dimensional subspace of L?.

Step 1: We prove socp. (L?|p,)" = Gueewewe(N).

We first prove that the stabilizer of the highest weight space A in H is B. It
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is a closed subgroup of H that contains B, hence it is a parabolic subgroup
([Bor91l, Cor. 11.2]). But it cannot contain any of the root subgroups U_, for
a € RT. Indeed, otherwise it would also contain s, but we never have s,(\) = A
as (A, a”) = > 5. 6{As, ") is always positive (in particular never 0). Thus this
stabilizer must be B itself. Then w(\) is a weight of socp,(L?|p,.) if and only
if Be fixes the subspace w(\) if and only if @' Bew fixes the subspace A if and
only if ™' Bew C B if and only if w € We by Lemma [2.3.6 This finishes the
proof of Step 1.

Step 2: We prove that for w € W such that w()) is a weight of (L?|p, )
the following properties hold:

(i) the elements of C' N —w(R") are contained in —w(S) and are pairwise
orthogonal,

(i) ((TTacs 5a)w)(A) = w(X) + 3 ,; a for all subsets I € C'N —w(R");

(iii) ((Haeme(m) sa)w)(A) is a weight of socp, (L] g, ).

Note that the order of the s, in (ii) and (iii) is irrelevant by (i). We induct
on |CN—-w(R)|. If CN—-w(R") = @, then w € We, (i) and (ii) are triv-
ial and (iii) is proven in Step 1. Otherwise, pick § € C' N —w(R"). We have
spw(A) = w(A\) + ngB, where ng = —(w(N),BY) = (\,—w (B)Y) > 0, as
g € —w(R'). Thus all weights w(\) + nf for 0 < n < ng have to occur in the
Ug-subrepresentation generated by w(\) as immediately follows from the prop-
erties of algebraic representations of SLy in characteristic 0, hence in (L%|p,)°.
However, none of the intermediate weights with 0 < n < ng can be ordinary.
Indeed, otherwise we could use the Weyl group action to map such an interme-
diate weight to A\. But since any other weight of L? is smaller than X in the
dominance order it cannot lie on the line segment spanned by two other weights.
Therefore sgw(\) = w(\)+ 5 and, since (A,7") > 1 for all y € RT\S, we see that
—w'(f) € S. In other words, (') § € —w(S). As s,-1(5) is a simple reflection,
it maps precisely one positive root to a negative root, namely —w~(3). There-
fore C' N —w(R") = (C' N —(spw)(RT)) I {5} is a disjoint union. The induction
hypothesis for szw shows that:

(i") C'N —(sgw)(R") consists of pairwise orthogonal roots in —w(S);

(it") ((TTaes 5a)ssw)(A) = (spw)(A) + D pes @ = w(A) + > actufs @ for all sub-
sets I C C'N —(sgw)(RT);
Sa)

ord

(iii) ((HaeCﬁf(SBw)(R'*‘) )spw)(A) is a weight of socp, (L?|p,)
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It remains to show that J is orthogonal to any a € C'N —(sgw)(R™') as then (i)
follows from (') and (i”) and (ii) follows from (ii’) by considering all choices of
g€ CN—w(R"). From (ii') we see that (s,ssw)(A) = w(A) + a + (. But, by
applying the above argument with « instead of 3, it also equals s, (w(\) + 3) =
w(A) + a + s4(8), s0 s4(8) = [, i.e. @ and § are orthogonal. This finishes the
proof of Step 2.

Step 3: We prove that for w € W such that w()) is a weight of (L?|g,)°™® the
Be-subrepresentation (Be - w(\)) of (L?|p,)° (or equivalently of L?|p.) gener-
ated by w(A\) is isomorphic to one of the representations Ly in ([5]).

Let I := C N —w(R"), we := ([[,c; Sa)w and note that I C we(S) N C by
(i) of Step 2 (use that I = —(J[,c;54)({)) and that we(A) is a weight of
socp. (L%|p. ) by (iii) of Step 2. By Step 1 it follows that we € We. Note
that Uc\; acts trivially on the subspace w(\), as U acts trivially on the highest
weight space A. By Lemma[2.3.2] it follows that (B¢ - w())) = (B; - w())). Also
note that U; fixes w(A) (where U; is the unipotent subgroup generated by the
U_a, @ € I), s0 (By-w(A)) is the irreducible H-representation of lowest weight
w(A). Its highest weight is (([[,c;8a)w)(A) = we(X). By definition of L; we
therefore have (By - w(\)) = L; as Be-representation.

Step 4: We prove the theorem.
For any we € We and any subset I C we(S)NC of pairwise orthogonal roots, it is
easy to check that w := (][ c; Sa)we € W is such that the Bo-subrepresentation
of L? generated by w()) has socle we(\) and constituents ((IT,cp Sa)we)(A)
for I' C I (use that (A\,8Y) = 1 for all § € S, we leave here the details to
the reader), in particular sits in (L?|p,)°™d. Moreover we clearly have I = C'N
—w(R") and this Be-subrepresentation is thus L;. Conversely, we have seen
that for any w € W such that w()\) is a weight of (L®|p,)™ there is we € We
and a subset I C we(S) N C such that the Be-subrepresentation of (L?|g,, )
generated by w(A) is L;. Let W(we) € W be the subset of w such that the
Be-subrepresentation generated by w(\) sits in (L®|p,)° and has socle we(\),
and let g, € (L%|p,)* be the sum of all these Be-subrepresentations for all
w € W(we). By what is just above we have

I®

C7wc

1

where I runs among the subsets of w¢(S) N C of pairwise orthogonal roots and
where the injections are the canonical inclusions inside (L®|p.)°". Since, for
I' C I, there is only one injection Ly < L; up to multiplication by a nonzero
scalar (as both representations have the same socle), we deduce from Step 3 that
the inductive limit lii{l L of (ﬁ) is isomorphic to the inductive limit ligl L of

and that we have a Bg-isomorphism L%wC = Lo, for all we € We. Now, the
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canonical map given by the direct sum of the inclusions

D Lewe — (Lls)"

woceEWe

is Bo-equivariant, surjective (as any w(\) being a weight of (L®|p,)°™ sits in one

L%.,,.) and injective (as it is an isomorphism on the socles). This finishes the
proof of the theorem. O

Remark 2.4.2. (i) Note that we have used in Step 2 of the above proof that F
has characteristic 0.

(11) If H= H1 X HQ, C = Cl HCQ - C RT = R+ 11 R+ and Wo = (’LUCl,U}CQ) €
We =We, x We, €W = Wi x Wa, one has Lewe = Loy we, @F ch wey (where
we index by ¢ everything related to H;, i = 1,2), see Remark [2.3.5](ii)

2.5 Variant mod p

We give a variant of the previous results when the ground field is kg and not E.

We consider H/Opg a split connected reductive algebraic group, 7' C H a
split maximal torus over Op and B a Borel subgroup over O containing 7.
We define (X(T), R, XY(T), RV), S, Rt and W as before. We assume that the
derived subgroup HY is simply connected and denote by A, € X(T), a € S the
fundamental weights.

For A € X(T') a dominant weight, we consider the following algebraic repre-
sentation of H over Ofg:

L(N)jo, = (indf-\) Jop"

where B~ is the Borel opposite to B and ind means the algebraic induction
functor of [Jan03, §1.3.3] and we set

L(\) := L(\) )0, ®o, kg = (indjj-A) o

where the last equality follows from [Jan03) I1.8.8(1)]. We then define as in §2.1]

= ) L) (®L /0E> ®og k- (7)

a€csS a€csS
It follows from Theorem and the second equality in that the weights
w(d_, Aa) for w € W are the only weights that occur exactly once in f®\T and

we call them ordinary weights of I°. 1fC C R™" is a closed subset and if B C B
is the associated closed subgroup of B (§2.3), as in Definition we define
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(f®] B )4 C f®| B to be the maximal Be-subrepresentation of f®] B such that
all its weights are ordinary.

For we € We (see (2))) and I € we(S) N C a subset of pairwise orthogonal
roots, we define an algebraic Bj-representation L; over kg as in (using )
which is still the restriction to Bj of the irreducible H;-representation over kg of
highest weight w¢(A). If I’ C I then Ly embeds into L; (uniquely up to nonzero

scalar) and we set quc = li_r_r} L; asin 1' Lemma [2.3.9 still holds for quc.
I

Definition 2.5.1 ([SS70, §4.3]). We say that p is a good prime for H if (A, ") <
pforalla e Sand g€ RT.

Explicitly, p fails to be a good prime only in the following cases: p = 2 and
the root system of H has an irreducible component not of type A,; p = 3 and the
root system of H has an irreducible component of type E,., Fy, Go; p = 5 and the
root system of H has an irreducible component of type Eg. In particular, note
that p is a good prime for H if p > 5 or if H = GL,.

Theorem 2.5.2. Let C C R be a closed subset.
(i) We have an embedding of Bc-representations over kg,

T T or
@ LC,wC%(L |Bc) d7

which is an isomorphism on the Bg-socles.
(ii) Assume that p is a good prime for H. Then

D Tow = 75"

woeWeo

Proof. (i) Step 1 in the proof of Theorem works over kp and
yields socp, (Z®|Bc)°rd = BuweewoWe(A) (here A = zaes o). Let we € Wi and
I Cwe(S)NC asubset of pairwise orthogonal roots, then the same proof as in

Step 3 of Theorem IE shows that the Bj-subrepresentation of f®| B, generated
by ((TTaes Sa)we)(A) is Ly. (To see that (By - (([T,c; Sa)we)(N)) is irreducible as
H-representation, note that by [Jan03, Lem. 11.2.13] it is a quotient of the Weyl
module of Hj of highest weight we(\) and that we(A) is a minuscule weight for
H;.) So we have L; < f®|31 for all such I and thus Le ., < f®\BC. We deduce
amap P, cw, Lowe = (f®] B.)° which is injective as it is an isomorphism on
the socles.

(ii) The crucial point in the proof of Theorem where we use characteristic 0
is in Step 2, see Remark |2 - (We freely use the notation of thls proof now.)

First, using the argument in Step 2 that an ordinary weight of L% cannot lie on
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the line segment spanned by two other distinct weights, it suffices to show that
w(A) + B is a weight of the Ug-subrepresentation generated by w(\). (Note that
spw(A) = w(A) + ngf is the highest weight of this subrepresentation.) Suppose
that A is a kp-algebra (it would suffice to take A = kg) and that u € Ug(A). For
a € S suppose that x, € f()\a) ®pp A is of weight \,, and let z := Rpes2q €
¥ Ry A. By [Jan03, 11.1.19(5)—(6)] we know that ux, — z, is contained in the
sum of weight spaces of weights w(\,) + i with ¢ > 0. Thus

[uz = aluoyes = ) ([uwa — Zaluoars © Q) ﬂfa),

acs 6eS\{a}

where [-], denotes the projection to the p-weight space. Since the sum

> (Z(Aamuaw@ ) Z(Aa)w(A5)> cI°

a€eS seS\{a}

is direct, it suffices to show that w(\,)+ 3 is a weight of the Ug-subrepresentation
generated by w(\,) for some o € S. Thus by the properties of algebraic represen-
tations of SLy in characteristic p it is enough to show that —p < (w(A,), 8Y) <0
for some a € S. The lower bounds holds for all « since p is a good prime, and
the upper bounds holds for at least one a since w™!(3) € —R™. O

Remark 2.5.3. Recall that the height of a positive root o = ) ses Ml 1s by
definition the positive integer h(a) := > 5. ng. Welet h =1+ max{h(a): a €
R} € Z-o (when the root system associated to R is irreducible, h is called its
Coxeter number). Note that, for o € S, the representation L()\,) is no longer
irreducible in general, but it is irreducible e.g. when p > 2h—2 (by [Jan03|, I1.5.6])
or when H = GL,, (as A\, is minuscule then). But the above argument does not
depend on the choice of H-stable Og-lattice L(As) 0, in L(Aa). It only uses that
f()\a) is an H-representation over kg that has A\, as its unique highest weight
and such that the \,-weight space has dimension one.

3 The G(Q,)-representation I1(p)"

We construct the representation IT(p)*® of G(Q,) over E associated to a suffi-
ciently generic ordinary representation p of Gal(Q,/Q,) over E.

3.1 Some preliminaries
We first give a few representation-theoretic preliminaries.
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We fix G/Q, a connected split reductive algebraic group, 7" C G a split
maximal torus over Q, and we let (X (7)), R, X"(T),R¥) be the root datum of
G. We fix a choice S C R of simple roots, we let R C R be the positive roots
and B C G (resp. B~ C () the Borel subgroup corresponding to R (resp. —R™).
The triple (G, B,T) is determined up to inner automorphism by the based root
datum (X (7)), S, XV(T),S"). The dual based root datum (XV(7), S, X(T),S)
determines a dual triple (G, B,T), where G is the dual group of G (over E) and
X(T) ~ XY(T). We let W be the Weyl group of (G, T) or - equivalently of (G T).

We endow the groups G(Q,), B(Q,), B~ (Q,), T'(Q,), ( ) B(E) and T(E)
with their natural structure of p-adic analytic groups (in particular they are all

topological groups).

Let x : T(Q,) — Of be a continuous character that takes values in O}, C E*
(we say x is unitary). By inflation B~(Q,) — T(Q,) == O3, we consider x as
a continuous character of B~(Q,). Following [Sch06], we define the continuous
parabolic induction,

(IndG(Qf’Q )X) ={f:G(Q,) — E, f is continuous and
f(bg) = x(b)f(9) Vb € B~(Qy), Vg € G(Q)} (8)

that we endow with an E-linear left action of G(Q,) by (¢f)(¢’) := f(d'g) (9.9" €
G(Q,)). This is a p-adic Banach space with a unit ball given by

{f:G(Q,) = Og, f is continuous and f(bg) = x(b)f(g) Vb, g}. (9)

By [Sch06l, Prop. 2.4], the above G(Q,)-action makes (IndB O, )X) © an ad-

missible unitary continuous representation of G(Q,) (over E). Recall that, by
continuous, we mean that the “evaluation” map

0
G(Qy) x (IndB @, )X) (Indgggp) X)C

is continuous. By admissible, we mean that the continuous dual

((IndG(QfQ ) X) CO) ' = Homegpt (( Indg(_%gp) X) CO, E)

is of finite type over the Iwasawa algebra E®e, Op[|G(Z,)]] of G(Z,) (here G(Z,)
is the Z,-points of an integral model of G over Z). Indeed, Iwasawa decompo-
sition shows that restriction of functions in from G(Q,) to G(Z,) yields an

embedding of (Ind i (@ X) ¢ into the Banach space of continuous functions from
G(Z,) to E. As the dual of this latter space is the Iwasawa algebra of G(Z,),

this implies that ((IndG(Qp ) X) ) is a quotient of F ®p, Op([G(Z,)]]. Finally,
0
by unitary, we mean that (Ind B (Q )C contains an open ball stable by G(Q,),
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for instance the unit ball @D Recall that admissible unitary continuous repre-
sentations of G(Q,) on p-adic Banach spaces over E form an abelian category
([Sch06], in fact unitarity is unnecessary).

Theorem 3.1.1. (i) The G(Q,)-representation (Ind Q) )X) ¢ s topologically
of finite length.
(ii) Assume that, for all a € S, the reduction x o ¥ : Q) — kg is not the trivial

character, then (Indg((% )X) 0 18 topologically irreducible.
(iii) One has (IndB( (Q) X)c (IndG(Qé’2 )X) ¢ if and only if x = X'

Proof. (i) It is enough to prove that the reduction mod wg of the unit ball @D
is of finite length as a smooth representation of G(Q,) over kg. When G = GL,,
this is due to one of us ([Herlll Cor. 1.2(i)]). The general split case is due to
Abe (JAbel3, Cor. 5.13]).

(ii) It is enough to prove that the reduction mod wg of the unit ball (9) is
irreducible as a smooth representation of G(Q,) over kg. When G = GL,,, this
is due to Ollivier ([OII06, Thm. 4]). The general split case is again due to Abe
([Abel3l Thm. 1.3]).

(iii) It is a direct consequence of [Emel0a, Cor. 4.3.5]. O

Let us mention the following “folklore” conjecture which is a (straightforward)
strengthening of a special case of [Sch06, Conj. 2.5].

Conjecture 3.1.2. Let x : T(Q,) — O C E* be a unitary continuous charac-

ter. Then the G(Q,)-representation (IndG(QI&Jg )X) ¢ 1s topologically irreducible if
and only if xy o a¥ # 1 for every a € S.

We now make the following two assumptions on G: its centre is connected and
its derived subgroup is simply connected (or equivalently by Proposition the
centre of its dual G is connected). As we have seen, this is equivalent to the fact
that both G and G admit fundamental weights (Proposition . Following
[BGl, we define a twisting element (for G) as an element § € X(T') such that
for any o € S one has (§,a") = 1. Tt is obviously unique modulo X°(7T'). If
(Aa)acs denote the fundamental weights of G, it is straightforward to check that
0 := ) .cs Ao is such a twisting element.

Remark 3.1.3. A split connected reductive group with connected centre can
have a twisting element without having fundamental weights. For instance con-
sider the group (GLy x GL3)/Gy,, where G, embeds diagonally into the centre
of GL2 X GLQ
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For @ € R, we denote by U, C G the root subgroup as in 2.3l If C C R
is a closed subset, we denote by G¢ the Zariski closed algebraic subgroup of G
generated by T, U, and U_,, for a« € C. If C' = {«a}, we write G, instead of
Giay. If J C S is a subset of pairwise orthogonal roots, then the same proof as
in Lemma m shows that J is closed and thus G is defined (and its positive
roots are exactly J). Moreover, in this case G is a Levi subgroup.

Lemma 3.1.4. Let J C S be a subset of pairwise orthogonal roots. Then there
is a subtorus T, C T which is central in G such that G; = T’ x GLj.

Proof. Denote by ZJ (resp. ZR) the sublattice of X (T') generated by the roots in
J (resp. in R). Since J C S we have that ZJ is a direct summand of ZR. Since
ZR is a direct summand of X (7T') (as G has a connected centre), the same holds

for Z.J and hence G ; also has a connected centre Z(G ;). Replacing G by its dual

G gives that the derived subgroup G4 of G is simply connected (Proposition

2.1.1)). From the assumption on .J, we easily get G4 = SLj and thus its centre
Z(G9r) is py. Consider the natural exact sequence

1 — Z(G%") — Z(Gj) x G%" — G; — 1,

where Z(G9") = (N, ker(a)) N GY" = Z(G;) N GI embeds diagonally into
Z(Gy) x G¥r. As Z(Gy) is connected (a torus), by the elementary divisor theo-
rem, we can find an isomorphism Z(G ;) = T} x G, for some torus T C T C G
such that the natural map Z(G%") < Z(G) is identified with the natural em-
bedding pg < G < T x G . Therefore we have

G x SLy )’
#) ~ T % GL] . O

G %T’x(
g ! M2

Recall that, if A is any commutative Q,-algebra, one has

T(A) = Homspee(q,) (Spec(A), Spec(Q,[X(T)]))
= Homy (X(T), A¥)
= Homgy (X(T),Z) Ry A
= X(T)®z A%,

where A is the multiplicative group of units in A. If Y is any continuous character

X : Gal(Q,/Q,) —» Gal(@,/Q,)*™* — T(E),

we associate to Y a continuous character y : T(Q,) — E* by taking the composite
of the maps

T(Q,) = X(T)®2Q) — X(T) 22 Gal(Q,/Q,)™ — X(T) @z T(E) — EX, (10)
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where the first injection is induced by local class field theory. One can check that
the character x is uniquely determined by the relation y o A = A o X (we will
always suppress the Artin map from such formulas) for all A € X(T) = X(T)"
and that, if w € W, the character w(x) (defined as w(x)(t) := x(w™'tw) for w

as in §2.3)) corresponds to w(Y) (defined as w(X)(g) := wx(g)w™1).

Xn

X1
Example 3.1.5. If G = GL,, and Y\ = < .
Gal(Q,/Q,)™)

) then we have (via Q) —

X1

X Ifl(ﬁl)yz(ﬁz)in(x@
Tn

3.2 Good conjugates of generic ordinary p

We associate closed subsets of R™ to a sufficiently generic “ordinary” represen-

tation of Gal(Q,/Q,). We keep the notation of .

We consider a continuous homomorphism p from Gal(Q,/Q,) to G (E):
p: Gal(@,/Q,) — G(E).

When p takes values in our fixed Borel subgroup B(E) of G(E) we say p is
ordinary (this terminology is usually rather used in a more specific situation,
but we don’t want to introduce a new terminology). For any ordinary p, we let
C, C R™ be the closed subset of roots such that Ecp is the smallest closed
subgroup of B containing T such that p takes values in B\Cp (E), that is such that
we have

p: Gal(Q,/Q,) — Bc,(B) C B(E) C G(E).

Note that C, exists thanks to Lemma Equivalently, C, is the smallest
closed subset of R*Y such that Be,(E) contains all the p(g) for g € Gal(Q,/Q,).

For any closed subset C' C R we denote by (70 the unipotent radical of §c
and set U := Ug+v. For any o € RtV we denote by U,v C U the root subgroup
associated to V. Recall that the product induces an isomorphism of varieties
(for any order on the o¥):

o [V = Ue (11)

avel

There is a concrete way to get C, using lj First let b = tu € E(E) with ¢t €
T(E), u € U(E) and write u = [Juqv in (11) (for C = R™) with uav € Uy (E).
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Let

Chpi={a” € R™ 1 uyv # 1},
Then we see that b € Ec is equivalent to Cy,, C C' for any closed subset C' C RTY.
Therefore C,, is the smallest closed subset of R™" containing all the subsets Cyg)

for all g € Gal(Q,/Q,).

Lemma 3.2.1. Let C C R*Y be a closed subset and let oy, ..., a) be distinct
roots in RT™V\C'. Then there is a permutation o on {1,...,n} such that for

all 1, oz;/(i) is not in the smallest closed subset containing C' and the a\g’(j) for
1<j<i—1.

Proof. We first prove that if a¥ and Y are two distinct roots in RTV\C' such
that ¥ belongs to the smallest closed subset containing C' and ¥ then h(a") <
h(BY) (where h(-) is the height of a positive root, see Remark [2.5.3). Indeed, by
assumption we have 3V = na" 4+ +-- -+, for some ;" € C and some n € Z-g
hence h(BY) = nh(a¥)+h(~)+- - -+h(y,’) > h(a"). To get the statement, we can
thus take any permutation o such that h(ey;)) > h(a) ) = -+ = h(a) ). O

For p ordinary, we define X, : Gal(Q,/Q,) = B(E) - T(E).

Lemma 3.2.2. Let p : Gal(Q,/Q,) — ECP(E) C B(E) be a continuous homo-
morphism and assume that o o X, # 1 for all «¥ € RTV\C,. If ¥ € R™V\C,
and uyv € Uy, uqv # 1, then the subset C, Jpu-l 8 equal to the smallest closed

pu,
subset containing C, and o".

Proof. Denote by C, v the smallest closed subset containing C, and " and let
Crav C C,ov be the subset of roots that are not the sum of at least two roots of

Cp.av. Then C, v is also the smallest closed subset containing oV and ép,av NC,.
It is thus enough to prove:

(i) C -1 CCLav;

u U
oV PUNV

(i) {a"}U(C,vNC,) CC )

u u "
oV PU NV

For g € Gal(Q,/Q,), write p(g) = t(g) Hﬁvecp p(g)pv with t(g) € T(E) and
p(g)pv € Usv(E) (decomposition for C' = C,), and note that t(g) = X,(9)-
For all g € Gal(Q,/Q,) we have uqvt(g)u,s € T(E)Uu (E) and because of the
commutation formula [Jan03, I1.1.2(5)] and the commutativity of U,v, we also
have

uor ( IT pl9)e)uat € [ Us(B) VgeGa@,/a,).  (12)

Bvec, BYeC, ,v\{a"}
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So uavp(g)usy € T(E) HﬁVeCWv Ugv(E) for all g € Gal(Q,/Q,) which already

implies (i) by the discussion preceding Lemma . Now if Y € 5p,av NC,, the
commutation formula [Jan03, II1.1.2(5)] again shows that p(g)sv is not touched
in the conjugation by elements of U,v, that is, p(g)sv is still the entry of

in the factor ﬁﬁv (E). Since p(g)gv # 1 for some g € Gal(Q,/Q,) (otherwise 3
wouldn’t be in C,), this implies C, ,vNC, C C, Jpu-l by the discussion preceding
Lemma [3.2.1} In order to get (ii), it remains to prove that o € C, 1. Let

us choose an isomorphism v : G, = U,v. Then u,v = x4v(a) for some a € E*
and we compute:

upt(g)uyy = t

Since a # 0 and since there exists ¢ € Gal(Q,/Q,) such that a"(t(g))™' =
a”(Xo(9))~" # 1 by assumption, we see that the entry in Unv(E) of uav p(g)u
in the decomposition is nontrivial for some g € Gal(Q,/Q,), and hence
ol el 1. ]

u U
oV PU N

Proposition 3.2.3. Let p : Gal(Q,/Q,) — B\(E) be a continuous homomorphism
and assume that o¥ o X, # 1 for all « € RT. Then there is by € E(E) such that
Obopbo_l g Cbpb—l fO’f‘ all b € B(E)

Proof. Since T normalizes the EC, one can restrict to b = u € U (E). Since
Cupu—r € C, for all u € Ug, (E), replacing p by a suitable conjugate ugpuy ' with
ug € Ug,(E) we can assume

Cupu—1 = Cp Yu € ﬁcﬂ(E). (13)

It is enough to prove that C, C C,,,—1 for all u € ﬁ(E) By Lemma , we can
enumerate the roots o/, ...,y in R™V\C, so that ¢}’ is not in the smallest closed
subset containing C, and the oz]V for 1 <j <1—1. Since holds for any order,

we can write any u € U(FE) as u = upt, 1 - - uiuc,, where u; € Uy (E) and
o gt = C, by . Then it follows from

Lemma, (and a straightforward induction) that C',,,-1 is the smallest closed
subset containing C\, and {a; : w; # 1}. A fortiori we thus have C, C Cpy-1. O

uc, € ﬁcp (E). Moreover we have C,

Note that if p ordinary is such that a” o X, # 1 for all & € R*, then this
condition is satisfied by any other conjugate p’ of p taking values in B(E) (as is
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easily deduced from the fact that X, is conjugate to X, in @(E) by the Jordan
decomposition).

Definition 3.2.4. Let p : Gal(Q,/Q,) — @(E) be a continuous homomorphism.
Assume that p’ is a conjugate of p taking values in E(E) and such that a¥ox, # 1
for all « € R*. We say that p’ is a good conjugate (of p) if C\y C Cpyp—1 for all
be B(E).

By Proposition m, good conjugates always exist (under the assumptions of

Definition |3.2.4)).

Lemma 3.2.5. Let p : Gal(Q,/Q,) — @(E) be a continuous homomorphism
and let p' be a good conjugate of p as in Definition m Then any bp'b=t for
be Ecp/(E) and any W= tpw for w € We, CW (see (2) is a good conjugate of
p. Moreover we have Cyyp-1 = Cy and Cy-1,4 = w(Cy).

Proof. The statement is obvious for b € Ecp,(E). If we We,, from the dis-
cussion preceding Lemma and W U = Ui-1(av), We already see that
Cp10 = w ' (C,) (we don’t need here that p' is a good conjugate). From the
proof of Proposition [3.2.3] it is enough to have Cyy-1ppu-1 = Cy-1, for all
u € ﬁw—l(cp,)(E). But wi ™ pwut = w (v ™) pf (wuT o) with wuw ™! €
ﬁcp,(E) and since p is a good conjugate we have Cyup—1)p (iu—1w-1) = Cy. We
deduce

Cuwflp’u')ufl = w_l (C(wuwfl)p’(wuflwfl)) = U}_I(Cp/> = Clbflp"u'n
which finishes the proof. ]

Proposition 3.2.6. Let p : Gal(Q,/Q,) — G(E) be a continuous homomorphism
and let p', p" be good conjugates of p as in Definition [3.2.). Then there exist
b€ Bc,(E) and w € We,, such that p" = w (b7 p'b)w. In particular, one has
Cp// = w_l(Cp/).

Proof. By assumption there is # € G(E) such that p”(g) = zp/(g)z~" for all
g € Gal(Q,/Q,). By the Bruhat decomposition G(E) = B(E)WB(E), we can
write z = tu'i " u with t € T(E), w € W and u,v/ € U(E). As in the proof
of Proposition [3.2.3] we use Lemma to enumerate the roots a./,...,ay in
RT™\C, so that ;" is not in the smallest closed subset containing C,y and the
af for 1 < j <i—1, and we write u = Uy, 1 - - - uruc,,, where u; € Uy (E) for
all v and uc, € [/]\cp/ (E). Replacing p’ by uc,, 0 “5;,7 we can assume uc, = 1. By
Lemma and an obvious induction, C'un_.u1 pus e is the smallest closed sub-
set containing C,y and the o) such that u; # 1. Since ™ (uy, - - - ugp'uy ' -+ -y

n
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still takes values in B (E), the discussion preceding Lemma m together with
the w~!-conjugate of show that we must have w1 (C’un.,,uw,u;lmu;l) C R,
i.e.w € W, andw™'(a;)) € R*Y for all i such that u; # 1. Setting v; := ™ u;u,
we have

p// — t(u'vn L. vl)(w_lp’u'))(vfl . -U,:l’u,_l)t_l,

where u'v, ---v; € E(E) and where p”, W™ !pi are good conjugates of p (the
latter by Lemma(3.2.5). This already implies C\yr = Ciy-1,5 = w™(C\y). Writing
again w'v, -+ U1 = Uply, g U, y, Where up € Ugy(E) and w), i ) €
p % o
Uyw-1(c,) () with 8y,..., 8/ € R*™\w™'(Cy) as in Lemma [3.2.1, we see from
Lemma that we must have u = 1 for all ¢ (otherwise C» would be strictly

bigger than C, 1 =w1(C,)). Setting

w=l(C) w=l(C,)

w1 p'iu
b = wtu;}_l(cpl)w_l € wafl(Cp,)(E)w_l = BCPI (E)

(see the proof of Lemma for the last equality) gives the statement. O

3.3 Construction of II(p)°? for p generic ordinary

In this section, we associate to a generic ordinary representation p of Gal(@p /Q,)
a representation I1(p)°™d of G(Q,) which is “modelled” on the representation
®| - yord of d i i ] ]
(L?| Bcp) of . We keep the notation and assumptions of and of

and we denote by 6 a twisting element for G.

We fix a good conjugate p as in Definition [3.2.4}
p: Gal(Q,/Q,) — B, (E) € B(E) € G(E),

that is, such that the closed subset C, C R*Y is minimal under conjugation
by §(E) We denote by x, the character on 7'(Q,) corresponding to the
character X, : Gal(Q,/Q,) RLAN ECP(E) — T(FE). Note that x, is unitary since
Gal(@p /Q,) is a compact group and that, from the condition in Definition m,
we have y, o @ # 1 for all @ € R*. Recall that ¢ is the p-adic cyclotomic

character that we view as a continuous character ¢ : Q) — O — E* via class
field theory.

Definition 3.3.1. We say that p is generic if @Y oX, ¢ {1,e,e 7'} for all @« € R*
(or equivalently all « € R).

This is equivalent to x, 0 " ¢ {1,e,e7'} for all « € R*. In fact, one could
slightly weaken this genericity condition (see e.g. Remark below).
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Lemma 3.3.2. Let p/ be another good conjugate of p as in Definition|3.2.4. Then
p is generic if and only if p’ is generic.

Proof. By Proposition , replacing p by a conjugate in Ecp (E) (which doesn’t
change X, nor C,), there is w € W¢, such that p/ = wlpw. Since Y, =
wt,w = w(X,), we have ¥ o Xy = w(a)” o X, for @ € R from which the
statement is obvious. 0

We now assume that our good conjugate p is generic.
We let (g )acs be fundamental weights for G and define (L] Bo )o'd as in .
P

We also define the following subset of W:

W, ={weW: w(ZXa> is a weight of (L®|§cp)°rd}. (14)

a€eS

Of course W¢, € W, and we can describe I, as in Lemma m

Proposition 3.3.3. Let we, € We,, I C we,(SY) N C, a subset of pairwise
orthogonal roots and set J := wapl([)v C S. There exists a unique admissible

unitary continuous representation I(p); of G(Qp) over E with socle filtration
Fil;II(p); such that

0= Fil_1II(p); € Filoll(p); € -+~ G Fﬂ|f|—1ﬁ(P)1 - Fﬂmﬁ(P)I = T(p)s,
where for j € {0,...,|I|}
Fil,T1(p)/Fil; 1T1(p) =

D <IndGJ(%Z )NG.(Qp) ( 11 s wC)

I'cl el
|I'|=j

-1

1 ¢
() (€7 00) (15)
and where we view any character of T(Q,) as a character of B~(Q,) N G;(Q,)
by inflation B~(Q,) N G;(Q,) — T(Q,).

Proof. For J C J, we set

Iy = (Ind? (%Z)ch(@p) (( H Sa)w0p>_1(Xp) (g7 9))

agwc,(J')

CO

Step 1: We prove several statements on 11 ;.
The set J being a subset of S of pairwise orthogonal roots, by Lemma [3.1.4
we can fix an isomorphism 77 x GLJ = G;. Under this isomorphism we have
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T; x ([1ge;Tp) = T, where Tj is a split maximal torus in the copy of GLy
corresponding to the 3 entry. Letting x/, ; := wgpl(xp)h}((@p) and X, 5 =

((Haewcp(J’) Sa)wcp)_l(xp)hﬁ(@P) for J/ C J and 8 € J, we can rewrite 11
as

CO
- _ GL 7 -
M2, (70 by )9 104 s (- (0 Dlna,) )

(* *)J

~ 1 8 ~ IdGLQ(Qp) 1 9 co 16
=X, (€ 00l (q,) @ (®ses(In (+9) Xo8 (€ 00)|15@,))  ),(16)

where ® is the completed tensor product in the category of p-adic Banach spaces.
We have

Xp,J',ﬂZ(( 11 8w5;<a))w5j)(xp)|Tﬁ<@p>=

acwe,(J)

{ waj(Xp”T@(Qp) it pés (17)

<S/8w6’:)(Xp)|T5(Qp) it pelJ

and also
(Xprrp- (7 00)|1y0) 08" = (XparpoB8Y)- (e 00) 0 fY) = (xpow(B)) e,

where w := (HaEwcp(J’) sa)wcp € W, and where we use (0,6Y) =1 (as B € J C
S). Since p is generic it follows from Definition that this is never the trivial
character (of Q) and from Proposition [B.1} we get that the representation (16)
is always topologically irreducible. If Ji, J} are two distinct subsets in J, we have
—~1 -1
((Haewcp(J{) Sa)wcp) (Xp) 7& ((Haewcp(]é) Sa)wcp) (Xp) Indeed7 assume, say,
there exists 3 such that g ¢ Ji, 8 € J,. By we have x,, s = wapl (Xo)|T5(Qp)
and X, 7.8 = Sﬁ(waj(XpﬂTﬁ(Qp)) and, since T is a split maximal torus in GLo,
it suffices to have wapl(xp) o 3¥ # 1 or equivalently x, o we, ()" # 1. But this

follows from Definition m By Theorem m(iii), we get 11, 2 115, All the
I1; have scalar endomorphisms and are residually of finite length, as follows from
(16 and Proposition [B.1}

Step 2: We prove the existence of a representation as in the statement.
If € Jand xg:15(Q,) — O C E* is a unitary continuous character, define

co
GL2(Qp _
M1s(xs) = (dC o (€7 0 O)lngay) -

Consider the following admissible unitary continuous representation of 7(Q,) x

GLQ(@p)Ji _
(p)r = X/p,J (e7to 9’Tj,(@p)) QF (®B€J(€B);
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where the GLy(Q,)-representation &£z is the unique non-split extension of

s(sa(we(Xo)|Ts@,))) bY Hg(was(xp)kpﬂ(@p)), see Proposition From Propo-
sition its constituents are

Xy (€7 0 bl @) ®p (®pells(xs))

for x5 € {ng(xp)]Tﬁ(Qp),sﬁ(wgpl(xp)m(@p))} and we see from 1) and
that they are exactly the 1. Now let B € J and choose xp €

{we, )T, @) 58 (we,(Xo)lTy @)} for all B € J\{B}. The GLy(Q,)’-repre-

sentation
Es@r (Dpenma (xs))

(a subquotient of TI(p);) is still a non-split extension between its 2 irreducible
constituents by Lemma applied inductively to Vi := 5[3@)15 (@g/e J/H/gl(XB/))
and Iy := Hgv(xsr) for J* C J\{B} and g € J\({#} I J') (all the assumptions
are satisfied by Proposition and by Step 1). It is then easy to check that the
socle filtration of ﬁ(p) 7 is exactly as in the statement. More generally, the same
argument shows that, for any .J; C Jy, C J, the representation

Xy - (71 00l (@,) @8 (©pennlls(wg! (Xo)|nyc,))
(®pena(ss(we, (Xo) @) @8 (©pen\ns)  (18)

has socle filtration with graded pieces @ s, cjrc s, 1.
| 1=j

Step 3: We finally prove unicity.

Let J; C Jy C J, we prove the following statement by induction on |J;\J;|: there
is (up to isomorphism) at most one representation of G ;(Q,) such that the graded
pieces of its socle filtration are @,y s, 117. Denote by II such a representation.

=i

Note first that by Lemma (z|xp|pljied inductively with Gy = GLs together
with Proposition Proposition and Lemma, a constituent 11, has a
(unique) non-split extension with another (distinct) constituent I~ if and only
if either J” C J"  and |J'\J"|=1or J' C J" and |J'\J'| =1. If J" = J I {B},
this implies (together with the fact that all constituents are distinct by Step 1)
that II has a unique subquotient with constituents II; and Il;». Let us prove
by induction on |J'\J;| that this subquotient is necessarily a non-split extension
of Il;» by Iy, If |J'\Ji| = 0, this is obviously the case, otherwise II;» would
be in a lower socle layer of II. Assume |J'\J;| > 1, and suppose that the above
subquotient is not a non-split extension of I1;» by II;. Then the only other
possibility (in view of the socle filtration of II) is 11, @ I1;». Let 51 € J’ be such
that the unique non-split extension of II;» by I g,1 occurs as a subquotient
of IT (B necessarily exists because otherwise II;» would be in the socle of II).
By induction (applied to J'\{f1}), II has a (unique) subquotient which is the
unique non-split extension of Iy (5,3 by Il (3,3 (namely the representation
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replacing J; by J'\{51} and Jy by J"\{1}). Hence II has a unique subquotient
II" with socle II;n tg,}, cosocle I1;», and unique intermediate constituent II;m (3,3.
(Here we used that there is no extension between Il;» and II;..) But it follows
from Lemma [A.6{i) by induction that such a representation II' doesn’t exist. We
now prove the unicity statement at the beginning of Step 3. When |Jo\J;| = 0,
the result is trivial and when |J;\Ji] = 1 it follows from Proposition [B.2[i).
Assume it is true when |J2\Ji| = n and let us prove it for [\ J;| =n+1 > 2.
Let TI(p)y,.s, be such a representation and fix J} such that J; C J5 C J; and
Jo\J5y = {Po}. By what we have seen above, there is a (unique) subrepresentation
of ﬁ(p) 7.J, With constituents all the I, for J; C J” C J} and a (unique) quotient
of ﬁ(p)J17J2 with constituents the II; for J; C J' C J, where J| := J; I {Bp}.
Since the socle filtration induces the socle filtration on subrepresentations, we
already have by induction that this subrepresentation is necessarily II(p) 7. To

prove (by induction) that this quotient is II(p)r z,, we need to check that the

graded pieces of its socle filtration are &y cs,Il;7. But this easily follows from
|7 1=j

the fact that any subquotient (of this quotient) with two constituents I1;, IT;,

where J' C J” and |J”\J'| = 1, is a non-split extension between them (see above).

Now set ITy 1= Ig, (we, (X,) |75, @) T = Mgy (55, (0, (Xp) |75, (@,))) and

My := X, - (7" 0 blr0,) @8 (@sennlls(we (X)l15@,))) O
(®penlls(ss(we, (Xo)|15(0,))) @8 (Dseipn i Es)-

By we must have ﬁ(p)JlJé ~ [, ®pll, and ﬁ(p)‘]{’h >~ II' ® pI1,. Moreover,
since | Jo\J5| = 1, any J between J; and Js is necessarily either between J; and J;,
or between .J| and .J,. This implies that II(p), ;, is an extension of II(p) 1,05 by
ﬁ(p) 7,75 This extension is non-split otherwise it wouldn’t have the right socle.
But Lemma tells us that such a non-split extension is necessarily unique.
(Note that in order to deal with the assumption dimg Exth2 Iy, TI3) < oo in
(ii) of this lemma, we actually need to apply Lemma inductively replacing
Iy first by X/, ;- (€7 0 O7yq,)), then I, T by Ty @ X}, ;- (€' © Olr(q,)),
I} ® x), ;- (7" 0 Ol71(q,) and Ty by Hg(waj(xp)) for some 8 € J\Jy etc., we
leave the easy details to the reader.) This proves the unicity of II(p) Ji.Js, and in
particular of II(p); = ﬁ(p)gJ. O
Remark 3.3.4. (i) It follows from the proof of Proposition that one could
replace the condition in Definition by the two conditions: x, o a" # 1 for
a € Rt and x,0a” # ¢ for a € w(S) and w € W, (one can check that Lemma
still holds with this weaker condition of genericity).

(ii) From the proof of Proposition [3.3.3 (in particular Step 3), one also gets
that the representation ﬁ(p) 7 is rigid, that is, its cosocle filtration equals its
socle filtration (up to numbering). In fact, the proof shows that the submodule
structure of ﬁ(p) 7 is given by a “hypercube”.
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If ' CIand J :=w, (I’)V C J, then (B~ NG,)Gy is a parabolic subgroup
of G; with Levi Gy and we easily get from ([18)) (with the same notation as in
the previous proof, see in particular Step 3 for II(p)y ),

G Qp co
I(p)a.r = (Ind3= &) e, e, @ L) (19)

where we consider ﬁ(p) 1 by inflation as an (admissible) unitary continuous rep-
resentation of (B~ (Q,) N G,(Q,))G.(Q,) and where the parabolic induction is
analogous to that in (9) (see [Emel0al, §4.1] for details). For I, J as in Propo-

sition B G; CGis the standard parabolic subgroup of G containing B~
with Lev1 subgroup G ;. We set

CO
(o) = (Id5 16 0, T0)1)

where II(p); is seen as a (unitary continuous) representation of B~ (Q,)G,(Qy)
by inflation. The representation II(p); of G(Q,) is admissible unitary continuous
of finite length (by Proposition m and Theorem . Moreover by [Emel0al,
Thm. 4.4.6] and [Emel0al, Cor. 4.3.5] we have for I’ C I,

Homg(qg,) (IL(p)r, I1(p)r) =
G.(0,) S e =
Homg, (@) ((Ind(BJ G @G @) 1P)r) ’H(P)1>

and we deduce from and the proof of Proposition m,

Home q,)(I1(p)r, I1(p);) = Homg, (q,) (ﬁ(P>®,J'7 ﬁ(P)I) =FE

(for the last equality, note that any G;(Q,)-equivariant morphism (p)yy —
T1(p); is necessarily scalar since I1(p)y, v is contained in II(p); and these two rep-
resentations have the same irreducible socle, 114, which has scalar endomorphisms
and appears only once). We can then proceed as in fixing a compatible system
of injections II(p)p < II(p); for I’ C I (the choice of which won’t matter) and
define in the abelian category of admissible unitary continuous representations of
G(Q,) over E the inductive limit

H(p)cp,wcp = llI_I)l H(p)b
I

where I runs among the subsets of w¢,(SY) N C, of pairwise orthogonal roots.
Finally we set

H(ﬂ)ord - Echp EWe, H(lO)vawcp :

This is an admissible unitary continuous representation of G(Q,) of finite length
(see for more on its constituents).
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Lemma 3.3.5. Let p/ be another good conjugate of p as in Definition|3.2.4. Then
H(p)ord o~ H(p/)ord'

Proof. By Proposition , replacing p by a conjugate in ECP (E) (which doesn’t
change x, nor C, and hence doesn’t change II(p)°?), there is w € W, such
that p/ = w'pw. We have y, = w '(x,) (see the proof of Lemma
and it is easy to check we also have C,; = w™!(C,) and We, = w'We,. Let
we, € ch,, I' C wcp,(SV) N Cy a subset of pairwise orthogonal roots and
set we, = wwe, € We, and I = w(I') C we,(5Y) N C, (also a subset of

pairwise orthogonal roots). Then one has II(p'); = I(p)w(ry- Indeed, they are
representations of the same G;(Q,) and by Proposition it suffices to check
they have the same constituents in the socle filtration, which is immediate as, for
any I” C I,

(CIT sowe,) (o) = (CTT s o)t ) ()

ael"v acl"v P

We deduce II(p")r = H(p)wry, I1(0")c
H(p/)ord. U

Therefore I1(p)°"¢ doesn’t depend on the choice of a good conjugate in the
sense of Definition [3.2.4] Using Proposition and arguing as in the proof of
Proposition below, one can check more generally that I1(p)°™¢ only depends

on the conjugacy class of p in G(E) and not on the choice of the Borel B (we
leave the details to the reader).

Remark 3.3.6. If G = G, x G, p = p1 @ py with p; : Gal(Q,/Q,) — Gi(E)
generic ordinary (i = 1,2) and we, = (we,,,we,,) € Weo, = We, X We,, C
W = Wi x Wy, one easily checks that II(p)c,uw., = I1(p1)c,, we,, @El_[(pz)cp2 W,
and that one has II(p)°d = TI(py )" 9@ gII(py) (where we index by i everything
related to G;), see Remark [2.3.5((ii) and Remark [2.4.2ii).

3.4 Variant mod p

We construct the representation ()¢ of G(Q,) over kg associated to a suffi-
ciently generic ordinary representation p of Gal(Q,/Q,) over kg.
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We first modify the setting of so as to deal with characteristic p. In this
section, G/Z, is a connected split reductive algebraic group over Z,, T C G a
split maximal torus over Z, and we let as usual (X (T), R, XV(T), R") be the root
datum of G. We fix a choice S C R of simple roots, we let R C R be the positive
roots, B C G (resp. B~ C G) the Borel subgroup over Z, corresponding to R
(resp. —R™) and (@,B\,f) the dual triple of (G, B,T) over Og. We moreover
assume that both G and G have a connected centre and denote by 6 a twisting
element for G. We also assume that p is large enough so that the following lemma

holds (so this is no restriction if G = GL,,).

Lemma 3.4.1. Suppose that p > 3 or that p is a good prime for G (Definition
2.5.1). Let B" C B be a Zariski closed algebraic subgroup containing T. Then
there exists a closed subset C C RY such that B’ = Bc.

Proof. The proof of Lemma still holds by [BT65, §2.5] (even under a slightly
weaker condition on p). O

Let p : Gal(Q,/Q,) — G(kg) be a continuous homomorphism. When 7
takes values in E(kE) C a(k:E) we say p is ordinary. For any ordinary p, we
let C; € R™ be the closed subset of roots such that B\CF is the smallest closed
subgroup of B containing T’ such that 7 takes values in Ecﬁ(kE) (C5 exists thanks

to Lemma(3.4.1). For p ordinary, we define X, : Gal(Q,/Q,) N B(kg) — T(kg).

If a¥ox,; # 1 for all @« € RT, the same proof as in shows that, conjugating
p by an element in B (kg) if necessary, it is always possible to assume that C5
is minimal under conjugation by elements in B(kg) (indeed, the fact that E
has characteristic 0 is never used in . As in Definition , we call “good
conjugates” ordinary p such that (5 is minimal, and as in Proposition , we
can show that any two good conjugates p and o’ are related by o' = w1 (b~ pb)w
for some b € Ecﬁ(kE) and some w € W¢, .

Definition 3.4.2. An ordinary p is generic if ¥ ox; ¢ {1,w,w™ '} foralla € RT
(or equivalently all a € R).

This is equivalent to xz0a" ¢ {1,w,w™'} for all @ € R™, where x5 corresponds
to X7 as in ([10)).

From now on we fix a good conjugate p : Gal(Q,/Q,) — Ecﬁ(kE) C B(kg) C
@(kE) that is generic. Then Proposition still holds replacing p by p and
E by kg and allows to define a finite length admissible smooth representation
I(p); of G;(Qp) over kg (for I C we,(SY) N C5 a subset of pairwise orthogonal
roots and J = waﬁl([ )V, where we,, € We, ) with socle filtration as in Proposition
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3.3.3l Indeed, the proof of this proposition is essentially based on the results of

Appendix A and Appendix B, but all these results hold replacing E by kg and

“unitary continuous” by “smooth” (and are easier to prove over kg than over E!).
N G(Qp) ~

43.3 and define T1(p); == Indj o o TI(7);

and H(ﬁ)cﬁ,wcﬁ := lim I1(p)r, where I runs among the subsets of wc,(SY) N C; of
I
pairwise orthogonal roots. But now, arguing as in the proof of Theorem M(u)

and using [Emel0Oal Cor. 4.3.5] (and the genericity of p), we know that the socle
filtration File(ﬁ)Cﬁ,woﬁ of H(ﬁ)cﬁ,wcﬁ is such that for j € Z>o,

We then proceed exactly as in §

FiliII(B) ey e, /Filj-111(P) e, =

-1
G(Q _
@ IndBE(gp) <( H sa)woﬁ> (Xﬁ) . (w 1 e} (9)
Igwcﬁ(SV)OC’g aelv
|=J

(I being a subset of pairwise orthogonal roots). Finally, we set
H(ﬁ)ord = @wcﬁGWCﬁH(ﬁ)Cﬁvaﬁ

and check as in Lemma that I1(p)°*® doesn’t depend on which good conjugate
we choose. Also, the genericity of p implies that all the irreducible constituents
of TI(p)° are distinct.

We now give the link between I1(p)™® and certain Serre weights of p. Let
X(T) :=={) € X(T) : 0 < {\aY) <p—1Va € S}. Since G is simply
connected, Serre weights for G(F,) are exactly given by the kg-representations

F(N)|a@m,);

where A € X;(T') and F'()) is the unique (absolutely) irreducible representation of
the algebraic group G'xz, kg of highest weight \. We have F'(\)|qw,) = F'(14)|aF,)
if and only if A — p € (p — 1)X%T) (for all this see e.g. [Her09, §3.1]). In the
sequel, we often write F'(\) instead of F'(\)|gr,) for a Serre weight.

Definition 3.4.3. The set of ordinary Serre weights of p is the set of irreducible
constituents of socg(z,) (I(9)*|¢(z,)) (up to isomorphism).
Equivalently, it is the union for we, € We, (forgetting possible multiplicities)

of the irreducible constituents of SOCG(ZP)(H(ﬁ)cﬁ,wcﬁb(zp)).

We now make more explicit the ordinary Serre weights of p in a special but
important case.

Definition 3.4.4. We say that p is inertially generic if (oY o Qﬁ)\Gal(@p/Qgr) ¢
{1,w,w™!} for all @ € R (or equivalently all « € R).
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Again, this is equivalent to (x5 0 a”)|zx ¢ {1,w,w '} for all « € RT. Of
course, p inertially generic implies p generic. Note that the existence of inertially
generic p implies that p is large enough so that Lemma holds: if G is not a
torus then one has p > 3 (otherwise all powers of w belong to {1,w,w™}). When
G = GL,, one can check that there are inertially generic p if and only if p > 2n.

Since any continuous character Zy — kg is an (integral) power of the re-
duction mod p on Z;, one easily checks that, for any continuous character
X : T(Qp) — kg such that (x o a¥)|zx # 1 for all a € S, there exists A\, € X1(T)
uniquely determined modulo (p—1)X%(T') such that Ay|r(z,) = X|r(z,).- One then
has (A, @) € {1,...,p—2} for all @ € S. If moreover (x o a”)|,x ¢ {l,w,w™'}
for all @ € S, one has (A, a") € {2,...,p— 3}

Proposition 3.4.5. Assume p is ordinary and inertially generic. Then )\%1()@)—
P

0 € X\(T) for all we, € We,, and the set of ordinary Serre weights of p is
= {F(A,; —0) : p1 is an ordinary conjugate of p}. (21)

Moreover, the Serre weights in are distinct.

Proof. We first claim that for all w € W, we have A,-1(,,) — 0 € X;(T). Note
that (w‘l(xﬁ)oav)\zg = (xpow(a))|zx ¢ {1,w,w™!} for a € S, as p is inertially
generic. Hence (Ay-1() —0,a") = (Ay-1(y,), ") =1 € {1,...,p—4} (a € 5),
which proves the claim.

Next we show that the Serre weights F'(Ay,-1(y,) — 0) for w € W are distinct.
If FAyip = 0) = F(Az14,) — 0) for distinct elements wi, wy of W, then
wi' Ay, = wy Ay, (mod (p—1)X(T)) since these weights induce the same char-
acter T'(Z,) — kz. This implies that A, —wjw; '\ is an element of (p—1)X (T,
but it is also clearly contained in ZR. As the centre of GG is connected, it follows
that it is even an element of (p—1)ZR. In other words, A, is fixed by a non-trivial
element of the affine Weyl group (p —1)ZR x W. By [Bou81l, Prop. V.3.3.1], A,
is fixed by an affine reflection, i.e. (A ,a") € (p—1)Z or equivalently xzo0a" = 1.
But this contradicts the inertial genericity of p.

We now prove that F()\w;(xf) —0) is the G(Z,)-socle of I1(p) ¢, we. - First, it
> \XP Wy

follows from [Herlll (2.13)] that F'(\,) is the G(Z,)-socle of Indg(_%a)p) X for any

X : T(Qp) — kg such that (x o a”)[zx # 1 Va € S. In particular F(A,-1y,) —

0) = socgz,) (Indg(_(%gp)w_l(xp) w0 f) for any w € W. Since the Serre
weights F' ()\w—1(xﬁ) —0) are all distinct, an obvious dévissage on the constituents
of H(ﬁ)cﬁ,wcﬁ shows that dimy, Home(z,)(F(Aw-10,) — 0), H(ﬁ)cﬁ’wCﬁ) € {0,1}.
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Moreover, when the dimension is 1, it follows from Corollary below that
the Hecke algebra Hg (F()\wfl(xﬁ) — 0)) of E acts on Homg(z,) (F'(Aw-1(x,) —
0), H(ﬁ)cﬁ,wcﬁ) via an ordinary character (see Definition [4.3.2] since the dimen-

sion is 1 there is no place for any other character). From Corollary [4.3.5| again we
deduce that restriction to the G(Z,)-socle induces an isomorphism for all w € W,

~

Q) - _ _
HomG(Qp) (IndB(*(%(Qgp)w l(Xﬁ) "W Yo 0, H(p)CF7wCﬁ> —
Homg(z,) (F(Au-10) = 0), (D) e, )

But from the socle filtration of H(ﬁ)cﬁ,wcﬁ, we know that the left-hand side is
nonzero (of dimension 1) if and only if w = w¢,.

Finally, to see the equality of and , note that if p = p; are both
ordinary, then by the Bruhat decomposition there is a w € W such that w='pw
is ordinary (which implies w € W¢.) and w™" (x3) = Xzr- O

Example 3.4.6. Assume G is GL,, T is the torus of diagonal matrices and B
the upper triangular matrices, then we can identify X (7') (resp. X;(7T")) with
n-tuples X := (Aq, ..., \,) € Z™ (resp. n-tuples X := (Aq,...,\,) € Z" such that
0< XA —XAy1 <p—1). Choose § := (n—1,n—2,...,0) € X(T) as a twisting
element. Then the set of ordinary Serre weights of p (inertially generic ordinary)
in the sense of Definition coincides with the set of F'(A\) for A € X;(7T') such
that p has a conjugate py : Gal(Q,/Q,) — B(kg) = B(kg) with

w)\l‘i’(n*l) * P *
_ 0 wret(n=2) . :
Prlca@, oy = : N S (22)
0 o 0 wh

Alternatively, F(\) for A € X;(T) is an ordinary Serre weight of p if and
only if a conjugate of p admits an upper-triangular crystalline lift p such that
)@,]Gal(@p/@gr) = diag(eM (=D ... M) (use [GGI2, Lem. 3.1.5)).

Remark 3.4.7. For p ordinary, semi-simple and sufficiently generic, the set of
ordinary Serre weights of p is also the set of Serre weights F'(\) of [Her09, Prop.
6.28] for which ﬁ\Gal(@p/Qgr) = 7(1, A+ 0) in the notation of loc. cit. (note that G
is assumed here to be GL,, but the statement can easily be extended to GG as in
the present paper).

3.5 Some questions

We state some questions on the representations I1(p)*, TI(p)", (L?| 5, )¢ and
P

T or
(L ’Ecﬁ) d
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Start first with p : Gal(Q,/Q,) — B\CP(E) C B(E) C G(E) such that
the closed subset C, € R*Y is minimal under conjugation by B\(E) (i.e. pis
a good conjugate) and such that p is generic, and let II(p)°™® be as in §3.3
Conjecture[3.1.2/and the genericity of p imply that, for we, € W, , the irreducible
constituents of II(p)c,we, should be exactly the principal series

(Indg% ) ( H Sa) W ) (x,) (' o 9))CO (23)

for I running among the subsets of we,(SY) N C, of pairwise orthogonal roots.
Note that this is indeed true if (x, o aV) - e~ is never the trivial character of Q
in kj for all w € W, and all a € w(S) (see , Remark (1) and Theorem
3.1.1(ii)). More precisely, one can conjecture the following (compare with Lemma
2.3.9):

Conjecture 3.5.1. There exists a unique admissible unitary continuous repre-
sentation I1(p)c,we, of G(Qp) over E with socle filtration 0 = Fil_1I1(p)c,we, &
FilOH(p)wacp C .- such that for j € Z>,

FﬂjH(ﬂ)mecp /Fﬂj—lﬂ(p)Cp,wcp =~

G, -1 3 co
@ (IndB(QEQp) (( H sa)wcp> (x,) - (1o 9))
Ig’wcp(sv)ﬁcp a€clv
=7

for I running among the subsets of we,(SY) N C, of pairwise orthogonal roots.

Hauseux has very recently announced a proof of this conjecture (assuming the
irreducibility of the representations in (23))), see [Haul4]. One can also ask the
stronger question if there exists a unique admissible unitary continuous represen-
tation of G(Q,) over £ with socle (Ind ;= (Qp ) wgpl(xp)-(g_loe))co and (multiplicity
free) constituents given by (23) (that is, We only fix the socle and the constituents
instead of the whole socle filtration). Let us also mention the following recent
theorem due to Hauseux (which was raised as an open question in the first version
of this paper).

Theorem 3.5.2 ([Haul3]). Let x : T(Q,) — Oi C E* unitary continuous. If
X T(Q,) — O C E* is unitary continuous, we have

Extlyg, (5% ¥+ (=7 00)”, (5% x- (70 0))") #0

if and only if X' = x or X' = s4(x) for a € S. If moreover x o ¥ # 1 for every
a € R*, then the above Exté((@p) with X' = sa(x) (o € S) has dimension 1.
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Remark 3.5.3. Emerton informed us that, at least assuming y o a¥ # 1 for
every o € RT, he always expects a nonzero element in

i, (5% w00 - (7 00) 7 (% - (7 00) ),

where ¢(w) is the length of w in the Weyl group W ([Jan03, §I1.1.5]). Note that
l(w) =1 when w = s, if and only if « € S.

The underlying hope behind this paper is that there may exist a direct “func-
torial” link between the G(Q,)-representation II(p)>® of §3.3| and the
Gal(Q,/Q,)-representation

(1715, ) o p,

where (L?| gcp)ord is the algebraic écp—representation of . More precisely,
one can ask whether, for any choice of fundamental weights (/)\\a)aes e X (f)|5|
and (Ay)acs € X(T)1¥ as in §2.1] there exists a covariant additive functor F,
generalizing that of [Coll0] in the case of G = GLy, from the abelian category of
finite length admissible unitary continuous representations of G(Q,) over E to the
abelian category of finite-dimensional continuous representations of Gal(@p /Qy)

over F satisfying (at least) the following properties:

(i) for any unitary continuous x : 7'(Q,) — O C E* one has

F(mdg S x- (7 00) ) = (3 Aa) o

a€sS

where Y is the character of Gal(@p/(@p) corresponding to x in and
0= ZQES )\a;

(ii) F is exact when restricted to the full subcategory of representations such
that all their irreducible constituents are subquotients of unitary continuous
principal series of G(Q,) over E;

(ii)) F(IL(p)™) = (L], )™ o p.

Assume that p is a good prime for G' and consider p : Gal(Q,/Q,) —
Be,(kg) € B(kg) € G(kg) such that the closed subset C; C R*Y is minimal
under conjugation by é(k‘E) and such that p is generic. One can ask all the
previous questions in the setting of § replacing H(p)ord (resp. H(P>Cp,wcp) by
I1(p)° (resp. H(ﬁ)cﬁ,wc ) and (L®|B )Ord by (L |3, )Ord. Note that Theorem
also holds over kg (see the proof of [Haul3, Thm. 5.2. 3]) and that one
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can prove the statement in Remark over kg modulo a conjecture of Emer-
ton ([EmelObl Conj. 3.7.2]): see [Haul3, Thm. 5.3.2]. Finally see [Hauld] for a
proof of the mod p analogue of Conjecture and [Brel4] for the construction
of a functor ' on mod p representations which satisfies the mod p analogue of
properties (i)—(iii) above.

4 Local-global compatibility results and conjec-
tures

We conjecture that the representations II(p)°™® or II(p)¢ of G(Q,) defined in
and occur (under suitable conditions) in spaces of automorphic forms
for unitary groups that are compact at infinity and split at places above p. Over
kg we prove a weak form of this conjecture.

4.1 The global setting

We define the relevant spaces of automorphic forms and state some of their prop-
erties.

We let F'™ be a finite totally real extension of Q with ring of integers Op+
and F a totally imaginary quadratic extension of F' with ring of integers Op. We
denote by ¢ the non-trivial element of Gal(F/F ™). If v (resp. w) is a finite place
of F™ (resp. F), we let Ff (resp. F,) be the completion of F'* (resp. F) at v
(resp. w) and O+ (resp. O, ) the ring of integers of F\ (resp. F),). If v splits in

F and w, w® are the two places of I above v, we have Op+ = OF, ~ Op,., where
the last isomorphism is induced by c¢. We let Op+,, :== Op+ @z Z H Ip Op+
and A%, (resp. A7) denote the finite adeles of F'* (resp. the ﬁmte adeles of F'™
outside p). Flnally we assume that all places of F'™ above p split in F' and, for
each v|p in F*, we choose one place 0 € {w,w"} of F above v (this choice won’t
be important).

We let n € Z~1, N a positive integer prime to p and G a connected reductive
algebraic group over Op+[1/N] satisfying the following conditions:

(i) there is an isomorphism ¢ : G Xo,, 1/n5) Op[1/N] — GLy 0.(1/8);

)
(ii) G xo,,.n/n F'* is an outer form of GLy, /p+;
(iii) G xo,,n/n F* is quasi-split at all finite places of F';
)

(iv) G xo,,.u/n F'* is isomorphic to U, (R) at all infinite places of F'*.
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It is easy to see that such groups exist (cf. e.g. [EGHI13| §7.1.1]). Condition
(i) implies that if v is any finite place of F'* that splits in F' and if w|v in F' the
isomorphism ¢ induces ¢, : G(F,") = GL,(F,) which restricts to an isomorphism
still denoted by ty : G(Opt) = GLn(Op,) if v doesn’t divide N. Condition (ii)
implies that ¢ o v, : G(F,) = GLy(Fye) (resp. ¢ oty : G(Opt) = GL,(Op,.) if
v doesn’t divide N) is Conjugate in GL,,(Fye) (resp. in GL,(Op,.)) to 77 0 e,
where 7 is the transpose in GL,,(Fye) (resp. in GL,(Op,.)). Conditions (iii) and
(iv) force n[F* : Q] to be divisible by 4 when n is even.

If U is any compact open subgroup of G(A7") x G(Op+,) and M any Og-
module endowed with an Og-linear action of G(Op+,), we let S(U, M) be the
Opg-module of functions

fGIEING(AT) — M

such that f(gu) = u;'(f
projection of u € U C G(ARY) X G(Op+yp). If M is a finite type Op-module,

u, ' (f(g)), where g € G(AY.) and u, € G(Op+,) is the
C
then so is S(U, M). We also define

S(U?, M) = 1im S(UPU,, M),
Up

where U? is a (fixed) compact open subgroup of G(A}}") and where U, runs
among compact open subgroups of G(Op+,). We can identify S(UP, M) with
functions f : G(F*)\G(AY,)/UP — M for which there exists a compact open
subgroup U, of G(Op+,) such that f(gu) = u,'(f(g)) for g € G(AY,) and
u € U,. When the action of G(Op+,) on M is trivial, we endow S(U?, M) with
a linear left action of G(F™ ®q¢ Q,) by (hf)(g9) := f(gh) (h € G(FT ®¢ Q,),
g € G(AR))).

If U is any compact open subgroup of G(AL}") X G(Op+,,), following [EGHI3,
§7.1.2] we say that U is unramified at a finite place v of F* which splits in F
and doesn’t divide N if we have U = U® X G(Op+ ), where U" is a compact open
subgroup of G(A%"). Note that a compact open subgroup of G(ALYL) x G(Op+y)
is unramified at all but a finite number of finite places of F'*. If U is a compact
open subgroup of G(AL}") x G(Op+,) and ¥ a finite set of finite places of F*

containing the set of places of F'* that split in F' and divide pN and the set
of places of F * that split in F' at which U is not unramified, we denote by
T* (’)E[ ] the commutative polynomial Og-algebra generated by formal
varlables T for j€{l,...,n} and w a place of F lying above a finite place of
F* that splits in F' and doesn’t belong to . The algebra T* acts on S(U, M) by

making T, ) act by the double coset

ot [GLH(OFw) (LH wwlj) GLn(OFw)} :
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where w,, is a uniformizer in Og,. Explicitly, if we write
GL,(Op,) (1 ) GLo(Or,) ng ( nes mlj) GL,(OF,),

we have for f € S(U, M) and g € G(AY,),

190 =5 (oo 2)))

One checks that 7% = (TS 1T on S(U, M). If S is any T®-module and I
any ideal of T*, we set S[I] := {x € S : Iz = 0}.

For a compact open subgroup U? of G(A}}"), we now focus on the spaces
S(U?,Og), S(UP,0Op/whk), S(UP kg).

In particular, S(U?, Og) is a free Og-module and S(U?,Ofg) ®p, Op/wh =
S(UP, Op/wl). These spaces are admissible smooth representations of G(F* ®q
Q,) since their subspaces of Up-invariant vectors for any U, are S(UPU,, Og),
S(UPU,, Og/wy) or S(UPU,, kg). We also consider the p-adic completion of
S(U?,Og), that is

S(UP, 0p) = lim (S(U?,0p) /=) = lim S(U?, Op /@),
which has the induced action of G(F* ®g Q). If we tensor S(UP,0F) by E

we obviously get an admissible unitary continuous representation S (UP,E) of
G(F* ®qg Q,) over E with S(U?, Og) as unit ball.

If ¥ a finite set of finite places of F* containing the set of places of F'* that
split in F' and divide pN and the set of places of F'™ that split in F' and at which
UP is not unramified, the algebra T* acts on S(UPU,, Og), S(UPU,, Or/=%),
S(UPU,, kg) for any U, and thus also on S(U?, Og), S(U?, Og/w}), S(U?, kg),
S(UP,0p) and S(U?,E). This action commutes with that of G(F* ®g Qp)-
Therefore, if I is any ideal of T, S (UP, E)[I] is an admissible unitary continuous
representation of G(F ®q Q,) over E which is a closed subrepresentation of
S(U?, E).

If m* is a maximal ideal of T* with residue field kg, we can define the localized
subspaces S(UPU,, kg)y= and their inductive limit

lim S(UPUp, kp)ms = S(U”, kg)us,

Up
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which inherits an induced (admissible smooth) action of G(F* ®q Q,). We have
S(UPU,, kg)[m*) C S(UPU,, kg)ws C S(UPU,, ki) and thus inclusions of admissi-
ble smooth G(F* ®q Q,)-representations

S(UP, kg)[m*) C S(UP, kp)w= C S(U?, kg).

Moreover, as representations of G(F* ®¢ Q,), S(U?, kg)n= is a direct summand
of S(UP,kg) (the maximal vector subspace on which the elements of m* act
nilpotently). Finally, if U'"? C U? is a smaller compact open subgroup, if ¥/ D 3 is
as above with respect to U’” and if m™ := m®NT> is the unique maximal ideal of
T* C T* with residue field kg that is contained in m*, then we have S(U?, kg) C
S(U™, kg), S(UP, kg)ws C S(U, kg) s and S(UP, kg)[m*] C S(U, kg)m™].

4.2 The conjectures
We state our local-global compatibility conjectures. We keep the setting and
notation of and assume moreover that p splits in F'*.

We start with the p-adic case.

Let r : Gal(F/F) — GL,(FE) be a continuous representation. We assume:

(i) r is ramified only at a finite number of places of F;
(ii) r¢ =2V ® &' (where 7°(g) := r(cgc) for g € Gal(F/F));

(iii) 7 is an absolutely irreducible representation of Gal(F/F).

Let U? C G(A}}") be a compact open subgroup and ¥ a finite set of finite places
of F'* containing the set of places of F'™ that split in F' and divide pN, the set of
places of F'* that split in F' at which U? is not unramified and the set of places
of F* that split in F' at which r is ramified. We associate to r and ¥ the prime
ideal p* in T* generated by all elements

((—1)J'Norm(w)j<f*1>/2Tg> _ ag)) ,

J,w
where j € {1,...,n}, wis a place of F' lying above a finite place of F'" that splits
in F' and doesn’t belong to 3, Norm(w) is the cardinality of the residue field at
w and where X" +a@ X" 1+ a0V X +a( is the characteristic polynomial
of r(Frob,) (an element of Og[X]).

For a finite place w of F', we denote by 7, the restriction of r to a decompo-
sition subgroup at w. We assume finally:
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(iv) ry is generic ordinary (in the sense of and Definition |3.3.1]) for all places
w of F above p.

Recall this means that r,, is upper triangular (up to conjugation) and its diagonal
characters (Xuw,;)1<j<n satisfy Xw’ix;}j ¢ {1,e,e7t} for i # j. By the relation
r¢ & rV @ e!™" this is equivalent to 73 being generic ordinary for all places ©
where v|p in F'*. In particular we can define the G(F,")-representation II(r;)°,
where G(F)1) acts via ¢; : G(F,S) = GL,(F;) = GL,(Q,) and where we choose
0:=(n—1,n—2,...,0) as twisting element and the upper triangular matrices

in GL,,(F;) as Borel subgroup (as in Example [3.4.6]).

Lemma 4.2.1. Suppose that p : Gal(Q,/Q,) — GL,(E) is generic ordinary.
Then the GL,(Q,)-representation I1(p" )" @ ("L odet) is isomorphic to I1(p)°d
but where GL,(Q,) acts via the inverse transpose on the latter.

Proof. Let wg € W be the longest element, J C S a subset of pairwise orthogonal
roots and G; C GL,, g, as in The inverse transpose g — 7 '(g) preserves
Gy. If 11 is an admissible unitary continuous representation of G;(Q,) over E,
we let I be the admissible unitary continuous representation of G_, ) (Qp)
with the same underlying Banach space as II; and where g € G_,(5)(Q,) acts
by 7(wogig ')t = wwor(g) Mg € Gy(Qp) (note that woGrig' = Gy =
G_wony)-  x : T(Qp) — Of C E* is a unitary continuous character, one checks
that

I

—w, (Qp) — co
(In d o) ) wolx )" (24)

Gy (Qp) co\*
<(Ind @)mGJ<@p)X) ) (Qp)NG i) (Qp

Without loss of generality, p is a good conjugate, and we let o’ := 1ip¥1iy* (a
good conjugate of p¥). It is easy to see that Cy = —wy(C,), We, = wOWprO_l
and x,y = wo(x,"). Since wo((e710f)™) = (e 0 ) - (" o det), this implies

by Proposition and that

(p)7 ZT1(p') —wo(ry @ (" o det),

where [ is as in Proposition[3.3.3] Finally, if IT is an admissible unitary continuous
representation of GL,(Q,) over E and if we denote by II* the admissible unitary
continuous representation of GL,(Q,) with the same underlying vector space as
II but where g € GL,(Q,) acts by 7(g)~*, one checks that

1

GLn Qp) T CO * GLn Qp) T * CO
<(I dp- QP)GJ(QP)H<p) ) ) (I ndp- (Q,)G 7w0<‘])((@p)]‘_‘[(p)[)

( In dGLn (Qyp) co

1T n—1
()G () (Qp) H(pl)—wo(l)) ® (¢ o det)

from which it follows that (II(p)d)" = (") @ ("' o det) (see §3.3). O
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Since 75 & 1Y ® el ™", we have I(ry ) 2 T(rY )4 ® (¢! " o det) and Lemma
implies that the GL,,(Q,)-representation I1(rz )4 ® (2"~ odet) is isomor-
phic to I1(r5)°™ but where GL,(Q,) acts via the inverse transpose on the latter.
Equivalently, the GL,(Q,)-representation II(rz)"d @ (e"~! o det) is isomorphic
to I1(r;)° @ ("' o det) but where GL,(Q,) acts via the inverse transpose. As
c otz is conjugate to 771 o (see §LI]), we see that the G(F))-representation
(r5)°" ® (e" ! o det) ultimately only depends on v|p and not on the choice of ©
above v.

If IT is an admissible unitary continuous representation over E of G(F ™ ®qQ),)
and if IT", IT” C II are two closed invariant subspaces such that all the irreducible
subquotients of both II' and II” are isomorphic to irreducible subquotients of
(unitary continuous) principal series as in , then the same is true for the closed
invariant subspace II' + II” C II (since any irreducible subquotient of II" + I1”
appears either in II' or in I1”). Therefore one can define I1°*¢ C II as the maximal
closed G(F* ®q Q,)-subrepresentation such that all its irreducible subquotients
are isomorphic to irreducible subquotients of (unitary continuous) principal series
of G(F" ®q Q).

Conjecture 4.2.2. Let 7 : Gal(F/F) — GL,(E) be a continuous representation
that satisfies conditions (i) to (iv) above and assume that there exist a compact
open subgroup UP C G(ARY) and a finite set ¥ of finite places of F* as above
such that §(UP,E)[pE] # 0. Then there is an integer d € Z~o depending only

on UP and r such that we have an isomorphism of admissible unitary continuous
representations of G(F" ®q Qp) = [[,,, G(F,") over E,

(@ ()™ @ ("o det)>)®d = S, B)pR. (25)

v|p

Remark 4.2.3. Note that S(U?, E)[p*] # 0 implies assumption (i) above on r
and that both sides of are admissible unitary continuous representations. It
should also be true that S(U?, E)[p¥], and thus S(U?, E)[p¥]°*4, don’t depend on
Y. as above (for the latter, this is implied by the conjecture).

Remark 4.2.4. One can formulate a slight generalization of Conjecture |4.2.2
where we assume in (iv) above that r; is generic ordinary for some subset 3, of
the places v|p only and r; is potentially semi-stable with distinct Hodge-Tate
weights at the other v|p. In , one then has to replace the completed tensor
product over all places v of F'* dividing p on the left-hand side by the completed
tensor product over the places of ¥, and S(U?, E)[p*]°"® on the right-hand side
by
. ord
Homy, ( ® L), S(7, B) hﬂ) -
vlp

vEEp
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Here V, is a suitable compact open subgroup of [] ,, G(Op+) and L();) is the
vESp

irreducible algebraic representation of G X O [1/N] F} ~ GL,, /F, over B of highest

Welght Ay = ()\{,71, Ce ,/\5’71), where )\@’1 > )\{)’2 1> > )\5’”_1 — (n — 2) >

Ao —(n—1) are the Hodge—Tate weights of r; (the Hodge—Tate weight of € being

1 by definition).

We now state the mod p conjecture.

Let 7 : Gal(F/F) — GL,(kg) be a continuous representation. We assume:

(i) =7 @w' ™

(ii) 7 is an absolutely irreducible representation of Gal(F/F).

Let UP C G(A}Y") be a compact open subgroup and X a finite set of finite places
of F'* containing the set of places of F'™ that split in F and divide pN, the set of
places of F'* that split in F' at which U? is not unramified and the set of places of
F7* that split in I’ at which 7 is ramified. We associate to 7 and X the maximal
ideal m* in T with residue field kp generated by wg and all elements

((—1)J'Norm(w)j<f—1>/2T}j> _ ag)) ,

Jw

where j € {1,...,n}, w is a place of F' lying above a finite place of F'* that
splits in F and doesn’t belong to ¥, X™ +al X" ! + ... + @~V X + @™ is the
characteristic polynomial of 7(Frob,,) (an element of kx[X]) and where i is any
element in Oy lifting al/).

For a finite place w of F', we denote by 7,, be the restriction of 7 to a decom-
position subgroup at w. We assume also:

(iii) 7, is generic ordinary in the sense of Definition for all places w of F
above p.

Again, by the relation (i) above, (iii) is equivalent to 75 being generic ordinary for
all places © where v|p in F'*. In particular we can define the G(F.")-representation
[1(75)° where G(F;") acts via 17 : G(F,) = GL,(F;) (and where we choose
0:=(n—1,n—2,...,0) as twisting element). By the same proof as for Lemma
[4.2.1] the G(F;")-representation I1(7;)*"d ® (w"~! o det) only depends on v|p and
not on the choice of v above v.

If IT is an admissible smooth representation of G(F'* ®q Q,) over kg, we
define I1°"® C IT as the maximal G(F ®q Q,)-subrepresentation such that all its
irreducible subquotients are isomorphic to irreducible subquotients of principal
series of G(FT ®q Q,) over kg.
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Conjecture 4.2.5. Let 7 : Gal(F/F) — GL,(kg) be a continuous representation
that satisfies conditions (i) to (iii) above and assume that there exist a compact
open subgroup U? C G(ARY) and a finite set ¥ of finite places of F* as above
such that S(UP, kg)[m*] # 0. Then there is an integer d € Z~q depending only on
U?P and 7 such that we have an isomorphism of admissible smooth representations
of G(F* ©q,Qy) = [1,,, G(F) over ks,

(@(n(m)ord ® (W o det)))@d Sy S(UP, k) =], (26)

v|p

Remark 4.2.6. As in Remark [£.2.3] note that S(U”, kg)[m*] # 0 implies as-
sumption (i) above on 7 and that both sides of are admissible representa-
tions. Also, Conjecture in particular implies that S(UP, kg)[m¥]°*d doesn’t
depend on ¥, but in fact it shouldn’t be too hard to prove that S(U?, kg)[m*]
(and thus S(UP, kg)[m*]°™) is independent of 3 for any p, see e.g. [BDJI0, Lem.
4.6] for an analogous result.

4.3 A local result

In this section, we prove the main local theorems which our local-global compat-
ibility results (in will rely on. We keep the same notation and assumptions

as in §3.4

We start with some preliminaries. If o is a Serre weight for G(F,) (seen as a

representation of G(Z,)), we denote by c—IndgES:)) o the usual smooth representa-

tion that is compactly induced from o and by H¢(0) := Endg(qg,) (c—IndgE% o)
the (Hecke) kp-algebra of its endomorphisms (see e.g. [Herlll §2.1]). The kg-
algebra Hg(o) is commutative and of finite type, and for any smooth repre-
sentation 7 of G(Q,) over kg, the vector space Homgz,)(o, 7|q(z,)) is natu-
rally a (right) He(o)-module via Frobenius reciprocity Homeg(z,) (o, 7|g(z,)) =
Home (g,) (C—Indgg%)) o,m). Moreover, Hg(o) can be identified with the kp-
vector space of compactly supported functions ¢ : G(Q,) — Endy, (o) such
that ¢(hi1ghs) = hy 0 (g) o hy for hy, hy € G(Z,) and g € G(Q,) endowed with

the multiplication given by convolution.

Let P = MU,; be a standard parabolic subgroup of G over Z,, where Uy
(resp. M) is the unipotent radical (resp. the Levi subgroup), P~ the opposite
parabolic subgroup of P and U,, the unipotent radical of P~. Replacing G by M
and o by the subspace of coinvariants oy, 5 (which is a Serre weight for M(F,),
see e.g. [Herlll, Lem. 2.3]), one can define in an analogous way the (commutative
noetherian) algebra Has(oy— 5 )). When M =T', we write U™ instead of Up.
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Example 4.3.1. Let G = GL,,, T the torus of diagonal matrices and B the upper
triangular matrices. For 1 < j < nlet M; := GL,_;xGL; and P; := M;Uy;. One
has Ha(o) = ke(Ton, .- Ton—1,Ton, T, ], where T, 5, 1 < j < n, corresponds
to ¢; : G(Q,) — Endi,(c) with support on G(Z,) <1n—j p1j> G(Z,) sending

1n—j . ~ Ui, (Zp)
< plj) to the endomorphism o —» JU]% @z, <o — 7.

By [Herlll §2] the map ¢ — (m — Py-© (ZueU&(Zp)\U&(Qp) ¢(um))) (where
m € M(Q,) and Py s the projection o — UU&(ZP)) induces an injective ho-
momorphism of kg-algebras Sy, : Hg(o) — HM(UU;I(Z,,)) which is a localization
map ([Herlll Prop. 2.12)). It follows that if n : Hg(0) — kg is a morphism of kg-
algebras that factors as a morphism of kg-algebras Heg(o) 2 m(oy-,) = ke,
then the morphism HM(UUJ;I(ZP)) — kg is unique and we denote it by Sy (n).

Definition 4.3.2. We say that a morphism of kg-algebras Hg(0) — kg is an
ordinary character (of He (o)) if it factors as a morphism of kg-algebras He(o) i

/HT(UU*(ZZ,)) — k‘E.

Ifn: Hg(o) — kg is any morphism of kg-algebras, Homgz,) (0, 7|c(z,)) [n] will
denote the maximal kg-vector subspace of Homgz,)(o, T|q(z,)) on which He(o)
acts by the character 7).

The following theorem (a special case of [Herll, Thm. 3.1]) will be crucial.

Theorem 4.3.3 ([Herll]). Let A € X1(T) such that 1 < (\,a¥) < p—1 for all
a € S and let n : Hg(F(N\)) — kg be an ordinary character. Then we have a
canonical isomorphism of smooth G(Q,)-representations

G(Qp ~ G(Qp
(e-Indgiz") F(N) @nugeonq ke — Ind5 )y, (27)

where x : B~ (Q,) - T(Q,) — kj is the smooth character giving the action of
T(Qp) on the 1-dimensional vector space

T(Qp)
(C_IndT(Zj) F()‘)U*(Zp)) ®HT(F(A)U,(ZP)),S;1(7,) k.

Note that we necessarily have F'(\) < socg(z,) (Indgg&) X), in particular
X|r(z,) gives the action of T'(Z,) on F(\)y-(z,). Conversely, for any character
x : T(Qp) — kg such that x|p@z,) = F(A)y-(z,), it is easy to see that there is a
unique morphism of kg-algebras 1’ : Hp(F(A)y-(z,)) — kg such that holds
with n :=n' o Sr.
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Example 4.3.4. Keep the setting and notation of Example and let o :=
F(X\) with A :=(Aq,...,\,) € Z" such that 1 < \; — A\;x; <p— 1. Then

1 Haw, (F(N) = ke[Teos - Troyn-1s Troym Tagyn) — ke

is ordinary if and only if 1y ; := n(Tr),;) € ky for all j and we then have

(eIndg (79 F(N) @, (ro0)n b =
IndGLn(@p) (W m»(M)@ - ® wttnr (n§1)®wknnr(m1)).

) \,n

Corollary 4.3.5. Keep the same assumptions as in Theorem [4.3.3 and let w be
a smooth representation of G(Q,) over kg. Then restriction to F(X\) induces an
1somorphism

Homeg,) (Tnd35 %) x, ) == Homa,) (FON), wla,) 1]

Proof. By Frobenius reciprocity we have

Homg(z,) (F(OV). mla@,)) ] = Homeg,) (c-Ind, z F(X), ) [n]
= Homgg,)((c- IndE F(X) ®neroym ke, m)

and the statement follows from Theorem (4.3.3] O

The following proposition and its two corollaries are entirely due to Pasktinas.

Proposition 4.3.6. Let o be a Serre weight for G(F,), n : He(o) — kg a
morphism of kg-algebras and w(o,n) := (c-Ind Qp) 0) @ue(o)y ke Let 11 be an
admissible smooth representation of G(Q,) over /{;E such that Il|qz,) is an in-
jective object in the category of smooth representations of G(Z,) over kg. If
Homg (q,) (77(0, n),H) = 0 then Extlg(Qp) (7?(0, 77),1_[) = 0 (in the category of
smooth representations of G(Q,) over kg).

Proof. Let £ be an extension 0 — II — & — 7(o,n) — 0 in the category of
smooth representations of G(Q,) over kg. It is enough to prove that the functor
Homg q,)(m(,n),-) is exact on that sequence. By Frobenius reciprocity as in the
proof of Corollary 4.3.5| this functor is Homeg(z,) (o, -)[]. Since I|gz,) is injective,
the extension splits when restricted to G(Z,), hence the sequence remains exact
after applying Homg(z,)(0, ). If we denote with the subscript 7 the generalized
eigenspace for the action of the commutative algebra H (o) corresponding to the
eigencharacter 7, the sequence is thus still exact after applying Homg(z,) (0, -)y.
But the assumption implies Homgz,)(o,II), = 0, hence Homgz,)(0,&), —
Home(z,) (o, 7(0,1)), and thus Home(z,) (0, €)[n] = Home(z,) (o, 7(o,n))[n]. This
finishes the proof. O
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Corollary 4.3.7. Let II be as in Proposition |4.5.60 and ® be a smooth repre-
sentation of G(Q,) over kg which is of finite length such that its irreducible
constituents are all principal series. Let m; C m be a subrepresentation such that
Homg q,)(C,II) = 0 if C is an irreducible constituent of w/m1. Then restriction
to m induces an isomorphism

Homgq,)(m, II) — Home(q,) (1, II).

Proof. Note that we have Homg(q,) (7r/7r1,H) = 0 by dévissage. It follows
from [Herlll Lem. 2.5], [Herlll Lem. 2.14] and [Herlll Thm. 3.1] that, if C
is an (irreducible) principal series, there exist (o,7) such that C' = (o, n) with
7(o,7n) as in the statement of Proposition m By Proposition we thus
have Exté(@p) (C’, H) = 0 for all irreducible constituents of w/m;, which implies
Exté((@p) (7r/7r1,H) = 0 by dévissage. Applying Homg(q,)(+,II) to the exact se-
quence 0 — m; — m — 7/m; — 0 then gives the result. O

We now give a p-adic version of Corollary We refer to Appendix A for
the definition of an admissible unitary continuous representation 7 of G(Q,) over
E which is residually of finite length, and denote by 7° the semi-simplification
of its mod wg reduction.

Corollary 4.3.8. Let Il be an admissible unitary continuous representation of
G(Qy) over E which has a unit ball TI° such that (II°®o,, kg)|c@z,) is an injective
object in the category of smooth representations of G(Z,) over kg. Let m be an
admissible unitary continuous representation of G(Q,) over E which is residually
of finite length such that the irreducible constituents of ™° are principal series.
Let 1 C m be a closed subrepresentation such that Homegq,)(C,1I° ®p, kg) =0
if C'is an irreducible constituent of %gs. Then restriction to m induces an
1somorphism
Homgq,)(m, II) — Homgq,) (71, IT).

Proof. Let 7° be a unit ball in 7 and set 79 := 7% N ;. Note that 7°/79 is a unit
ball in 7/m. By the proof of Corollary applied to II' ®p, kg, ™ ®o, kg
and 7 ®o, kg, we get

HomG(@p) ((ﬂ-o ®0E kE)/<7T? ®(9E kE)v HO ®(’)E kE) ==
Extgg,) (" ®op ke)/ (M) @0, kp), 1I° ®o, kg) = 0.

By [Haul3l, Prop. B1] (and the lines before that proposition) we have
dimp Extgy g, (7/m, 1) < dimy,, Extgg,, (7°/77) ®@0y ke, 1I° @0, ki) =0

and likewise with Hom, where the first Ext! is in the category of admissible
unitary continuous representation of G(Q,) over E. Thus Homg(g,) (7T /71, H) =
0 and Extlc((@p) (m/m1,11) = 0. We conclude as for Corollary w O
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We now fix a continuous homomorphism
7+ Gal(Q,/Qy) — Be,(kp) C Blkz) C Gke).

such that the closed subset C; C R*Y is minimal under conjugation by B (kg)
and we assume that p is inertially generic (Definition [3.4.4). We recall that this
implies that p is large enough so that Lemma holds (see §3.4).

If o is a Serre weight for G(IF,) and 7 an admissible smooth representation of
G(Q,) over kg, we write Homg(z,) (0, m|c(z,))*™ for the maximal vector subspace
of Homgz,)(0, m|¢(z,)) on which the action of Hg(o) extends to Hr(oy-(z,)).

Theorem 4.3.9. Let IT be an admissible smooth representation of G(Q,) over kg
such that 1l|g(z,) is an injective object in the category of smooth representations
of G(Zy) over kg. Let we, € W, and assume

Home(z,) (F(Aw-1() — 0), Maz,)) ™ =0 (28)

for all w = (Haelv sa)wcﬁ, where I C we, (SY) N Cs runs among the non-
empty subsets of pairwise orthogonal roots and where Ay-1(y,) s as in the proof
of Proposition|3.4.5. Then restriction to the G(Z,)-socle induces an isomorphism

Homeq,) (I1(P)cpue, . 1) — Homez,) (F Mzt = 0): Hle@,)) e,

where Ngu. is the ordinary character of Ha(F (A
waﬁl(xﬁ) w0 in Theorem .

Proof. First, the fact that F (/\wai (xz) — 0) is the G(Zy)-socle of H(ﬁ)cﬁ,wcﬁ follows

from the proof of Proposition (and the inertial genericity of p). By Corollary

4.3.5] applied to A = )\w51(X7) — 0 and n = 154, , it suffices to prove that the
5 \XP P

restriction to I1(p)y = Indg(_(%gp) wgﬁl(xp) - (w™! o0 0) induces an isomorphism

wil () — 0)) associated to x =
P

Homgq,) (I1(A)cpue - IT) — Home(g,) (I1(p)s, IT). (29)

Recall from that the irreducible constituents of H(ﬁ)Cp,wcﬁ J/T(p)y are the

principal series Indg(,%gp) w(xz) - (w0 6) where w = ([],cpv Sa)we, with
I C we, (SY) N Cp running among the non-empty subsets of pairwise orthogonal

roots. The result follows from Corollary (with and Corollary[4.3.5). O

Taking the direct sum over we, € We, in Theorem yields the following
corollary.
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Corollary 4.3.10. We keep the notation of Theorem[].3.9 and assume
Homg(z,) (F(Mw-1(3) = 0): Maz,) ™ = 0

for all we, € W, and all w = (Hadv sa)wcﬁ, where I C we, (SY) N Cy runs
among the non-empty subsets of pairwise orthogonal roots. Then restriction to
the G(Z,)-socle induces an isomorphism

Homg((@p) (H(ﬁ)ord, H) AN @ Homg(zp) <F(Aw5§1(Xﬁ) — 9), HlG(Zp)) [%ﬂﬂcﬁ]‘

w C5 (S WCF

If p: Gal(Q,/Q,) — ECP(E) C B(E) C G(E) is a continuous homomor-
phism such that the closed subset C,, € R* is minimal under conjugation by
B(E), we let X, : T(Q,) — kg be the character x, : T(Q,) — Op C E* of
composed with O — kj. Using Corollary instead of Corollary , we
also have p-adic versions of Corollary (and Theorem that we state
without proof.

Corollary 4.3.11. Let p : Gal(Q,/Q,) — BCP(E) C B(E) be as above such
that (X, 0 a")|zx ¢ {l,w,w™'} for alla € R*. Let IT be as in Corollary
and assume

Homg(z,)(F(Aw-1(5) — 0), I1° @ kg)|cez,) ™ =0

for all we, € W, and all w = (Hael\/ sa)wcp, where I C we,(SY) N C, runs
among the non-empty subsets of pairwise orthogonal roots. Then restriction to
the G(Qy)-socle induces an isomorphism

or ~ G(Qp _ _ co
Homg q,) (H(p) d,H) — @ Homg(q,) ((IndB(,%@)p) wC:(Xp)-(s 106’)) ,H).

wCPEWC’p

4.4 A global result

We apply the main results of to prove a weak version of Conjecture 4.2.5
and a special case of Conjecture We keep the notation of and §4.2

We suppose from now on that F/FT is unramified at all finite places.

We say that a compact open subgroup U C G(A}") x G(Op+,,) is sufficiently
small if there exists a finite place v of F'™ such that the projection of U to G(F")
contains no element of finite order. We say a compact open subgroup UP C
G(ARY) is sufficiently small if UPG(Op+y) is sufficiently small. The following
lemma is well-known (see e.g. [EGHI13| §7.1.2]).
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Lemma 4.4.1. Let M be an Og-module endowed with an Og-linear action of
G(Op+p) and let U € G(ALY) X G(Op+yp) be a sufficiently small compact open
subgroup. Then one has a natural isomorphism S(U, M) = M®" for some integer
r > 0 that only depends on U.

Lemma 4.4.2. Let M be a finite-dimensional smooth representation of G(Op+,)
over kg and UP C G(AZ) a compact open subgroup. Then one has

S(UPG(Op+,), M) — Homgo,. ) (M, S(U”, kg)).

Proof. The proof is essentially that of [EGHI13|, Lem. 7.4.3], so we just define the
map. We send f: G(F)\G(A¥.) = M to

te MY (g—L(f(9))).

Then u, - £ is sent to (g — £(u* (f(g))) = (f(gup))) = up- (9 = £(f(g))), where
up, € G(Op+p), and the map is thus G(Op+,)-equivariant. Since the action of

G(Op+,) on MY is smooth, its image lies in S(U?, kg). O

If UP C G(AY}) is a compact open subgroup, we denote by ¥ a finite set of
finite places of F'™ containing the set of places of F* that split in F' and divide
pN and the set of places of '™ that split in /' at which U? is not unramified.

Proposition 4.4.3. Let U? C G(AL}") be a sufficiently small compact open sub-
group, ¥ a set of places of T as above and m* a mazimal ideal of T* (see
with residue field kg. Then the admissible smooth G(F* ®q Q,)-representations
S(U?, ki) and S(U?, kg)as are injective objects in the category of smooth repre-
sentations of G(Op+,) over kg.

Proof. The second representation being a direct summand of the first (see §4.1)),
it is enough to prove the statement for the first. By [EmelObl Prop. 2.1.9], it is
enough to prove that S(UP, kg) is injective in the category of admissible smooth
representations of G(Op+,) over kg. Let j : m — 7' be an injection of admissible
smooth G(Op+,)-representations over kg, we have to prove that

HOmg((gF_hp) (7T/, S(Up, k’E)) Lj> Homg(@Fw) (71', S(Up, kE))

is surjective. Write n’ = U,,m/,, where (7], )mez., IS an increasing sequence of
finite-dimensional vector subspaces preserved by G(Op+,) (recall 7’ is admissi-

ble). It is enough to prove that all maps

.Oj‘ﬂ'mﬂ'gn

Homg(@Fw) (ﬂ';n, S(Up, kE')) — HomG(0F+,p) (7T N 7T:n, S(Up, k‘E)) (30)
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are surjective. Indeed, since Homg o, ) (1, /(x0l,), S(UP, kg)) is finite-dimen-
sional (S(U?,kg) being admissible), the Mittag-Leffler conditions are satisfied
on the projective system (Homg(on) (), /(N al,), S(UP, kE)))m€Z>O and the
surjection survives the projective limit. The surjection in then follows from

Lemma applied to M = (w},)" and M = (7 Nn,)" and Lemma[4.4.1] O

Let 7 : Gal(F/F) — GL,(kg) be a continuous representation such that 7¢ =2
7/ @ w'™™ and T is absolutely irreducible. If U? C G(A%}’) is a compact open
subgroup we denote by X a finite set of finite places of F'* containing the set of
places of I'" that split in F' and divide pN, the set of places of F'* that split in
F at which U? is not unramified and the set of places of F'™ that split in F at
which 7 is ramified. Recall that we have associated to 7 and > a maximal ideal

m> of T* with residue field kg in .

We denote by G, the restriction of scalars from Op+, to Z, of the algebraic
group GX o, , 1/N] O+, so that G(Z,) = G(Op+,) = [1,, G(Ops ) (the algebraic
group G, is isomorphic to [[;GLyz,). If o is any Serre weight for G,(F,) and if
U? and X are as above, then the commutative kg-algebra

T ®o, Ha, (0) = (T ®o,, ki) @k, He, (0)

(see for He, (o)) acts on Homg(o,., (0, S(U”, kg)) = Homg,z,) (0, S(U?, ki)
and also on Homgo,,, (0, S(U?, kp)w=). Identifying G,(Z,) with [],;,GL.(OF;)
via [[,, ts, a Serre weight o for G,(F,) is of the form o = ®,,05, where 03 is a
Serre weight for GL,,(OF,) = GL,(Z,). Using the proof of [Herlll Lem. 8.2] we
have H¢, (0) = @upHar, (05). By Example we thus have an isomorphism

He, (0) 2 kp[Tots o, Tognet1: Ty, vlp). (31)

0,M?

Recall that Homg(@ﬁp)(J,S(U”,kE)mz)Ord € Homg(o,, (0, S(U?, kg)n=) was
defined in §4.3] Note that it is compatible with base change for algebraic exten-
sions of kg.

Proposition 4.4.4. Suppose that U? C G(ATY) is a compact open subgroup, ¥
is a finite set of places as above, and that 7 : Gal(F/F) — GL,(kg) is absolutely
irreducible. Suppose that 0 = @05 = QupF (As) s a Serre weight for G(Op+,)
(500 < Agi — Njisr < p—1 for all i) and that n : Hg,(0) — kg is an ordinary
character. If Homg(o,, ) (U, S(U?, kE)mz)[n] #0, then

w1 nr(ug,) * ... .
A o—1 Ug,
el 0 )
Ty = ’
) *
0 . O wAﬁ,n_(n_l) nr( Ud,n )

where ug ; = n(T;}}nT%n,j) € kjy.
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Proof. Step 1: We make some easy reductions.
Let o be any Serre weight for G,(F,). Since the actions of T* and Hg, (o)
commute we have

ord

Homg(o,, ) (0, S(U”, kp)us)™ = Homgo,, ) (0, S(U?, k))
= S(UPG(Op+,),0V)

mE?

where the second equality follows from Lemma [4.4.20 Since S(UP kg)y= C
S(U” kg) = it UP CUP and X' O X (see §4.1]), we have an analogous inclusion
with the Homgo,, (o, -)ord. Thus we can assume UP sufficiently small.

m>

Step 2: We check some compatibilities with [Ger(9] and [GG12].

Let T, C B, C G}, be the split maximal torus and the Borel subgroup in GG, which,
under ¢, correspond respectively to diagonal and upper triangular matrices in
[1;GLn/z,- We have 0¥ = F(X'), where X' € X;(T),) satisfies A} ; = —Ag,—i41 for
all 0, i. Let L(X') 0, = ®upL()})/0, be the algebraic representation of G, xz, Op
given by (indgg X') o, (algebraic induction functor of [Jan03, §1.3.3]). We con-

sider L()\’) as a representation of G,,(Z,) = G(Op+,) over O and we have an in-
jection of smooth finite-dimensional G(Op+,)-representations over kg: F(\') —
L(N) ®o, kg ([Jan03| §11.2]). Let UP C G(A}}") be a sufficiently small compact
open subgroup and ¥ a set of finite places as above, then S(UPG(Op+,,), L(N)®0,
kp) = S(UPG(Op+y), L(N)) ®0, ke by Lemma[i.4.1] and we deduce an injection
of T*-modules S(UPG(Op+,), F(X)) = S(UPG(Op+,), L(N)) ®0, kg which in-
duces an injection of T*-modules

S(UPG(Op+p), F(N))mz = S(UPG(Op+p), LN))nz oy ki

By [Ger09, Def. 2.3.2] or [GG12, §6.1] there is an action on S(UPG(Op+,), L(N))
(and thus on S(UPG(Op+p), L(N))n=) of the “weighted” double cosets

1

p- > )‘%,nﬂ'ﬂbgl |:GLn(OF1~,) ( n=j 1 ) GLn(OFf;):| (32)
J

for v|p and j € {1,...,n} whose reduction modulo wg preserve the subspace
S(UPG(Op+,), F(X)) (and thus S(UPG(Op+p), F(N))u=). Moreover, by a vari-
ant of [EGHI3, Prop. 4.4.2], one can check that the action of
on S(UPG(Op+,),F (X)) = Homgo,,, (0, S(U?, kg)) coincides with the action
of the operator T,! T, ,_; of . (In loc. cit., it coincides with the action of
Ty, ; on (0¥ @S(UP, kp))¥Orts) as defined in [EGHI3, §2.2], but this is the same
as the action of T, T, _; on Homg (0,S(UP, kg)) as defined in , see
[Herld §2.3].)

OF-Q-,p)

Step 3: We conclude.
Replacing E by a finite extension if necessary, by [EGHI13, Lem. 4.5.1] and Step
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2, the Hecke eigenvalues uz; € kj; of T, !, T, nj on S(UPG(Ops+p), F(N)) e lift
to eigenvalues u;; € Of, of on the larger space S(UPG(Op+p), L)) nz @0
kg. Consider the embedding S(UPG(Op+,), L(N))m= € S(L(XN)) ®o, E, where
the latter is a semi-simple G(A%,)-representation (see and [Ger09, Lem.
2.2.5]). If 7 is any irreducible constituent of S(L()\')) ®o, F such that 7 N
S(UPG(Op+p), L(N))ws # 0, then its base change to GL,,r (which exists by
[Ger09, Lem. 2.2.5] and [Lablll Cor. 5.3]) is a cuspidal automorphic repre-
sentation of GL,(Ar) since its associated p-adic representation of Gal(F/F)
is irreducible (as it reduces to the irreducible 7). Now assume that the eigen-
values of the operators on m N S(UPG(Op+p), LN))pe = 7/"¢Or40) 0
S(UPG(Op+p), L(N))mx are all in Of. We claim the proof of [Ger(9), Cor. 2.7.8(1)]
applies to give the desired result. In our situation, the level is prime to p, so we
do not need the regularity condition on A. The characteristic polynomial in the
proof becomes Zj(—l)jpj(j_l)/ﬂzg:l Abn—i+17; 5 X7 whose roots a; have (distinct)
valuations j — 1+ A}, _;.,. Finally observe that in the notation of [Ger(9, Cor.
2.7.8(1)], ¥a;(Artp (p) = Ty (up= Y -i41) is congruent to iz ; modulo

Following |[GGI12, §6] we say that 7 (continuous, absolutely irreducible) is
modular and ordinary if there exist a sufficiently small compact open subgroup
UP = [1,,, Us € G(AZY) such that U, is a hyperspecial maximal compact sub-
group of G(F;") for all places v of F* that are inert in F, a finite set of finite
places X as above and a Serre weight o for G(F,) such that

HOIIl(;(@Fﬁp) (U, S(Up) k?E)mz)Ord £0.

[

(Note that the modularity assumption implies 7¢ = 7¥ @ w By Proposi-
tion if 7 is modular and ordinary then 7, is ordinary for all w|p in F.

lfn.)

Proposition 4.4.5. Let 7 : Gal(F/F) — GL,(kg) be a continuous representa-
tion. We assume that 7 satisfies the following assumptions:

() Plaa ror) 8 absolutely irreducible;
(ii) 7 is modular and ordinary;

(i) p>2n+2 and (, ¢ F.

Suppose that for all places v|p we have

w s nr(ug,) * e *
0 whe2~inp(2E2) e :
Ty = 1 , (33)
0 0 w)\;,’nf(nfl) IlI'( Ug,n )
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where 1 < Ag ;=g i1 < p—1 andug; € kg, for alli. Let 0 = @05 := Qupl (As),
a Serre weight for G(Op+p).

Then there exist a sufficiently small compact open subgroup UP C G(AZP)
and a finite set of finite places ¥ as above such that

Homg(@ﬁ’p) ((T, S(Up’ k?E)mz)Ord 7§ 0.

If moreover the integers Nz ; — (i — 1) are distinct modulo p — 1 (for any v|p),
then for any such (UP,X) and any finite extension kY of kg, there is only one
ordinary character n of He,(0) such that Homgo,. ) (0, S(UP, klg)ws) 0] # 0
and this character sends T, ; in to ug Uz € kj in for vlp and
1 <j <n (where ugg:=1 for all v|p).

Proof. By [GG12, Lem. 3.1.5] it follows that for all v|p, 75 has an ordinary crys-
talline lift of Hodge-Tate weights (As1,As2 — 1,..., A5, — (n — 1)). The first
part of the proposition now follows from [GGI2, Thm. 6.1.6] under assumptions
(i") 7(Gal(F/F(%/1))) big and (iii') F) qoes not contain F(/1) (instead
of (i) and (iii)). (Note that the extra condition on the level U at places v € S, in
[GG12, §6.1] is only used to guarantee that U is sufficiently small.) To conclude,
we replace the application of [GGI12, Thm. 5.1.1] in the proof of [GG12, Thm.
6.1.6] by the proof of [BLGGT], Thm. 4.4.1] and Thorne’s improved modularity
theorem [BLGGT), Thm. 2.3.1] (to guarantee that 7’ can be chosen to be ordinary
of level prime to p). (Note that crystalline ordinary local Galois representations
are potentially diagonalizable and that if p; ~ py in the notation of [BLGGT),
§1.4], then p; is crystalline ordinary if and only if p, is crystalline ordinary; see
[BLGGT), §1.4].) The last part follows from Proposition [4.4.4] ]

Note that the congruence condition on the A;; — (i — 1) is satisfied whenever
T3 is inertially generic.

Assume that, for all w|p in F, 7, is ordinary (i.e. upper triangular up to
conjugation) and generic in the sense of Definition [3.4.2] (equivalently, assume 77
is ordinary and generic at all places © where v|p in F'T). We have associated to
75 @ w" ! in Definition a set of ordinary Serre weights for 15(G(Op+)) =
GL, (O, ) defined as the set of irreducible constituents of the GL,, (O, )-socle of
T1(75)*9® (w" 'odet). By Lemmal4.2.1] (more precisely its variant for 7;) and the
discussion that follows, the set of ordinary Serre weights of 73 ® w" ™! considered
as a set of G(Op+)-representations via ¢; is the same as the set of ordinary Serre
weights of T5e @ w™ ! considered as a set of G (Op+)-representations via 5. We
say that a Serre weight 0 = ®,,05 for G,(IF,) is an ordinary Serre weight of
7 ® w" L if, for every v|p, o; is an ordinary Serre weight of 7; ® w"~!. This
doesn’t depend on the choice of ¥ above v.
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Corollary 4.4.6. Suppose that 7 : Gal(F/F) — GL,(kg) satisfies assumptions
(i)—(ii) of Proposition[§.4.5, and suppose in addition that

(iv) for all w|p in F, Ty, is (ordinary) inertially generic (Definition|3.4.4).

Then there exist a sufficiently small compact open subgroup U? C G(ARY) and a
finite set of finite places ¥ as above such that, for any Serre weight o for G(Op+,),
we have

Homgo,, ) (o, 5(U?, kE)mz)ord # 0

if and only if o is an ordinary Serre weight of T ® w™ L.

Proof. This follows immediately from Propositions 4.4.4] and [4.4.5, and Exam-
ple [3.4.6] ]

The following statement is our main result and can be seen as a weak form of
Conjectured.2.5] Recall that an injection m < II between smooth representations
of G(FT®gQ),) over kg is said to be essential if, for any nonzero subrepresentation
7 CII, we have m N7’ 2 0 in I1.

Theorem 4.4.7. Let 7 : Gal(F/F) — GL,(kg) be a continuous representation
that satisfies conditions (i) to (iv) of Proposition and Corollary (so
in particular p > 2n+2). Fiz a good conjugate of each T3 and, for every ordinary
Serre weight o5 of T3 QW™ let w,, € WC% be the unique element corresponding
to 05 ® (W' o det) in Proposition m applied to p =T75. Fiz U? C G(ALY) a
sufficiently small compact open subgroup and ¥ a finite set of finite places as in
Corollary . Then, for each ordinary Serre weight 0 = Q05 of T @ W™,
there is an integer d, > 0 such that we have an essential injection of admissible
smooth representations of G(F* ®q Qp) = [1,, G(F,") over kg,

D ((X)(H(ﬁ)%w% ® (W o det)))eada < S(UP, kp)[m”)7. (34)

o=®0; * vlp

Proof. For each ordinary Serre weight o of 7 ® w™™! let
da = d1mkE HOH]G(@F_hp) (O’, S(Up, l{:E)[mZ]) [’I]],

where 7 is the unique ordinary character of H¢, (o) in Proposition [4.4.5) We have
in particular d, > 0. Write o5 = F(A\s) with A\ = (Ag1,...,A5n) €Z" (1 < A5, —
Agir1 < p—1) and set 75 1= N|pqy (o) (recall He,(0) = @ypHar, (05)). By def-
inition of w,, we have w, ! (Yr,gun-1) = diag(w* " nr(ug, ), ws2 "2 nr(22),

U1
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W nr(;-2n)) for some ugz; € ki, and by Proposition 4.4.5 we have

T,n—

N(Ty,.;) = u;l Upn—j. Thus we get from Example m that

n

GLy, (F3 ~
(C—IndGLnEOFZ) 05) v, (03)ms KE =

Indggrz}g}) w)xf;,l nr(um) ® w>\f;,2 nr(uq:;,z) R R w)‘ﬁvn Ill"( Uo,n )

Up,1 U n—1
and hence that

GLn(Fy ~ 7o 1GLn(Fy) .
(C_IndGLnEOF)i) 03) @, (o0 kB = IndB—(f(Tﬁ)) Wa (Xrsewn-1) - (W™ 00), (35)

where X7 gun-1 = Xr, @ (W" ' odet) is as in §3.4. Let T, and B, be as in Step 2 of
the proof of Proposition @ By Proposit, Corollary and we
can apply Theorem @ to (Gp, By, Tp), 1 := S(UP, kg)uz, P := Gyp(Ts @w™ 1),
the Serre weight o and the character Npawey, = 11- By the analogue over kg of
Remark and Corollary we get that the restriction to the G(Op+,)-
socle induces an isomorphism of T*-modules

Homg(r+gy0,) (® (H(Fﬁ)cﬁ,w% ® (W' o det)),S(Up, kE)mz) -

vlp

Homgo,.,,) (0, S(U?, ki) ) ).

Taking the m*-eigenspaces on both sides and using the fact that all constituents
of <§§v‘pl'[(ﬁ~,)(;Fﬁ w,, are principal series, we deduce

Homor- a0, (®(H<mcw,w% ® (@ odet)), S(U7, kE>[mE]°fd) o

vlp

Homgo,, ) (0, S(U”, kg)[m*])[n]. (36)

Let fi,..., fa, be a kg-basis of the right-hand side of and Fy,..., Fy, the
corresponding basis of the left-hand side, then @f;lFi induces a G(F't ®¢ Q,)-
equivariant map

(® (H(Tﬁ)cyﬁ,w% ® (W to det)>)®d0 — S(UP, kg)[m¥]°,

vlp

which is injective as it is injective on the G(Op+,)-socle. Summing over all o,
we get by the same argument an injection as in . It remains to prove that it
is essential, and, since S(UP, kg)[m*]"! @4, kg — S(UP, kg)[m*]°™d, it is enough
to prove this replacing kg by an algebraic closure kp. Assume the injection
is not essential and let II' be a nonzero subrepresentation of S(UP,kg)[m*]ord
which has zero intersection with the left-hand side of (34)) (tensored by kg).
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Since IT" is admissible, it satisfies the descending chain condition and, replacing
IT" by an irreducible subrepresentation, we can assume II' irreducible. Since
it lies in S(UP, kg)[m*]od it is thus an irreducible subquotient of a principal
series of G,(Q,) over kg. Let o/ C II' be a Serre weight for G,(F,), then by
[Her11l Cor. 9.13(i)] (more precisely the last sentence in loc. cit.) the action
of Hg,(0') on Homg,(z,) (o', II') factors through Sr, (see for Syr) and thus
there is an injection o/ — II' < S(U?, kg)[m*]°"d which gives an element in
Homg (o, (o', S(U?, kg)[m¥])[n] for some ordinary character ' of Hg, (/). But
Corollary [4.4.6| and the isomorphism

Homg(@Ftp) (O’l, S(Up, kE)[mZ]) ®/€E EE ;> HOmg( ) (0/, S(UP,EE)[WE])

Opt,
(recall that ¢’ is defined over kg) imply that ¢/ must be an ordinary Serre weight
o of F@w™ ! and that 7' must be 7, so that ¢’ can’t have a zero intersection with
the left-hand side of by construction. This proves we must have II' = 0. [

The integers d, in Theorem [£.4.7] a priori depend on all the data, that is, on
7, UP, ¥ and o. Note that if all d, are equal, and if d is their common value,
then one recovers an essential injection as in .

We end this paper with some evidence for the p-adic case, i.e. Conjecture
. If r : Gal(F/F) — GL,(FE) is a continuous representation, we denote by
7 the semi-simplification of its mod wg reduction. If r is ramified only at a fi-
nite number of places of F', we recall that r is modular if there exist a compact
open subgroup U? C G(A}Y), a finite set ¥ of finite places of F'* (contain-
ing the set of places of F* that split in F and divide pN, the set of places
of F™ that split in F at which U? is not unramified and the set of places of
F* that split in F' at which r is ramified) and irreducible algebraic represen-
tations L()\;) of G Xo,,n/n F,f =~ GL,/p, over E for v|p of highest weight
Ao = (As1 >+ > Agn) such that Homy, (®,, L(Xs), S(U?, E)[p¥]) # 0 for U,
a small enough compact open subgroup of Hv|p G(Op+) (see [EGHI13, §7.1.4] and
note that Homy, (®v‘pL(/\f,),§(Up,E)) = S(UPU,, @uppL(N;)) where Nj; =
—Xsm—it1; also recall that the prime ideal p* of T* was defined in §4.2)). More-
over r modular implies that r; is potentially semi-stable for all v|p and that
Ao > N2 — 1>+ >N, — (n— 1) are its Hodge—Tate weights (see [EGH13],
Thm. 7.2.1] together with our convention at the end of Remark [4.2.4).

Theorem 4.4.8. Let r : Gal(F/F) — GL,(E) be a continuous representation
that satisfies the following assumptions:

(i) 7 is modular;

(i) 7|gaE/r o) s absolutely irreducible;

63



(iii) ry is generic ordinary for all w|p in F;
(iv) (T)w is (ordinary) inertially generic with C), maximal for all w|p in F;

(V) p>2n+2and (, € F.

Fiz UP C G(AZY) a sufficiently small compact open subgroup and a finite set 3 of
finite places of F* as above such that Homy, (®v‘p L(Xs),5(U?, E) [p*]) # 0 for
U, small enough. Then there is an integer d € Z~o such that we have an injection
of admissible unitary continuous representations of G(F'* ®q Q) = [, , G(£7)
over E,

— od

(® (H(rg)ord ® (" 1o det))) < S(U?, E)[p~]. (37)
vlp

Proof. Note that assumptions (i) and (iii) imply that 7 ® w™™! is modular and
ordinary. Assumption (iv) implies W¢ —~ = {1}, or equivalently that (7), is
upper triangular and “as indecomposable as possible” (see , or equivalently
again by Corollary that 7 ® w™ ! has only one ordinary Serre weight. We
also get from assumptions (iii) and (iv) that W, = {1}, or equivalently that
I1(r,)°™ has an irreducible socle. Moreover it follows from assumptions (i) and
(iii) that r,, is potentially crystalline for all w|p in F' with associated Weil-Deligne
representation corresponding to an irreducible smooth principal series of GL,,(F,)
over E. By [EGH13, Thm. 7.2.1(iv)] and the well-known description of the locally
algebraic vectors of S(U?, E) (see e.g. [Brel3d, Prop. 5.1]), we get a [L, G(E)-
equivariant injection

& (1G5 (roent) - (7 0 0))

vlp

alg

< S(U”, E)[p”]

where “alg” means the locally algebraic vectors of the irreducible unitary contin-
. 0

uous principal series (Indggrggs) (Xrs@en—1) - (710 9))C . Either by an application

of Emerton’s functor of ordinary parts or by the fact that (IndgE?éI;‘?)(XTﬁ@En—l) .

0 -
(e7to 9))C is the universal unitary completion of (Indgli’zg})(Xra@gnﬂ) (e7to

9))alg, we have

n (Lo — al =
Homg(r+aqa,) (@) (G (Gruoen) - (7 0 0)™, (U7, B)p]) =

v|p

—_—

n(Fy _ co -~
Homarraga,) (@) (G (treen) - (670 6) 7 507, B)[p™)).

vlp
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Let d be the (finite positive) dimension of this space of homomorphisms, then, as
in the proof of Theorem , one applies Corollary 4.3.11| to I := S(UP, E),=
and p := @,p(r; ® "), and concludes as in the proof of Theorem . ]

Remark 4.4.9. (i) With some more work, one should be able to prove that the
injection is essential for d as in the above proof, at least in some cases. First,
it follows from Corollary and assumption (v) in the statement of Theorem
that an irreducible constituent in the G(F+ ®g Q,)-socle of S(UP, E)[p=]ord
is always a full principal series (because it reduces to a full principal series).
Secondly (at least in some cases), one should be able to replace the control of
the G(Op-+,)-socle of S(U?, kg)[m*]°*d given by Corollary by a control of
the locally analytic vectors of the G(FT ®g Q,)-socle of S(UP, F)[p*]°™? given by
[Brel3cl, Prop. 8.1] and [Brel3d, §9], and get that any principal series in this socle

should always be (one copy of) @ (Indglf(‘g?)(xmgsnfl) (e7to 9))60. See also
the recent [BC14] for stronger results on Conjecture when n = 3.

(i) When G = GSp,, analogous results to those of Theorem and Theorem
should follow by the same method from recent results on ordinary Serre
weights for GSp, (see [HT13] and [GGI2, §7]) and the transfer from compact
mod centre GSp, to GLy (see for example [Sor09, Thm. B, as well as [GT11],
Thm. 12.1]), showing that the representation II(p)°*® hopefully remains relevant
beyond GL,.

(iii) Finally, it is natural to wonder what happens with respect to L-packets when
the classical Langlands correspondence is involved, that is, when p is potentially
semi-stable with distinct Hodge-Tate weights. Let us assume for simplicity that
p is crystalline (and generic ordinary as in Definition . In that case, the
WEeil representation associated to p is the same as the Weil representation W(x,)
associated to X, : Gal(Q,/Q,) — T(E) as in The image of W(X,) in T(E) is
generated by one (semi-simple) element ¢ since W (X,) is unramified. As the center
of G is connected, a classical result of Steinberg ([SS70, §3.9]) implies that the
centralizer Z(t) of t in G is a connected reductive algebraic group. In particular,
the associated L-packet is a singleton (an irreducible unramified principal series
of G(Q,)). Therefore, at least in this case, no (classical) endoscopic phenomenon
occurs.

A Some results on unitary continuous represen-
tations 1

In this appendix, we give technical results on admissible unitary continuous rep-
resentations of p-adic analytic groups that are used in the text. We didn’t try to
reach the greatest generality.
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We refer to [Sch06l, §2] and [Emel0al §2] for the definition and basic properties
of the abelian category of admissible unitary continuous representations of a p-
adic analytic group G on p-adic Banach spaces over E (more precisely, with the
notation of [EmelQal §2], it is the category ModZS2 *™(Op)! ® Q, that is, the
category Mod&5= ™ (Op)! of [Emel0al Prop. 2.4.10] up to isogeny). If II, II" are
two admissible unitary continuous representations of G over E, we denote by
Extg, (I, IT) the E-vector spaces of Yoneda extensions in this abelian category.

We didn’t seek to be optimal in the statements that follow as they suffice for
our purpose (thus some of them might still be true under weaker assumptions).

Lemma A.1. Let (- — M, = M,y — ---) be a projective system of Op/w},-
modules (n € Zsq) such that M := lim M, is of finite type over Op. Let 11 be a

p-adic Banach space over E and I1° C II be a unit ball. Then there is a topological
1somorphism
M ®o, = (lim(M, ©o, 11°)) ®0o, E,

where M,, @0, 1I° = M,, @0, 1I°/w? is endowed with the discrete topology and
lim(M, ®o, I1°) with the projective limit topology.

Proof. Since E is discretely valued, the Banach space II admits an orthonormal-
izable basis (€;)ie; by [Sch02, Prop. 10.1] and we can take IT° to be the unit ball
for that basis. Then lim(M, ®o, %) = lim(M,, ®o, (SierOge;)) which can be

identified with the Og-module M= {(m;)icr : m; € M,m; — 0 when i — oo},
where the convergence condition means that for any n > 1 there exists a finite
subset I, C I such that m; € Ker(M — M,) if i ¢ I,. Since M = ligan,

the Og-submodules Ker(M — M,,) form a basis of open neighbourhoods of 0 in
M for the natural profinite (i.e. wg-adic) topology on M, and this convergence
condition is equivalent to asking that for any n > 1 there exists a finite subset
I, C I such that m; € wiM if i ¢ I,. In other terms M together with its
projective limit topology is the wg-adic completion of M ®o,, (icrOge;). Since
M is of finite type over O, this is just M ®¢,, I1°. [

Lemma A.2. Let M be an Og-module such that each element is killed by a power
of wg, it has no nonzero divisible element and the submodule of elements killed
by wg is a finite-dimensional kg-vector space. Then M s of finite type over Op.

Proof. For n € Z~o let M[wlk] € M be the submodule of elements killed by

wp and let 7 be the dimension of M|wg]. Then M[w}] is of finite type (as
n—1

follows from the exact sequence 0 — M[wgp] — M=k Z¥ Mo '] and a
straightforward induction on n) and isomorphic to @!_,Og/ (w%(”)) for some
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di(n) € Zsg. Since M@} '] = M[wh][wh '], we see that, up to a permutation
on the set {di(n),...,d.(n)}, we have d;(n — 1) < d;(n). We claim that there is
D € Z- such that d;(n) < D for all i and all n. Indeed, if not, then for each
d € Z-y, M[wg| contains a nonzero element which is in @l M. Since M[wg]
is a finite set (kg being finite), we see that M must contain a nonzero divisible
element which is impossible. Since the d;(n) are bounded and increasing, we have
M[wh] = M[w'st] for n large enough which finishes the proof. O

The following lemma will often be tacitly used in the sequel.

Lemma A.3. Let Gy, Gy be two p-adic analytic groups and Ily, Iy two ad-
missible unitary continuous representations of respectively Gi and Gy over E.
Then the completed tensor product II; @glly is an admissible unitary continuous
representation of the p-adic analytic group G1 X GS.

Proof. Fori € {1,2} let H; C G; be a compact open subgroup and II{ C TI; a unit
ball. By [Sch06, Thm. 2.3] we have to prove that Home, (II'®0, 119, Og) (the
Opg-dual) is an Og[[H; x Hs]]-module of finite type, where Og[[H; x Hs]] is the
Iwasawa algebra of Hy x Hy. Let (H;n)mez., be a decreasing sequence of normal
compact open subgroups of H; so that Op[[H;]] & lim Op[H;/H;,p). Since IT9 /w7,

is (smooth) admissible, (I1? /cw?)fim is a finite type Op-module for all n,m € Z;
(and even a finite Og-module as Og/w? is finite). Since I /@ Qo [15 /w0 is
smooth, we have a topological isomorphism (for the profinite topology)

lim ( Homo, (/=)™ . Op/=}) ©o, Homo, (T /w) ™, O /) ).
(38)

Set M; := Homp,, (I1?, Og) which is an Og[[H;]]-module of finite type by assump-
tion. Since

(H?/w%)Hzm = Horn(gE(]\41-/73%7 (’)E/w%)Hlm —
Home,, (Mz/w]% Qo) Orl[Hi/Himl), OE/W%),
we have by biduality,
M; /@y Qop([H,)) Og|[H;/H; ]| = Homp,, ((H?/w%)H’i,nL’ OE/’W%) (39)

and thus an isomorphism of Og[[H1/Him]] @ Or|[Hs/Hsm]] = Opl[H1/Him X
H,/H, ,,]]-modules of finite type,

(M@ ®oy, Ma/w) ®ouim)eo,0slH) O[H1/Him X Ha/Hs ] =
Homo,, (I} /@)™, Op/@h) @o, Home,, (I} /@)™, Op/w}).
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Any finite type Op/wh[[H1 x Hs]] module M satisfies

i (M @0, ) Opl[Hi/Him X Hy/Hs ) = M

(use 7 = lim 7/um*Ham and 1' where 7 is the smooth representation of H; x H,
—
m

corresponding to M). Taking the projective limit over m and using thus
yields an isomorphism of Og/w'k[[H; X Hs]]-modules of finite type,

(Mi/wy ®op Ma/@g) @0 ()00, 0s(H)) Orl[H1 X Ha]] =

Home,, (H?/w’E‘ R0 Hg/w%, OE/w%).

Taking now the projective limit over n yields an isomorphism of Og[[H; x H,]|-
modules of finite type,

(M1 ®0, Ma) ®ou(im)|eo,0s(H) Or|[H1 X Hs]] =
lgl HOHIOE (H?/w% ®OE Hg/w}@, OE/YD%) = HOIIlOE (H?@OEHS, OE),

n

which finishes the proof. m

We say that an admissible unitary continuous representation II of a p-adic
analytic group G is residually of finite length if for some (or equivalently any) unit
ball TI° C II preserved by G, the admissible smooth G-representation II° ®¢, kg
is of finite length.

Lemma A.4. Let Gy, Gy be two p-adic analytic groups and 11y, TI} (resp. Ily)
some admissible unitary continuous representation(s) of Gy (resp. Gg) over E.
Assume that 11} is residually of finite length and dimg Homg, (11}, I1;) < co. Then
there is a canonical equivariant isomorphism of admissible unitary continuous
representations of Go over E,

Homg, (I}, II;,) ® g I, — Homg, (IT), T, ® p11,).

Proof. Let 19, TI*° (resp. T19) be invariant unit balls in II;, TI; (resp. II,), then
we have Homg, (IT}, I, ® g11,) = E ®0, Homg, (IT}°, T19&0,119). We have obvious
isomorphisms

Homg, (Hll(]? H(l)) - 1}31 Homg, (Hllo/wZ% H(l)/w%) (40)

n

Homg, (117", IN®I) 5 lim Home, (11 /oo, 119/ @ 115 /o). (41)
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Writing 13 /@ = lim M;, where (M;);es is an increasing sequence of free Op /w};-
submodules of I1Y /% of finite rank, we have isomorphisms
Homg, (TT}" /@), 1T /oy @ 119 /=) = Homg, (I} /oy, lim (119 /w5 @ M;))

= lim Homg, (I1{" /o, 11}/ @ M)
= lim (Homg, (1)’ /o, 11} /) @ M;)

> Homg,(IT) /@y, IV /o) @113 /o'y, (42)

where we use that IT"’ /o’ is a finite length representation of Gy for the second
isomorphism. Taking the projective limit over n and using , together
with Lemma gives the result. O

Note that the assumption dimg Homg, (IT},11;) < oo in Lemma is au-
tomatically satisfied if also II; is residually of finite length (using
that Homg, (II'°, 119) /@y embeds into Homg, (I}’ /g, 119 /@) which is finite-
dimensional over kg as both II)’ /@y and I19/wy are admissible smooth repre-
sentations of G of finite length).

Lemma A.5. Let G1, Gy be two p-adic analytic groups and 11y, 11} (resp. 11,
IT,) be two admissible unitary continuous representations of Gy (resp. G3) over E.
Assume that Iy and IT; are residually of finite length and dimp Extg, (I}, 11;) <
oo. Let I be an extension of H&@H’Q by 1,1, (in the category of admissible
unitary continuous representations of G1 X G over E). Then we have an ezact
sequence of admissible unitary continuous representations of Gy over F,

0 — Homg, (11}, I1;) @ Iy — Homg, (11}, 1) — Endg, (II}) ®F I, —
Extg, (I}, 1) ®@p .

Proof. Note first that Homg, (1T}, 1) and Endg, (IT}) are finite dimensional FE-
vector spaces, as we saw above. Let I, II)’, 119, II) be invariant unit balls in
I0;, 1T}, Iy, I, and 1° an invariant unit ball in IT such that we have an exact
sequence of Og|[G; X Go]-modules,

0 — RIS — 11° — &I, — 0.
Let us first prove that it is enough to have an exact sequence for every n > 1,

0 — Homg, (I}’ /w}, 11} /e) © 15 /e, — Homg, (11} /e, 11 /o) —

Endg, (I /@) ® 11y /oo, — Extg, (113 /wf, 11 /o) © 1 /ap,  (43)
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where the Ext' is in the abelian category of smooth representations of Gy over
Og/w-modules. The Mittag-Leffler condition on the projective system

0 n n n
(Homg, (I} /i, 11} /i) @ Hg/wE)n

is satisfied since 119/’ — 119/’ ! is surjective and Homg, (I} /e, 119 /o) is
a finite type Op/wlk-module (as follows from the assumptions of residual finite
length and a dévissage, see above). Thus the sequence remains exact after taking
liin (decomposing a projective system of exact sequences 0 — A, — B, —

C, = D,a0— A, - B, » Im(B,) > 0and 0 —» Im(B,) —» C, — D,
and noting that the second sequence always remains exact at the limit since
there is no surjectivity to check). One easily checks that the Og-module M :=
lim Extg, (I /e, 119 /™) is a submodule of Ext%QE[GI] (I1"°, 119) (:= extensions as

linear representations of G; on Og-modules) and satisfies EQ M = Extg, (1T}, 11;).
The natural surjection

HomGl (Hllo’ H(l)/wE) - EXt}QE[Gl] (H/107 H(l)) [WE]

(see the notation in the proof of Lemma coming from the exact sequence 0 —
9 Z% 119 — 119 /wg — 0 shows that Ext}DE[GI](H’lo, [19)[cwg] is finite-dimensional
over kg. If My, is the torsion part of M, then a fortiori Myos[wg| = M[wg]
is also finite-dimensional. Moreover M, has no nonzero divisible element as
it is contained in a projective limit of Og/w}k-modules. Applying Lemma ,
we see that M. is of finite type over Op. Since F ®@ M = Exthl(H’l,Hl) is
finite-dimensional over E, we get that M is a finite type Og-module. Using
isomorphisms like and Lemma (which is were we use that M is of finite
type), we then conclude that taking the projective limit of and tensoring by
E gives the result. Let us now prove . Applying Homg, (I1}°/ wh, ) to the
exact sequence 0 — 119 /wh @ 119/wl — 11°/wh — I /oh @ I, /o’ — 0 and
using isomorphisms like (42)) we get an exact sequence

0 — Homg, (I} /o'y, 19 /o) ® 119 /s — Homg, (117 /iy, T1°/wly) —

Endg, (I /o) @ 1y Jooly — Exté, (I /o, 1S /ool @ 119 /wl)  (44)

(the Ext' are still in the category of smooth Gj-representations over Op /).
Let f € Endg, (1} /@) ® 11y /w}, = Homg, (T1) /s, 11} /oy @ 11y /o), then
f defines a natural Gy-equivariant morphism IT7° /o — TI7° /o’ ® 11, /@, and
the image of f in the Ext' on the right is given by 0 — I /&% @ 113 /ool — V —
11"’ /@’ — 0, where V is the fiber product

N0/l — P/ @114 /o
4 +f

| 2 ° /oo,
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Lift in V a finite set of generators of the Gy-representation II)” /w? (recall it is of
finite length). Since IT°/w% is a smooth representation of Gy, this finite set and
the GG1-representation it generates both lie in

VN (10w x 1) /o)

for a sufficiently small compact open subgroup Hs of G5. Moreover we have an
exact sequence of GG-representations,

0 — I /w @ (M3 /@) H2 — V N (10 wiy) B2 x T foy) — T el — 0,

which gives back V' by pushout along I19/ww? ® (113 /)2 — 110 /o @11 /. 1f
V is split, then any G -equivariant section IT}’ /e < V lies in VN ((I1° /o) 2 x
1’/ wl) for Hy sufficiently small (as follows again from the fact that I /o, is
of finite length) and thus V N ((II°/@) 2 x 1’ /@) is also split. Conversely,
it VN ((I1°/@p)® x H’lo/w}‘;) is split, then so is the pushout V. All this shows
that one can replace Extf, (I} /o, II9 /ot @ T19 /) in by the inductive
limit

lim Extg, (T /@, T} /) @ (T19/wh) ™).

H>
Since I13 /Y, is admissible, this inductive limit can also be computed replacing
the increasing sequence of submodules (I19/w%)#2 by an increasing sequence of
free O /wh-submodules of 119 /w? of finite rank, the union of which is IT3 /c’.
Thus we see that it is isomorphic to Extg, (I1;’ /o, 119 /o) @ 113/, giving at

last . O

Lemma A.6. Let Gi, Gy be two p-adic analytic groups and 1y, T} (resp. Ils,
IT,) be two admissible unitary continuous representations of Gy (resp. Gg) over
E. Assume that 11y is residually of finite length, dimp Extg, (If,1I;) < oo,
Homg, (I1},II1) = 0 and Endg, (II}) = E.

(1) Assume that 11} is residually of finite length and either Homg, (115, II5) = 0 or
Extg, (I, 1) = 0. Then we have

EXtél X Ga (H/1®EH/27 H1®EH2> = 0.

(i) Assume that Iy is residually of finite length, dimp Extg (I}, 1) = 1,
dimp Extg, (I, II,) < 0o and Endg, (Ils) = E. Then we have

dlmE EXtéleg (H&@EHQ, H1®EH2) = 17

where the corresponding unique non-split extension is realized by ViQplly, Vi
being the unique non-split extension of 11} by I1;.
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Proof. (i) Let IT be an extension of II;®IT, by I1;®I1,, applying Homg, (1T, -) we
get by Lemma an exact sequence of admissible unitary continuous represen-
tations of Gy,

0 — Homg, (117, IT) — 1T}, — Extg;, (11}, 1) ® Il,.

If Homg, (IT5, II) = 0 or Extg;, (I}, 11;) = 0 the map on the right is zero and
tensoring by II] we deduce a commutative G; X Ga-equivariant diagram,

II'® Homg, (I, 1) = II,&II,
! Il
IT — I ®II

yielding a splitting of II.

(ii) Let us first prove dimp Extg; ¢, (I} @Iy, II;®11,) < 1. Let II be an extension
of TI'®I, by I;®II,, applying Homg, (II,,-) we get by Lemma an exact
sequence of admissible unitary continuous representations of G,

0 — II; — Homg, (115, IT) — II} — Extg, (I, II) @ I;.

Since Homg;, (IT{,II) = 0, the map on the right is zero and thus Homg, (I, IT)
gives an element of Extg, (I}, II;). Tensoring by Il we deduce a short exact

sequence,
0 — II,®I, — Homg, (ITy, ) &I1, — &I, — 0

yielding a canonical Gy x Gy-equivariant isomorphism Homg, (I, IT)&@IT, = T1.
This implies that tensoring by Il; induces a canonical surjection,

Extg;, (I, I1;) — Extg, g, (I &1, I ®I1,)
and in particular, we get
dimp Extg, ., (I &1, IL®IL,) < dimp Extg, (117, 11;) = 1.

Now the representation V;®Il, yields an element in Ext; ,q, (I} &1, I1; R1I1,).
This element is nonzero since Homg, (IT;, Vi®I1y) = Homg, (I}, V1) @ IT, = 0 (as
follows from Homg, (IT},11;) = 0, Endg, (IT}) = E, V4 non-split and Lemma
and thus a fortior: Homglng(H’1<§>H2, V1<§>H2) = (0. This finishes the proof. [J

B Some results on unitary continuous represen-
tations 11

We recall here more or less well-known results concerning unitary continuous
principal series of GL3(Q,) or of a product of GLy(Q,) that are used in the text.
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Proposition B.1. Fori € {1,...,n} (n € Z>1) let x14, x2 : Q) — O € E* be
unitary continuous characters such that x1,; # Xa.i. View x2,®X1, as a character

of (£9) € GLy(Qy) by (79) = xa(2)x1(y) and define
0
II; := (Iﬂd?%«)@p) X2,i & X1,z‘)c )

where the continuous parabolic induction is as in §3.1. Then the unitary continu-
ous representation 1,Qg - ®Qpll, of the product group GL2(Q,) X - - - x GL2(Q,)
(n times) is admissible, topologically irreducible, residually of finite length and
has only scalar endomorphisms.

Proof. Throughout this proof, irreducible means topologically irreducible. The
admissibility follows from Lemma [A.3] For the finite length mod wg and the

scalar endomorphlsms it is enough to prove that the reduction I1; ®p,, - - - @, I,

IndGL2 @) 5

where II; (+9) X2 ® X1,; (smooth induction), is of finite length and has

scalar endomorphlsms From [BL94, Thm. 30] and the (classical) fact that the
tensor product of two smooth irreducible representations over kg with scalar en-
domorphisms is an irreducible representation of the product group with scalar
endomorphisms, we deduce that this tensor product over kg is of finite length,
indecomposable and with distinct constituents. Thus its endomorphisms are just
kg. Let us indicate how one can prove the irreducibility. Note that this is
straightforward if all the II; are irreducible. First each II; is irreducible. Indeed,
if TI; is reducible, then it is a non-split extension of a twist of the Steinberg rep-
resentation (which is irreducible) by a 1-dimensional representation (see [BL94,
Thm. 30]). It implies that any nonzero strict invariant closed subspace II; C TI;
has to be 1-dimensional, which is easily checked to be impossible since we as-
sumed X1, # X2, (one can also use locally analytic vectors as in what follows
or as in [Eme06l Prop. 5.3.4]). Secondly, it is enough to prove that any nonzero
closed invariant subspace of the completed tensor product contains an element
of the form v; ® vy ® -+ ® v,,. Indeed, by irreducibility of each II; (and since
it is a closed subspace) it will then contain the whole usual tensor product and
hence the completed tensor product (again as it is closed). To prove this we use
locally analytic vectors. As the completed tensor product of principal series is
a principal series for the product group (in both continuous and locally analytic
worlds) and as X1, X2, being continuous characters of Q, are automatically
locally analytic, one easily checks that the subspace of locally analytic vectors
of I1®p - - - RpIl, is the representation Hi‘n@)E o @EHZH, where II#" denotes the

locally analytic principal series (Ind((;f 20(%} ) X2 ® Xl’i)an ([Sch06), §3]). By density

of locally analytic vectors in continuous admissible representations ([Sch06, Thm.
4.2]), it is enough to prove that the irreducible constituents of Hi‘n® B ® glIZ®
are the finitely many representations C1&p - - - @ gC,,, where C; is an irreducible
constituent of II*". Indeed, any nonzero closed invariant subspace will contain
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such a constituent and thus a fortiori a vector v ® vo ® - - - @ v,,. In other words
one has to prove that C1®p - @pC, is irreducible. Changing the numbering,
we can assume (see [STOIL §4]) that C; is locally algebraic if 1 < i < m (in the
sense of the Prasad’s appendix in [STOI]) and is an irreducible locally analytic
principal series if m +1 < i < n (where 0 < m < n). We can then rewrite
the completed tensor product as (C] ® -+ ® Cp,) ® (Cm+1® . @Cn) and one
easily proves that it is irreducible if the factor Cm+1® - ®C,, is irreducible (as
C1 ® - ® C,, is obviously irreducible and the tensor product in the middle is a
usual - i.e. not completed - tensor product). But this factor is a locally analytic
principal series for the group GL2(Q,) X - -+ x GL2(Q,) (n — m times), and the
fact it is irreducible follows then from the fact that the “corresponding” Verma
module over the enveloping algebra of this group is obviously irreducible (be-
ing the tensor product of irreducible Verma modules for GLy): see [OS10, §4.1]
(together with [STO1] §4]). O

The following proposition is not new (see e.g. [Emelll Rk. 3.3.20], see also
[Haul3]), however, due to its importance in this paper, we provide a quick proof.

Proposition B.2. Let x1,x2 : QF — Of C E* be unitary continuous characters
such that x1x5 " & {,e7'} and view 267! @ x1 and x167 ® X2 as characters of

(¥9) as in Proposition .

(i) If x1 # X2, we have (in the category of unitary continuous representations of

GL2(Qy))
. 2(Qp _ co 2(Qyp _ co
dimp ExtéLg(@p)((Ind?fo((% "oeT @ 1) 7(Ind((}fo($ " ieT @ xo) ) =1.

Moreover, this unique non-split extension has a central character.
(ii) We have (in the category of unitary continuous representations of GL2(Q,))

. _ co _ co
dimp Extr, g, <(Iﬂd?f 20(;@1’) Xie "t ®xa) (Ind((;*L 20(?‘7) X1t ® x2) ) <5.

Proof. The assumption y1x;' ¢ {e,7'} makes the two continuous GLg(Q,)-
representations in (i) topologically irreducible (use e.g. Proposition and the
assumption y; # x» makes them distinct (Theorem [3.1.1(iii)). The assertion on
the central character is then automatic. To prove (i) and (ii), we apply the exact
sequence

0 — Ext}, (U, Ordp(V)) = Exts(Ind% U, V) = Homy, (U, R Ordp(V)) —
Ext2, (U, Ordp(V))

of [EmelObl (3.7.5)] to A = Op/wlh, G = GLy(Q,), P = (53), M = (39),
U = xe' ® x1 mod @} and V = Ind%- x167! @ yo mod w?, where ex-
tensions are in the abelian category of locally admissible smooth representa-
tions over Op/w? of the relevant group (see [Emel0al Def.2.2.17], the Ext' are
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the same as in the category of admissible smooth representations). We have
Ordp(V) = x1e7' ® x2 by [Emel0Ob, Cor. 4.2.10]. This implies in particular
that Exty, (U, Ordp(V)) is an Op/wk-module of finite type (as follows for in-
stance from a dévissage and [EmelObl Lem. 4.3.10] together with [EmelOb, Rem.
4.3.11]). Since R' Ordp(V) = U by [Emel0Db, Cor. 4.2.10] together with the com-
ment after [EmelOb, Conj. 3.7.2], the Og/wk-module Hom (U, R' Ordp(V))
is free of rank 1. When x; # X2, let N € Zs( be the maximal integer such
that x; = x2 mod wy, the same argument as in [EmelObl Lem. 4.3.10] shows
that Ext’,(U,0rdp(V)), i = 1,2 is an Og/wd-module. In particular the image
Im(Ext') of Exty(Ind%- U, V) in Homy, (U, R Ordp(V)) =& Og/w} for n > N
contains wh (Og/wh) = Op/wly Y. Passing to the projective limit over n on
the short exact sequences

0 — Ext),(U,0rdp(V)) — Exti(Ind% U, V) — Im(Ext') — 0

(which still yields a short exact sequence since, Ext}, (U, Ordp(V)) being a finite
set for all n, the Mittag-Leffler conditions are satisfied) and tensoring by E easily
gives (i). (ii) is proved in the same way using that dimg Exty,(x16 ' ®x2, Y167 ®
X2) = 4 (in the category of admissible unitary continuous representations of M
over E) and dimg Homj;(x1e7! ® x2, X261 @ x1) < 1. O

Remark B.3. Pushing further the proof of Proposition [B.2{ii) (using again
[Emel0b]), one gets that the dimension is in fact 4 (at least when p > 2).
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