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ABSTRACT. We establish an optimal (topological) irreducibility criterion for p-adic Banach principal
series of GL, (F'), where F//Qp is finite and n < 3. This is new for n = 3 as well as for n =2, F # Q,
and establishes a refined version of Schneider’s conjecture [Sch06, Conjecture 2.5] for these groups.

1. INTRODUCTION

Suppose that F/Q, is a finite extension with normalized absolute value |-|r and residue field of
cardinality q. This paper concerns the continuous representations of G = GL,(F) on p-adic Banach
spaces over a coefficient field C' that is a (sufficiently large) finite extension of @Q,. Such Banach
representations were introduced in the work of Schneider—Teitelbaum [ST02] and play a fundamental role
in the p-adic Langlands program (see for example [Bre04], [BSO7], [Col10], [EmelT], [Pasi3], [CEGT16]).
Little has been known about Banach representations outside the group GL2(Q)) so far. The main goal
of this paper is to determine an optimal (topological) irreducibility criterion for Banach principal series
of GL,(F') when n < 3. This goes further than Schneider’s conjecture [Sch06, Conjecture 2.5] for these
groups.

Let B denote the upper-triangular Borel subgroup, T the diagonal maximal torus. If y = x1®- - -®xy, :
T — C* is a continuous character, then we inflate y to B and form the parabolic induction

(Ind$ x)° := {f: G — C continuous | f(gb) = x(b)"*f(g) for any g € G, b € B},

which carries a natural Banach topology making it into an (admissible) Banach representation of G
under left translation that we call a Banach principal series. If x is smooth and we replace continuous
functions by locally constant functions, then we obtain a dense smooth subrepresentation (Indg X)*™ of
(Ind x)°*=.

To state our main result, we say that a character \: F'* — C* is non-positive algebraic if it is of the

form )\(l‘) = Hm: F—C "i(t)a’i for some (afi) S Zggm(ch).

)Cts

Theorem 1.1. Suppose that n < 3. Then the Banach principal series (Indg X is reducible if and

only if there exists 1 < i < n such that XiX;_,.l1 is mon-positive algebraic.

This result was known for n = 1, as well as for n = 2 and F = Q, [Sch06, Proposition 2.6]. It
was also known when dy; , —dxjx — (j — 1) € Z<o for all 1 < i < j < n and all k: F — C [Sch06,
Proposition 2.6], [OS10], where dx;: F' ®q, C = @, C — C denotes the derivative of x; (noting that
Xi is Qp-locally analytic), by locally analytic representation theory and comparison with BGG category
O. It was known when \Xixj_l(wFﬂ < 1foralll <i < j <n [BHI6|, where |-| denotes a defining
absolute value on C, by using continuous distribution algebras. Finally it was known when y is unitary
and X; # X;,1 for all 1 <4 < n, where ; denotes the reduction of x; modulo the maximal ideal of Oc,
since the reduction of a G-stable unit ball in (Ind$ x)¢* is irreducible in this case [OII06]. Note that the
conditions in the last three results exclude the exceptional cases where xixl;ll is non-positive algebraic.

As a corollary to Theoremwe obtain a slightly improved version of [AH] Theorem for GL,,(F)
(n > 1), see Corollary It is natural to wonder if Theorem continues to hold for all n, but the
evidence is rather limited at this point.
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We now indicate how we prove Theorem The “if” direction is clear by transitivity of parabolic
induction, because if n = 2 and ;x5 " is non-positive algebraic, then (Indg X)°* contains (up to twist
by x1 o det) a finite-dimensional algebraic subrepresentation.

To prove the “only if” direction we apply our results from [AH| — relying on locally analytic vectors
[ST03] and the work of Orlik—Strauch [OS15], [OS14] — to reduce to the case where x is smooth and
moreover the smooth representation (Indg X)®™ contains a non-generic irreducible subrepresentation.
Our assumption then becomes that y; # x;41 for all 1 < i < n, and it remains to consider the case
where n = 3 and x1x3 ' = |-|r (by genericity considerations). We remark that generically (Indg x)*™
is indecomposable of length 2 in this case. By symmetry, using the outer automorphism of GL3, we
reduce to proving the following proposition.

Proposition 1.2. Assume that x is smooth and that x1 # X2, X2 # X3- If Xlxgl # |'|% and
I3 xa(wr)| > |ql, then (Ind$ x)t is irreducible.

By [AH, Corollary it suffices to show that any irreducible subrepresentation 7 of (Indg x)=™
is dense in (Indg X)*%. Let P be the parabolic corresponding to 3 = 2 + 1, with unipotent radical
N and Levi subgroup L containing T. Let Z5 denote the center of L. Let Ny := N N GL3(OF),
Lt = {z € Zp | 2Noz=' C No}, and Z} := Z, N L*. Then 7o carries a Hecke action of L+
by letting ¢ € LT act as [Ny : ¢No¢=1]7! 2 oneNy /eNge—1 v for v € N0 and 7No-ZL=X becomes a
smooth representation of L, with Lt acting via the Hecke action and Zy via y. In fact, the natural
map N0 ZL=x ﬁﬁL:X is an L-linear isomorphism [Eme06l Proposition 4.3.4], where 7wy denotes the
unnormalized Jacquet module. We use the geometric lemma to show that

0 # 70 ZEX o (Ind ™) VoA 2 (Ind )™

where the final isomorphism 6 is induced by restriction of functions from G to L.

Our key step is to find an explicit inverse of the isomorphism 6, see Theorem As x1 # X2,
the L-subrepresentation N0 ZI=X has to either be the full principal series or a twist of the Steinberg
representation, and we can apply 0! to obtain many explicit functions in 7. We now put o :=
(Ind%; x)°* and think of (Ind% x)°® as (Ind% o)°*. Then we are able to find sequences h,, € 7 and

. € (Ind% o) (n > 1) and a vector v € o such that

supp(h;,) C NoP, where Ny is the transpose of No;

Rl (z) € Cv for all x € No;

the sequence h/, is bounded away from 0;

lim,, o0 (hyy, — R]) = 0.

Using Corollary[2:3] which may be of independent interest for establishing the irreducibility of continuous
parabolic inductions, we deduce that 7 is dense in (Ind$ o).

1.1. Notation. Let C be a finite extension of Q, and O¢ the ring of integers in C. We fix a uniformizer
we of C and an absolute value |-| on C. In this paper, unless otherwise stated, the coefficient field of
any representation is C. Let G be a connected reductive group over Q,,, Z; the center of G, G = G(Q,)
is the group of rational points. We use the same notation for other groups. For a parabolic subgroup P
of G, Levi subgroup L, unipotent radical N and a representation ¢ of L, we consider the following two
inductions. 1) If ¢ is a Banach representation, namely a continuous representation on a p-adic Banach
space, then (Ind$ 0)¢® is the space of continuous maps f: G — o such that f(gfn) = o(£)~1f(g) for
g€ G, {eLandn e N, and G acts via (vf)(g) = f(y"1g) for g,v € G. Let K be a compact open
subgroup of G such that KP = G and PN K = (LN K)(N N K). We can always choose a defining
norm || on o that is L N K-invariant. Then we define the K-invariant norm |-|| on (Ind% o)t by
[£]l = supe | f ()], and (IndS ¢)°* is a Banach representation with this norm. 2) If ¢ is smooth, then
(Ind$ )™ is the space of locally constant functions G — o such that f(gfn) = o(£)~' f(g) for g € G,
¢e€ Landn € N, and G acts via (vf)(g9) = f(y"1g) for g,v € G.

We say that a continuous representation of a topological group is irreducible if it is topologically
irreducible.

1.2. Acknowledgement. Part of this work was done during a pleasant stay of the first-named author
at University of Toronto.
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2. PRELIMINARIES

2.1. Irreducibility criterion. We recall an irreducibility criterion from [AH]. We assume that the
derived subgroup of G is simply connected. Let P = LN be a parabolic subgroup and ¢ an absolutely
irreducible Banach representation of L. We assume that ¢ is finite-dimensional. Then o is locally
analytic (as the ground field is Q,) and by [AH, Lemma , after perhaps replacing C' by a finite
extension, there exist locally analytic representations oo, 7 of L and a parabolic subgroup @ = LoN,
containing P such that o

e 0= 0g®T.

e 0y is simple as Lie(L) ®g, C-module and 7 is smooth.

e Let L(o() be the simple Lie(G) ®g, C-module in the BGG category O such that L(o{)ke(N) =
oy, where o is the dual of og. Then L(oy) is locally Lie(Q) ®q, C-finite and @ is maximal
subject to this condition.

e L(o{) has the structure of a locally finite Q-locally analytic representation whose differential
is the restriction of the action of Lie(G) and whose restriction to P on L(cj) (V) = ¢ is the
given one. (This structure is unique if it exists, cf. [AH, Section [2.3].)

The decomposition o 2 0y ® 7 is moreover unique up to smooth characters of Ly [AH| Lemma (11)]
Then we have the following.

Theorem 2.1 ([AH, Corollary Theorem [2.56]). Assume p > 2 (resp. p > 3) if the absolute root
system of G has irreducible components of type B, C or Fy (resp. Ga). The following are equivalent.

(i) (Ind$ o)<t is irreducible;
(ii) (IndILD%LQ 7)Y is irreducible;

Lq sm

(ili) any irreducible subrepresentation of (Indpa, , 7) cts,

. . L
is dense in (IndP%LQ T)

2.2. Density lemmas. To prove that a certain subrepresentation is dense, we will use the following.
This is a generalization of [AHL Lemma .

Lemma 2.2. Let P = LN be a parabolic subgroup, P = LN the opposite parabolic subgroup, and
assume that PN K = (LNK)(NNK). Let o be an irreducible Banach representation of L with central
character and an LN K -stable unit ball c°. Let © C (IndIGD o) be a closed subrepresentation and v € o.
We assume the following: there exists a compact open subgroup No C NNK such that for any k € Z~o,
there exists f € m satisfying the following conditions:
(i) we have f(K) C 0°, f(K) ¢ wco?;

(ii) for any z € K\ No(P N K) we have f(x) € wgo?;

(iii) for any n € No we have f(n) € Cv + wkoO.
Then we have ™ = (Ind$ o).

Proof. We choose an L N K-invariant norm |-| on ¢ with unit ball ¢° and |o| = |C|. By the assumption
we know that v # 0 (otherwise f(K) C wko?), and for convenience we scale v such that [v] = 1. We
get a K-invariant norm |-|| on (Ind% 0)¢*, as above, and we let ((Ind$ )**)? be its unit ball. Then
condition (i) above just means that || f|| = 1.

We introduce the following notation. For any open and closed subset X C G/P, set V(X) =
{f € (Ind% 0)°* | supp(f) € X}. This is a closed subspace of (Ind% ¢)°* and we have (Ind% o) =
V(X)® V((G/P) \ X) as Banach spaces. (Namely, | f1 + f2|| = max(]| f1]|, || f2l) for f1 € V(X) and
fa e V((G/P)\ X)). We set |[fllx := [[f]x]-

We say that f € 7 satisfies P(No, f, k) if f(K) C 0" and conditions (ii), (iii) in the lemma hold.

First we prove that for any k € Z~¢ and for any compact open subgroup Wé C Ny there exists
f € m with ||f|| = 1 such that ’P(Wg,f, k) holds. There exists z € Z, such that zNgz~! C Wg. We
set X := NoP/P C G/P and Y := (G/P)\ X. The element z induces a topological isomorphism
(Ind$ o)< =5 (Ind$ o)<* which sends V(X) to V(2X). Hence it induces a topological isomorphism
V(X) = V(2X) and likewise V(Y) — V(2Y). Take r1 € Z>¢ (resp. r2 € Z<o) such that ||zf|.x >
[wg Ifllx (resp. [|zf ]y < ||| f]y) for any f € V(X) (vesp. f € V(Y)).

For a given k € Zs¢ (and z € Zp as above), put k¥’ := k + r1 — ro — min(val(wy(2)),0) € Zso,
where w, denotes the central character of 0. We take f € =, ||f|| = 1 such that P(Ny, f, k') holds.
Then we have || flly < |@k| < 1. Since ||f]| = max(||f||x,||fly) we have ||f|x = 1. Therefore
l2f]l.x > |we|™ and ||2f|.y < |@we|¥+72. Hence wg™ 2 f satisfies ||[wg™ 2f||x > 1 and [|wg" 2f .y <
| |Fmmin(val(ws (2)).0) < ||k, Taking r € Zsg such that f' = w(, " zf has norm ||f’|| = 1, we have
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Iy < |lwe|*tT < |welk. Ifz e K\NZJ(PFTK)7 then the image of z in G/P is not in NE)P/P. Hence
27 12P/P = 27'22P/P is not in NoP/P since Ng C zflﬁéz. Therefore 2~ 12P/P ¢ X = (G/P)\Y,
hence 2P/P € zY. Hence |f'(z)| < ||f'|l.y < |wk|, ie. f/(z) € whkoO. For n € Né, if n € 2Y, then
f'(n) € wko, as we have proved. If n € zX, then z7'nz € Ny. Hence f'(n) = wj; " f(z7n) =
g we(2) f(z7nz) € wi Mwe(2)(Co + whal) = Cov +wk T (2)a%. We have k' 4+ 1 — 1) =
k+ 7 — 71y — min(val(w,(2)),0) > k — val(we(2)), as r > 0 and r2 < 0. Hence wgw_“wc,( ) € whOF
and P(Ny, f', k) holds.

Now we prove the lemma. Let 7(No, k) be the Oc-submodule of ((Ind$ o)<*)° consisting all f €
which satisfy P(Ng, f,k). It is No-stable. Define a subspace V(Ng,v) of V(NoP/P) as the space
of functions f € V(NoP/P) such that f(n) € Cv for any n € Ng. This is a closed subspace of
V(NoP/P) and the restriction to Ny gives an isometric isomorphism V(Ng,v) — C°(Ny, Cv), where
C°(Ny,Cv) is the space of continuous functions f: Ny — Cv with the supremum norm. Hence the
submodule V(Ng,v)? corresponds to C°(Ny,Cv)? = C°(No, Ocv). (The last equality follows from
|v] = 1.) We prove that for any 1 < j < k and for any h € V(Ng,v)? there exists f € 7(Ng, k) such
that || — f|| < |@}| by induction on j.

Let j = 1. We first note that (Ind$ o)t = (Ind5_ - 0)°* (as PK = G) and hence

(2.1) ((Indf o))" /we((Indg 0)°*)° 2 (Indjpp ke 0 /o)™

as K-representations. We introduce several subspaces of (Indfgﬁ k0" /weo?)s™. For an open and

closed subset X € G/P = K/(PNK), we put V(X) := {f € (Ind¥x 6°/wcc®)*™ | supp(f) C
X}. The restriction to Ng induces an isomorphism V(No(P N K)/(P N K)) — C*(Ng,0°/wca?)
as No-representations, where C*°(Ng, —) denotes the space of locally constant functions. Let 7 €

0%/wco® be the image of v. We denote the inverse image of the space of locally constant functions
C(No, (Oc/(@e))F) in V(NolP 1 K)/(P 0 K)) by V(No.7).

Let 7(No, k) be the image of m(No, k) — (Ind5x 0°/weco?)™ (via the isomorphism (21)). Then
7(No, k) is non-zero, since there exists f € w(No,k) with ||f|| = 1 by assumption. We also have
7(No,k) C V(No,v) by the definition of m(No,k). We prove that equality holds. The subspace

7(No, k) is non-zero and Ng-stable, so it contains non-zero No-fixed vectors. The space of No-fixed
vectors in V(Ny,v) & C*(Ny, (Oc/(wc))v) is one-dimensional and spanned by g, Which is defined
by gy, (n) = for any n € No. Hence gy, € T(No, k). Recall that we have proved that for any compact

open subgroup Ng C Ny, there exists f € m with | f|| = 1 such that P(N:), f,k) holds. Hence by the
same argument, for any compact open subgroup Ng C Ng we have gn, € ﬁ(ﬁg, k) Cc ®(No, k). Since
these elements generate V(Ng,7) as an Ng-representation, we deduce 7(Ng, k) = V(Ng,v). Now for
any h € V(No,v)°, the composition No 2 Ocv — (Oc/(we))v lies in V(No, 7). Hence there exists
f e n(No, k) such that h — f € we((IndG 0))0. Therefore ||k — f|| < |wcl.

Let j > 1. From the case of j = 1, there exists f € m(No, k) such that ||h — f|| < |wc|. Namely,
h—f =wef for some f' € (Ind$ o)**)0. Take f1, f| € V(NoP/P) and fa, f € V((G/P)\ (NoP/P))
such that f = fi+ f2 and f' = f{ + f4. Since h € V(NoP/P), we have h— f1 = wc f] and —fo = we f3.
By the definition of 7(Ng, k), we have || f2|| < |k | and therefore || f3|| < |k !|. By the Hahn-Banach
theorem there is a continuous linear map a: ¢ — C such that a(v) = 1 and |a(w)| < |w]| for any
w € o. Define f]', f{"" € V(NoP/P) by fi'(n) = a(f{(n))v for n € Ny and f{" = fi{ — f’. By the
definition of 7(Ny, k:), we have f(n) € Cv + whko® for any n € Ny and we also have h(n) € Cv for
any n € No. Hence f{(n) = wg'(h(n) — fi(n)) € Cv + wk 0" For n € Ny take ¢ € C such

that f{(n) — cv € wg 'o® Then |f{(n) — cv| = |a(fi(n) — cv) | < [f{(n) — cv| < |wi|. Hence
/1" ()] < max(|fi(n) — cvl,|f{(n) — cv]) < |wg | for any n € No. Therefore || f1"|| < |w¢ ],
since fi" € V(NoP/P). By definition, f;’ € V(No,v). We also have that for || f{'|| = | fi — fI"ll <

max(||f/|l, [1/7”I) < 1. Hence f{ € V(Wo,v)o. Therefore by the inductive hypothesis there exists
f" € m(Ng, k) such that || f]’ — f"|| < |w]c_1|. Then f + wcf” € 7(No, k) and
|h—(f + we f) = |lwclllf = Il = lwell fi + £+ f5 = "l
= lwelllfs + (f = 1)+ [N < |=hl,

as required.
In particular, putting j = k, there exists f = f; € m such that ||h — fi| < |=k|. Hence h =
limg_, oo fr € m. In other words, for any continuous function F: Ng — C, h = F®v € m, where FF®uv is
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defined by No > n+— F(n)v and we regard this as an element in V(NoP/P) as above. More generally,
let F' be a continuous function N — C such that supp(F) is compact and define f = F ® v. We
extend this to NP by f(np) = o(p)~!f(n) and further to G by flenwp = 0. We take z € Z1, such that
zsupp(F)z= C Ng. Then supp(zf) € NoP/P and for n € Ng we have (2f)(n) = w, () f(27nz) € Cv.
Hence zf € 7 and therefore f € 7.

Let £ € L and suppose F is a continuous function N — C such that supp(F) is compact. We define
((F)(n) = F(¢~'nl) for n € N. Then we have F ® fv = {({~'F ® v) € m. As o is irreducible and by
continuity, we have F ® v’ € 7 for any v’ € 0. (If supp(F) C NN K, then F @ v; = F ® v if v; — v,
as ||F ®v|| = sup,, .5 |F(n)| - [v| in this case. In general, use the action of L to reduce to that case.) In
particular, C°(Ny, C) ®c o C .

Now let f: Ny — o be a continuous function and define f,: No i) o — U/wgao for £ > 1.
This is a locally constant function, and therefore its image is a finite subset of o/wfc®. Hence there
exists f; € C°(Ny,C) ®c o such that f(n) — fi.(n) € wko® for any n € No. Consider f, fi as
elements of V(NoP/P) as above. Then ||f — fi|| < |@k| and hence f = limy_o f; € 7. Now
C%(Ny,0) = V(NyP/P) generates (Ind$ o) as a G-representation. Hence m = (Ind$ o)<t O

We use this lemma in the following form, where again we choose an L N K-invariant defining norm
|| on o and denote by ||| the induced K-invariant norm on (Ind$ o)cts,

Corollary 2.3. Let P = LN be a parabolic subgroup, P = LN be the opposite parabolic subgroup, and
assume that PNK = (LNK)(NNK). Let Ng C N be a compact open subgroup, o an irreducible Banach
representation of L having a central character, m C (IndIGD )% a closed subrepresentation, and v € o.
Assume that we have sequences h, € m and h!, € (Ind$% o) for n > 1 such that supp(hl,) C NoP,
. (x) € Cv for any & € N, inf, ||k || > 0, and limy,_, o (hy, — k.,) = 0. Then we have = = (Ind$ o)<,

Proof. By replacing || by an equivalent norm we may assume that |o| = |C|. Note that k), # 0 for
all n, as inf, ||k, || > 0. Take ¢, € C* such that ||c,hl,|| = 1. Then |¢,| is bounded above because
inf,||h"|| > 0. Therefore lim,, o (cyhn, — ¢y hl,) = 0. By replacing h,, h!, with ¢, h,, ¢, h!, respectively,
we may assume that ||k, || = 1 for all n. Let k € Z~( and take n such that ||k, — h,|| < |wk|. Since
ALl = 1, we also have ||h,| = 1. If 2 € K, then h,(x) — hl,(z) € wko®. Therefore, if x € Ny we
have h,(z) € Cv + whko? (as h)(z) € Cv) and if z € K \ No(P N K) we have h,(z) € wko? (as
hl(z) =0). O

2.3. The group GL(F). When G = GLy(F) for some finite extension F' of Q, we have the following
irreducibility criterion.

Let G := Resp/q, GLa. Let B be the subgroup of upper-triangular matrices and T' the subgroup of
diagonal matrices in G. Let x: T'— C* be a character given by x(diag(t1,t2)) = x1(t1)x2(t2), where
Xi: F* — C* is a continuous character for i = 1,2. Let Hom(F, C) be the set of field homomorphism
F—C.

Theorem 2.4. The Banach representation (Ind$ x)* is reducible if and only if there exists (ki)n €
Hom(F,C — )
ZSB (B such that X1X2 L) = HnEHOm(F,C) K(t)ke.
When F = Q,, this is stated in [Sch06], Proposition 2.6] (though we do not know a reference for the
complete proof).

Proof. Assume that x1x5 *(t) = [Lictiom(r,c) (1) for some (k) € Zggm(F’C). We have (Ind§ y)cts =
(x2 0det) ® (Indg X1X51 X 1)°*s, where 1 is the trivial character of F'*. The space of rational functions

in (Ind$ x1x5 ! ® 1) is an irreducible finite-dimensional (hence closed) G-subrepresentation. Hence
(Ind$ )<t is reducible. The converse follows from [AH, Theorem (or [AH| Theorem |3.68]). O

3. THE GROUP GL3(F)

Let F' be a finite extension of Q,, O the ring of integers, wr a uniformizer of F', ¢ the cardinality of
the residue field of F' and val: F* — Z the normalized valuation of F'. We normalize the norm |-|r on
F by |wp|r = ¢, namely |z|p = ¢~ V2®), Let G := Resp/q, GL3, B the subgroup of upper-triangular
matrices, T the subgroup of diagonal matrices, and U the subgroup of unipotent upper-triangular
matrices. Let x: T — C* be a continuous character given by x(diag(t1,t2,t3)) = x1(t1)x2(t2)xs(ts),
where y;: F* — C* is a continuous character for ¢ = 1,2,3. The main theorem of this paper is the
following.
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Theorem 3.1. The Banach representation (Indg X)® is reducible if and only if there exists (ki)w €
Hom(F,C — ) _
Zy 9 such that Xixz ' (t) = [Lictiomr.c) K(D)F or xaxz ' () = [Licttom(rc) R (L)

We can now slightly improve [AH, Theorem , adding the more restrictive condition (i).

Corollary 3.2. Let G = GL,,(F), B the upper-triangular Borel subgroup, and T the diagonal mazimal
torus with Lie algebra t. Let x = x1 @ - @ xn: T = (F*)" — C* be a continuous (hence locally
Qp-analytic) character. We have dx € Homg, (t,C) = @, ciom(r,c) Home(t @px C,C) and let A, =
(Ai,1s- -5 Anon) be the k-component of dy, where A\, € Home(C,C) = C. Choose 0 =ng <ny < --- <
Ny = n such that M\ ; — Aeit1 € Z<g for all k: F — C is equivalent to i ¢ {ni1,...,n,}. Assume that
there exists no ni < i < j < ngyq (for some 0 < k <r) such that

(i) if nge1 — ng =3, then j —i=1, and

(ii) Xin_l(t) = |?§|§W_Z_1 .. poc k()i for allt € F*.
Then (Ind$, )¢ is absolutely irreducible.

Proof. Let G = Resp/q, GLy. For o := Y, take 0o, 7,@Q as in subsection Then condition (ii) is

equivalent to TiTj_l # |15 (cf. the proof of [AH, Theorem ), and @ is the standard parabolic
corresponding to the partition {1,...,n1}, {n1 +1,...,n2}, ... of {1,2,...,n}. By Theorem it

suffices to show that (Ind53 D

to the case where r = 1, i.e. @ = G. Then (Ind$ 7)< is irreducible by Theorem [3.1/if n = 3 and by
[AH, Theorem if n # 3.

We now prepare for the proof of Theorem We first prove the “only if” part. Without loss
of generality, using the same automorphism as in the proof of Lemma suppose that xixs 1(75) =
[ietomr.c) k(t)*=. Then by Theorem there exists a subrepresentation 0 C m C (Indh.; x)*,

is absolutely irreducible. By [AHl Proposition \ we may reduce

=

where P = LN is the standard parabolic subgroup corresponding to 3 = 2+ 1. Hence by transitivity of
parabolic induction we get the closed subrepresentation 0 C (Ind% ) C (Ind% y)°ts.

For the “if” part, let o := x and take o9, 7,Q as in subsection More concretely, @ is given as
follows:

o Q=Bifdxi —dxit1 # Y entom(rc) bt for all (ky) € ZE0™ T and i =1,2.

. . . . . Hom(F,C

e ( is the standard parabolic subgroup corresponding to 3 = 2+1 if there exists (ki) € Z <0 (F£.0)
such that dx; — dXi+1 = > .enom(r,c) kxt for i =1 but not for i = 2.

. . . . . Hom (F,C

e ( is the standard parabolic subgroup corresponding to 3 = 1+2 if there exists (k.) € Z <0 (F£0)
such that dyx; — dx;41 = ZﬁeHom(F’C) k.r for i = 2 but not for ¢ = 1.

° Q = G if there exist (k) € Zggm(F’c) such that dx; —dx;+1 = ZneHom(F,C) ki ik fori=1,2.

By Theorem (Ind$ x)°t* is irreducible if and only if (Indé% Lo 7)°* is irreducible. Hence, if Q = B,
(Ind$ x)°* is irreducible and the theorem follows. If Q # B and @ # G, then the theorem follows from
Theorem Therefore we may assume ) = G and x = 7. Namely we may assume y is smooth. So
our task is to prove the following.
Proposition 3.3. Let x be a smooth character of T'. The Banach representation (Indg X)°® is reducible
if and only if x1 = x2 or X2 = X3-

Lemma 3.4. Proposz'tion is true if X1x5 " # || r-

Proof. Tt is sufficient to prove that if x; # X2, x2 # x3 and x1x3 - # ||, then (Ind$ o)t is irreducible.
This follows from [AH, Theorem [3.9]. O

In the rest of this paper we prove the following.

Proposition 3.5. Assume that x is smooth and that x1 # X2, X2 # X3- If xaxz' # ||% and
IX3 ' xa(wr)| > |ql, then (Ind$ x)t is irreducible.

Lemma 3.6. Proposition implies Proposition[3.3, hence Theorem [3.1]
Proof. By Lemma it is sufficient to prove that if x1 # x2, x2 # X3 and Xlxgl = ||r, then
(Ind$ x)°* is irreducible. As y1x3' # ||%, Proposition implies that (Ind$ x)¢* is irreducible if

X2 " xs(@r)| > gl
Define ¢: GL3 — GL3 by t(g) = 1 - tg~1 - g, where 1 is a lift of the longest element of the Weyl

group. Since «(B) = B, we have (Ind% x)¢* o 1 = (Ind$ x o ¢)**. Therefore (Ind$ x)** is irreducible if
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cts cts

and only if (Indg X ©¢)* is. Hence, from the first paragraph of this proof, (Indg X)°* is irreducible if

|X;1X2(’WF)| > |q|. Since |xf1X3(wF)| = |q|, we have |X;1X2(’WF)| > |q| or |X§1X3(WF)| > |q|. Hence
we get Theorem |3.1 O

3.1. Jacquet modules. To prove Proposition we use Jacquet modules in smooth representation
theory. Let P = LN be the standard parabolic subgroup corresponding to 3 = 2+ 1, and recall that Z;
denotes the center of L. Fix a compact open subgroup Ny of N and set Lt := {¢ € L | {Nol=* C Ny}
and ZZF ;= ZpNL*. If m is an admissible smooth representation of G, then £ € Lt acts on the subspace

of Ny-fixed vectors 7™V in 7 by the Hecke action

1
(3.1) (V) = Z nlv = / nlv dv
[NO : ENOZ ] n€Ny/LNol—1 No

for v € 70, where the Haar measure is normalized such that the volume of Ny is 1. Set 7Vo:ZL=X ;=
{vemNo| 7, (v) = x(2)v for all z € Z;}, which has a natural action of L, with L* acting via and
Zp, acting via x. (This is well defined by [Eme06l Proposition 3.3.6].)

Let mn be the space of N-coinvariants (i.e. the unnormalized Jacquet module) and define W]%,L:X
analogously to above. Then by [Eme06, Propositions 3.4.9, 4.3.4], the natural projection 70 — 7y
induces an L-linear isomorphism 7™V 0.Zp =X o w]%,L:X.

Let 7 := (Ind§ x)®™. Then by the geometric lemma, 7y has a filtration 0 = Fy C Fy C F, C F3 =
(Ind$ x)3" such that F3/F, = (Ind5.; x)™, Fp/Fy = (Indhs., /)™ and F/Fy = (Indh., )™,
where x' := x1 B (x3|'|r) B (x2|-[7") and X" := (xal-|lr) ® (xa|-lr) ® (xa|-[7%). Hence if x2 # xsl|r
and x1 # xs|[}, then x|z, # X/|z,, and x|z, # X"|z,. Therefore ((Indf x)*) 5~ = (Indf, x)*™.
Hence we have an L-linear isomorphism

sSm +: ~ sm
(3.2) ((IndF x)™™)N#2 =X = (Ind g, x)™™

Note that the isomorphism is induced by the restriction (Ind$ x)*™ 3 f — f|r € (Ind%; x)*™. (This
follows either by the proof of the geometric lemma, or because the restriction is easily seen to induce a
non-zero map ((Ind$ X)Sm)iL:X — (Ind%~; x)®™, hence an isomorphism.)
3.2. Explicit formulas. We now take Ny := N N K with K := GL3(Op). We calculate the inverse of
the map explicitly.

Let 1; := x; "Xi+1. For a character : F* — C* let ¢(n)) € Z>¢ denote the conductor of 7, i.e. the
smallest integer ¢ > 0 such that 7 is trivial on (14 (%)) NO%. We also use the following representatives
of simple reflections of the Weyl group:

0 -1 0 1 0 O
(3.3) $5p:=11 0 0], s:=10 0 -1
0 0 1 01 0

We let wg := $18281 = $281$2. Then {e, 81, 52, $182, 281, w0} is a full set of representatives for S5. Let
I be the “upper” Iwahori subgroup, namely I is the set of g € GL3(Op) such that ¢ (mod wg) is an
upper-triangular matrix. Then we have G =[], ¢ s, JwB, where w are our representatives of w € Ss,

so to specify f € ((Ind§ X)Sm)NﬁKVZZr:X it suffices to describe the values of f on (N N K)\IwB/B for
each w € S5, and this is what we will do now. (In fact, it will be convenient to describe it on a slightly
larger set.) We normalize the Haar measure on F' such that the volume of Op is 1.

Theorem 3.7. Assume that no # || 5" and mina # || 5> Let f € ((Ind% X)Sm)NmK’Zfzx. Then

0 1 0 0

1 0
fla 1 0= val(b)>c(n1n2) / 772(1 + Ct)f a+bt 1 0]dt (CL € Op,b,ce (WF)),
b ¢ 1 Or 0 0 1
1 a O 1 a+bt 0O
f 01 0fs1]= val(b)>c(n172) / na(1+ct)f 0 1 0] s ]dt (a€Op,b,ce (wr)),
c b 1 Or 0 0 1
1 0 0 1 0 0 1 0 0
f a 1 0 52 = Val(C)ZC(ﬁl’ﬂz){ / M2 (t) f a+ct 1 0 — f a 1 0 dt
c 0 1 Or 0 0 1 0 0 1
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a1 100
4+ 0u(p)—g ———————— a 1 0 a € Op,c€ (wp)),
1 a O i 1 a—c O 1 a O
FLL0 1 0] 518 | = buaeysemm) / m® [ FL1o 1 ols]—s((o 1 0)s]||a
0 ¢ 1 Or C\\o 0o 1 00 1
g—1 1 a O
40— ——————— 0 1 0]s3s a € Op,c€ (wp)),
(=0 T oY 1 } ( F,c € (wr))
1 0 O 1 0 0 1 0 0
J. —olg—1
flla 1 0] = <21"2>—°(q ) / @ |fla+t 1 0| —fla 1 0f]at
0 0 1 q(q* — mn2(wr)) OF 0 0 1 00 1
. 100 1t 0
+ Go(n)m0 - — a 10 +/ m—at)f [ [0 1 0)s|at
g—m(@r)” \y o 1 (@r) 00 1
((IEOF)7
1 a O 1 a—t O 1
J. —olg—1
Fllo 1 0| =) olg—1) / ) [Fl{o 1 o)lsa]—fl]o s || at
00 1 a(q* —mn2(wr)) | Jog 0 0 1 0

a

1

0

q—1 1 a O 1
+0¢(npo)=0 " ————F—— f 0 1 0fs; —‘r/ m(=1+at)f | t
q—n2(wr) 0 0 1 (wr) 0

@

Here we remark that the term .

q—n2(wr)

is well defined and independent of our choice of wg: if ¢(n2) # 0, then this is zero and if ¢(nz) = 0 then
n2(wr) # |@r|pt = ¢ from the assumption 7y # |-| . Similarly,

60(772 )=0

Sc(mine)=0(q — 1)
q9(¢* —mnz2(@r))
is well defined and independent of our choice of wp because 7172 # || 52
We prove Theorem [3.7]in this subsection. For k = 2,4, 6, the k-th formula in the theorem follows from

the (k — 1)-th formula by replacing f with $; ' f. (When k = 6 it helps to observe that 72(—1) = n;(—1)
if the formula is nonzero, as this only happens when 7172 is unramified.)

Moreover, we may assume that a = 0. In general form can be obtained by replacing f € (Indg xS VNE ZL=x
with

1 0 o\ "
a 1 0 f-
00 1

This reduction step is obvious for the first and third formulas. For the fifth formula, for a € O \ {0},
we use

1 0 0\ /1 t 0 1 t(l+at)™t 0 1+ at —a 0
/fal() OlOsldt—/fO 1 0)lss[ 0o  (+at)t o] |dt
(wr) 0 0 1 0 0 1 (wr) 0 0 1 0 0 1

1 t(1+at)~! 0
:/ m+at)f | [0 1 0 s | at
(wr) 0 0 1
1 a*(1—t7h 0
:/ nl(tl)f 0 1 0 51 |a\;1dt1
1+(awp) 0 0 1
1 ail(].*tg) 0
2/ nl(tz)ilf 0 1 0 51 |a|;1dt2
1+(awp) 0 0 1
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1 t3 O
:/ m(l—ats)”'f 0 1 0] s | dts,

(@r) 0 0 1
where t; := 1+ at, t, := t;' and t3 := a~'(1 — t2). Finally notice that if 8.(;,,)=0 # O then
(1 —at3)™t = no(1 — at3) for t3 € (wp).

Fix f € (Ind§ x)sm-NNK.Zp=x

Lemma 3.8. Let x € F and D C F a compact subset such that x ¢ D. Then for sufficiently large y,
we have

1 0 y 1 00
fllz 1 ay)s$bé | =mn@mne—a)f|a 1 0
0 0 1 0 0 1
for alla € D.
Proof. By
1 0 y 1 0 0 y -1 0
z 1 ay| $281 = a 1 0 0 a—z -1 ,
00 1 Yy —1/(yx—a)) 1/ \O 0 1/(y(a—2))
the left-hand side equals
1 0 0
mnz(y)ne(a —z)f | a 1 0
y —1/(y(x—a)) 1
Hence the lemma follows from the smoothness of f. O

Lemma 3.9. Let x,y € F such thaty+s #0, x —t/(y+s) # 0 for any s,t € Op. Then

10y . 1 00

fllz 1 0528 =/ / mn2(y + s)ne ( —J:) f yis 1 0] dsdt.
00 1 or Jor yts 0 0 1

Proof. Let z := diag(wh, @k, 1). As 7. f = x(2)f, we have

1 0 y
Flle 1 0] 58 | =xixe(@®)(mf)
0 0 1

5251 dsdt

0
1
0
1 0
=X1X2(wEk)X2X3(w?)/ / f( z 1 wpt $281 | dsdt.
orJor = \\o 0

By Lemma if k is sufficiently large, this is equal to

0 0
_ t
771772(w]%)/ / n1772(ka(y+S))772< —$> flyms 1 0| dsdt
Or JOr y+s 0 1

. 00
= nmzy+sn2(—x)f L1 0| dsat.
/OF/OF e yts 0 0 1

We get the lemma.

We prove the first formula of Theorem
Let b, ¢ € (wp) and assume that be # 0. By Lemma we have

100 1 0 1/b b e 1
flo 1 o)=f([=b/c 1 0 |ss|0 ¢/ 1/b
b oc 1 0 0 1 0 0 1/c
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| ¢ b 0o
=771(b)772(0)/ / mne <+8)772 (—i—)f ts 1 0| dsdt
Or JOF b 1/b+5 ¢ 1/8+ 0 1
t b 1 00
mne (1 + bs) o ( + )f tl’s 1 0| dsdt
/OF/OF <) 14 sb 1Bb 01
Writing 1ﬁgb =bt' (ie. t' = 1+9b and dt’ = dt) we get
. b 1 00
=/ / mna (1 + bs) o (7)772 (bt'+)f b’ 1 0| dsdt
Or JOF b ¢ 0 0 1
1 00
=/ / mn2 (L+0s)na(l+ct)f | bt 1 0| dsdt
Or JOr 0 0 1
1 00
=</ 771772(1+b8)ds> / ne(l+ct)f bt 1 0|dt
or Or 0 0 1

As fOF mmn2(1l + bs)ds = 1 if n11m9 is trivial on 1 + bOp and zero otherwise, we get the first formula of
Theorem [3.7] when be # 0. By local constancy of f we can see that it also holds when bc = 0.
We prove the third formula in Theorem [3.7] Note that our formula does not depend on wr. We take

wp such that ne(wr) # ¢, which is possible as 72 # |-|'. Let ¢ € (@

k > 0, we have

r). For z = diag(wh, @k, 1) with

1 00 1 0 0
fllo 1 ofs|=x |0 1 0]s
c 01 c 0 1
1+cv O w;kv
= X2 X3(w§:’)/ / f cw 1 w;f“w 59 | dvdw.
Or /O whe 01
We have
l+ew 0 wpiv L0 _Ok T+cv Wit 0
cw 1 wpfw | s = 13;;, L wprw | 4 0 1/(1 +cv) 0
wﬁ}c 0 1 i’fcz 0 1 0 1
Hence
10 0 1 0 0
(3.4) f 0 1 0] znz(wf;)/ / m(l+cv)f Tres 1 @i w $9 | dvdw.
c 0 1 Or JOF ﬁ}c 0 1

Note that, by construction, the integrand in (3.4]) only depends on v and w modulo w’}.

The w = 0 part of (3.4) equals, for k sufficiently large (by smoothness),

(k) 100 (wh) 100
i k,F/ m(l+cv)f 0 1 0}s dv = 2 kF/ ml+e)f [0 1 0)s|d
q Op ﬁii O 1 q Or 0 O 1
A 1 0 O
w .
= 5val(c)2c(7]1) LkF)f 0 1 0]s2
9 00 1
We calculate the w # 0 part. For such w we have
1 0 0 1 0 0 1 0 0
cw —k . cw N
1+cv 1 Wp W S9 = 1+kcv 1 0 0 ZUFk’LU -1
e 01 Z owh/w 1) \0 0 wh/w
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Note that cw/(1 + cv) € Op, whe/(1 + cv), @wh /w € (wr). Hence by the first formula of Theorem
for k sufficiently large, we get

10 0 . 1 00
cw 1 —k . —k wWp c(erwk £

F | e Wr W | $y | =mn(wp w) e |\ L+ =t fdeteet g g dt.
EE 01 or 0 01

Hence the w # 0 part of (3.4 equals

1 0 0
1
7 / M 1+cv/ ng(w—&—w}?t)f C(%‘ffrt) 1 0] dtdv
1 OF/ =E{0y 7 OF 0 0 1
1 1 0 O dat’
% X [ wtse) [ wisem@)r (@ 1 o] S
T weor /@t 0} 7 OF () 0 o 1) |@ElF
where t/ := w;fc’g , hence
1 0 0
</ 771772(1+C”U)dv> / ) flct’ 1 0]dt
OF Op\(wh) 0 0 1
1 0 0
:5Va1(0)20(7l1772) / 772(t/)f e 1 0]dt
Or\(wh) 0 0 1

1 0 0
= 5va1(c)ZC(n17]2) /(9 12 (t) [.f Cot é g) - f(l)

In particular, when ¢ = 0 equation (3.4) gives

: . Uz(wF)k) _
f(32) (1 7 = </<9F\(w§>n2(t)dt> f(1).
Lemma 3.10. We have

qg—1 ( nz(w'F)’“>
Dt = Sop1—0 - 1- .
/m\@*;) a{t) =)=0 g o (wr) ¢

Proof. Let n be the valuation of ¢. Then

k—

t)dt = / (7]2 wF) / n2(s)ds,
/OF\(WF) Z pos PO =2 ;)

where t := whs and dt = |wl|pds, so

g—1 1— (¢ 'm(wr)”

q 1 —q tne(wr)

where we used our assumption that 7o (wr) # q. O

= Oc(na)=0 -

By our assumption that 7:(wr) # ¢ we can choose our sufficiently large k such that ns (k) # ¢*

(equality cannot hold for two consecutive values of k). Hence we get
. qg—1

3.5 §9) = Oymyg—d =

( ) f( 2) (772) 0q*7]2(w}7‘)

In general, substituting (3.5)) into the w = 0 part we get from our analysis of (3.4)) and Lemma
that

(1).

k Q71

q— 772(WF)

n2(@r)
q*

1 0 0
f 01 0)s)= Val(c)zc(nl)(sc(nz):O f(l)
c 0 1

0 0
+ 5val(c)20(7]1172) (/O 772(t) [f ct é (1) - f(l) dt
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q—1 n2(@r)"
im0 ey () <1>)
0
0
1

0
= 5val(C)Zc(n1n2) (/(9 772(t) f ct (1) - f(l) dt

q—1
+ 0c(ns)=0 - q—nz(ZUF)f(l)>

Here we used dyai(c)>c(n)0c(n2)=0 = Oval(c)>c(ning)Oc(ns)=0 in the last line. We get the third formula of
Theorem

Finally we prove the fifth formula of Theorem [3.7] Note that our formula does not depend on
wr. We take our uniformizer wp such that mn:(wr) # ¢2, which is possible as 117y # ||l;2 For
z1 = diag(wp, wr, 1), we have as in the proof of Lemma [3.9]

f(3281) = x(21) M7=, f) (3251)

1 0 wpw
:771772(WF)/ / fl10 1 @wptw]| $281 | dvdw.
Or JOr 00 1

We calculate the right-hand side, recalling that the integrand only depends on v, w modulo wg.

(i) v,w =0 (mod wp). We have

ML) (505,

(ii) v 20, w=0 (mod wg). We have

1 0 wplo 1 0 0 wplv =10
0 1 0 $981 = 0 1 0] 5 0 ZUF’U_I 0
00 1 wpv™t 0 1 0 0 1

Hence, by using the third formula of Theorem [3.7] the right-hand side equals

771772(WF)771(77J71) L 00
E /Xm(v)f 0 1 0]s]dv
q Or wpv™t 0 1
na(r) 1 0 0
:5120(771772) / ’171(1}) / ng(t) f va_lt 1 0 7‘](‘(1) dt
q o5 Or 0 0 1

qg—1
F B0 - — = f(1) | dv.
(n2)=0 q77’]2(wF)f( )) v

Hence, by letting ¢’ := wpv~!t (so dt’ = |wp|rdt) and noting that 7y (v) = 1 if the final term
contributes, we get

61>c( ) 100 dt’
Reetnn) ([ e ) ([ w11 0] -] 2
q [ (wr) 0 0 1 |or|F

-1
+6C 2 )= w 1 )
(n2)=0 q nQ(wF)n2( F)f( )>
g—1 1 0 0
50(771772)—0</ 772(t/) f{t 10 - f(1) dt’
q (@r) 0 0 1
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(iii) v =0,w # 0 (mod wp). We have

10 0 1 0 0 wplw 0 —1
0 1 wp'w] s =10 1 051 0o 1 0
0 0 1 0 wprpw™! 1 0 0 wpw!

Hence the right-hand side equals, by using the second formula of Theorem

771772(WF)7717’2(WF1)/X771772(w)f

q Op O wWEWw™ )

é
= 4120(771772) / 771772
q o

F

1 wprw 1t 0
0] 8 | dtdw.

o O
O =
—

By letting t := wrpw ™t (so dt’ = |wr|rdt), we get
1 t/

q—1 0
Se(mma)=0——— / 10
q (wr) 0 1

(iv) vZ 0, w Z0 (mod wp). We have
1 0 wp'o 1 0 0
0 1 wp'w]éeé=| viw 1 0
0 0 1 v iwp wpwTt 1

LAl

g
-
<
|
[t

o ol
g
S
A

o
8

wED [ Y e memw | o

q -1

F we(Or /(wr)\{0} v lwr wpws

Hence we get

Therefore, by applying the first formula of Theorem [3.7] we get

1 0 0

01>c

M/ > m(v)n2(w)/ (1 +wrw ) f (v (w+wpt) 1 0] dido.
a OF we(Op/(mr)\{0} or 0 01

By letting ¢ := v~ (w + wpt) (so dt’ = |wp|pdt and vt’ = w + wrt), we get
g

1 0 0
01>c
w/ Z 771(1))/ ne(w+wpt)f [ v (w+wrt) 1 0| dtdv
T JO% weor/@m)\(0} Or 0 0 1
1 00
01>l dt’
_ 1>c(mn2) / ) 771772('1)) Z / nQ(t/)f t/ 1 0 |w | d'U
1 oF we(Or/(wr)\{0} 70 wH(F) 0 0 1) @riF
g—1 1 00
:5c(n17]2)=07/><n2(t/)f t 1 0 dt/
1 Jog 0 0 1
Therefore,
1 00
5(;7 nN2)= -1
(17)1772(27DF))‘]¢($231) (mn2)=0(q ) / m®) | Flt 1 0] -r0)|at
q q (wr) 0 0 1

1
Sutr rn—o(qg — 1
+ (n1m2) O(q )/ ¥ 0
q (

0 0

O — -1

+ (n1m2) O(q )/ 772(t/)f ¢ 1 0l ar
q o5 0 0 1
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1 0 0
O _olg—1
_ (n1m2) O(q ) / 772(t/) f Y 1 0 —f(l) dt’
q Or 0 0 1
q—1
+ Oc(ny)=0 - —— = f(1
€(n2)=0 q_772(wF)f( )>
1 ¢ 0
O _olg—1
+ (n1m2) 0(q )/ f 01 0] dt/,
q (@r) 0 0 1

where we used Lemma (with & = 1) to combine the first and third terms. We obtain the fifth
formula and hence conclude the proof of Theorem

3.3. Density argument. We continue to assume that s # |-|z' and mns # |-|7%, and we now also
assume mg # 1. For n > 1, 'y € C* and a smooth function g: F' — C' that vanishes outside O, we
define f, € (Ind§ x)s™V K, ZL=X as follows:

1 00
a 1 0| = (a € (wr)),
0 0 1
1 a O a
I 010 =~"g ) (a € OF).
0 0 1 @
Here we use that the restriction map 1 is an isomorphism. Let 7y(g) be the smallest closed subrep-

resentation of (Ind% x)<* that contains all fn (n>1).
Lemma 3.11. There exists g such that wo(g) = (Ind% x)* and Jo, 9(t)dt = 0.

To prove the lemma, we calculate f,, on each Iwahori orbit JwB (w € S3) with the help of Theorem
(Recall that the Iwahori subgroup I and the representatives w were defined in subsection )
(w = e) We have for a,b,c € (wF):

1 00 1 00

fanla 1 0 = Val(b)ZC('fllm)/ m(l+ct)fn|la+bt 1 0]dt=0.
b ¢ 1 Or 0 0 1

(w = s1) We have for a € Op and b, ¢ € (wp):

1 a 0 1 a+c O
fn 0 1 0] s :6V31(C)ZC(7717]2)/ n2(1 + bt) fr, 0 1 0] s, |dt
b ¢ 1 Or 0 0 1
n a+ct
:5V31(C)ZC(?71772)"Y / 772(1+bt)g< n )dt
OF W
For simplicity, we put
k(a,b,c) ::/ 72(1 + at)g(b+ ct)dt
Op
for a € (wr) and b,c € F. Then
1 a 0 0o ¢
n 0 1 0]3 = Oval(c)>c "k ba777 .
f R (0)2e(nna) Y ( = ﬂ)
(w = s2) We have for a,c € (wp):
1 00
In a 1 0] s
c 01
1 0 0 1 00 g—1 10
= Oyal(c)>c /ntfa—i—cth—f a 1 0] dt+deny)=o- fnla 1
1(c)> (771772){ op 2(t) | fn 0 01 n 00 1 (n2)=0 q—na(wp) v 00
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(w = s152) We have for a € Op, ¢ € (wp):

1 a O
fn 01 0 5152 = 5va1(c)26(7]17]2) : ’Yn{ / 772(t
OF

0 ¢ 1
qg—1 a
+ e(n)=0 - —————9 | — .
(12)=0 qn2(WF)g<w?)}

S (o () o (55)) o

for a,c € O (not only for ¢ € (wp)).

S~—
N
Q
7N
=)
g1
REIIS
=&
~
I
Ne}
7N
g
SR
~
~~_
QL
~

We calculate

(i) Assume val(a) < val(c) and val(a) < n. then val(a — c¢t) = val(a) < n for any ¢t € Op. Hence
the value is zero.

(ii) Assume that val(a) > n. Then val(a — ct) > n if and only if ¢t € (w’/c). Hence if val(c) < n
then the value is equal to the sum of

Jopsam (7)o (55))
= ()L (o (G 0) o ()

a
(/ nz(t)dt> (—9 (n ))
Or\(w§/c) Wr
g—1 nQ(wF)nval(c)> ( a )
= —0, 2)=0 * 1— _—
(n2)=0 q—" (wF) ( qnfval(c) 9 w%

e (7 (F) )0 ()
= bemym0 - e (L [ ,
o e (0 () 7))o (5

by Lemma noting that this expression is zero unless 7, is unramified.
(iii) Otherwise val(c) < val(a) < n. Then the value is equal to

a—ct woh a o
/ nQ(t)g ( oy ) dt = ’F 2 (—) / 2 (1 — Ft’) g(t/)dt/
a/c+(wh/c) Wg ¢ IF ¢ OF a

. (9) k (—%,07 1) .
c a
To simplify the notation, we put

ha,b) = /O () (gla + bt) — g(a))dt + bugy—0—L T g(a)

and

n
wr

C

q—n2(wr)
for a,b € Op. Then we have

1 a O
fn 0 1 0] 5182
0 ¢ 1
h in, —% (val(a) > n,val(c) > n),
FTL F’n
W me (wF) ZE| (an,—1> (val(a) > n,val(c) < n),
= 6va1(c)20(n1n2) -y o c C IF ,ZZF
‘WCF an (%) k <YZF,O, 1) (val(a) < m,val(c) < val(a)),
0 val(a) < n,val(c) > val(a)).
(val(a)

(w = s251) We have for a € (wp):

1 0 0

s
1 0 0 1
O — -1
fn a 1 0 3231 = (2122) 0(q ) { / 772(t) fn a+t 1 0] — fn a
00 1 q(q mnz(@r)) Or 0 0 1 0

S = O
—_— o O
U
S
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o1 100 1 ¢t 0
F Oetm)—0 - ————fn[a 1 0 +/ (1 —at)fu | |0 1 0] & |dty.
g—m(w@wr)"" \y o 1 (@r) 00 1

The first two terms are zero, so

1 0 0
. g—1 v /
a 1 0] 88| =596 - 1 — awpt)g(t)dt
fn 00 1 291 (mim2) 0q2 — 771772(WF) qn+1 Op 772( F )g( )
g—1 " n
= 66(711772): k(—awF, 0, 1).

O — mma(wp) g+

(w = wp) We have for a € Op:

1 a O
) Ocmn)=0lg —1) a—t a
fa [0 1 0] = (2")0( )7 / nz(t)(g( n)—g<n)>dt
0 0 1 Q(q _771772(wF)) Or Wg Wg

q—1 a
4+ 0e(ny—0 —————g | — .
(2)=0 q—m(m)g(wg)}

We calculated the term in parentheses already. We have

1 a O
fol 1O 1 0]
0 0 1
a
g—1 Uz(wrpl”w}’ﬂph(n,—l) (val(a) > n),

c(mn2)=0"_""95 v
4(¢* = mm(@r) " | @) ||k (_“;F,o, 1) (val(a) < n).

We start to prove Lemma [3.11]

Lemma 3.12.
(i) The functions h and k are smooth. In particular h is bounded on Op x Op.
(ii) There exists a smooth function g: F — C' that vanishes outside Op such that [, g(t)dt =0
and h(0,—1) # 0.
(iii) Assume that fOF g(t)dt = 0. Then the function k(a,b,c) is compactly supported, hence bounded
on (wp) X F' x F. Moreover, k(a,0,1) =0 if val(a) > c(n2).

Proof. For (i), take £ € Z~¢ such that g(z+1t) = g(z) for any ¢ € (w%). Then we have h(a+ay,b+by) =
h(a,b) for any ay,b; € (wh). Hence h is smooth and a similar argument applies for k.
We prove (ii). Set ¢ := max(c(n2), 1) and define g: Op — C by

L[ @eor\(-1+ (=),
9(x) {qc_1 (z € —1+ (=)

Then g(x + y) = g(z) for any y € (w$) and Zmeop/(w;) g(z) = 0. Hence [, g(x)dx =0. We have
-1

hO,—I:/ )(g(=t) = g(0))dt + Sury)—0————g(0
(0,-1) OFnz( )(g(=t) = 9(0)) (112) oqim(m)g( )
—1
= Y / na(t — a)(g(a — 1) — g(0))dt + buy)m0————g(0)
a€0r/(ws) Y (FF) q—n2(wr)
qg—1
= Y @) g0) [t a)dt+ S g(0)
acOr/(=5) (%) 4= m(=r)
q—1
=q° t 4 1)dt — Gy(y)—0————
¢ /(wf,) el ) (r2) Oq —n2(@r)
We have n2(1 +¢) =1 for any ¢t € w§Op. Hence
1 —m2(wr)
-1 — = (e =0),
PO, ~1) = 1~ bupyeo— L () =0

a=m@r) |y (c(m2) > 0).
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This is not zero, as 1y # 1.

Consider k(a,b,c) = [, m2(1+at)g(b+ct)dt and recall that supp(g) C Op. The p-adic balls b+cOp
and Op are either disjoint or nested. If (b+ cOp) N Op = @, then k(a,b,c) =0, and b+ cOp C Op
is equivalent to b,c € Op (compact). Hence it remains to consider the case where Op C b+ cOp, or
equivalently val(c) < min(0, val(b)). Letting ¢’ := b+ ct we obtain

ba,be) = kel [ (1 fa )gu’)dt'
Op

C
-1 ab a / / /
= 1-—— 1 t thHdt'.
|C|F772( C)/OFW( +c—ab )9()

Hence if val(a) — val(c — ab) > ¢(n2), then k(a,b,c) = 0. Note that val(c — ab) = val(c), as val(ab) >
val(b) > val(c). Therefore in this region, k is supported on the compact subset val(b) > val(c) >
val(a) — c(n2) > —c(12)- 0

We assume that g satisfies the condition of Lemma ii) and prove that mo(g) = (Ind% x)¢*. Let
us assume that n > ¢(n2) from now on. Since fOF g(x)dxz = 0, the formula for f, simplifies and we have
the following, where a € Op and b, ¢ € (wp):

1 a O

/

. " a ¢
fn 01 0 S1 = 6val(c)26(771772) - k (b’ n n) ’
b ¢ 1 “r “r
wi?,’ wcf, (val(a) > n,val(c) > n),
1 a O wF> @ ( a )
o el —, - (val(a) > n,val(c) < n),
fn 0 1 05182 ) = bval(e)>c(mns) =Y g ¢ ¢ lF WnF
0 ¢ 1 TE (%) k (—ZF,O, 1) (val(a) < n,val(c) < val(a)),
F
0 (val(a) < m,val(c) > val(a)),
a
n wo = Oc(n1m2)=0 2 _ Y n
00 1 9(¢* =mm(@r) (@) |k (iF,o, 1) (val(a) < n).

On the other orbits, f,, vanishes. (In case of w = s9s1, this is because n > ¢(n2) and Lemma iii).)
From now on, we moreover assume that |n2(wr)| > |q| and put v := q/n2(wr), so |y] < 1. We define
v € (Indgng X)) by

0 0 qval(a) q—1

S| = 6.0 :
! () =0 (2 =i ()

o = O
—_— o O
O = Q
_= o O

1
:5va a)>c(m —F > U 0
I(a)>c(n1n2) n2(a) 0

o Q =

1
v|(0 1 0] =0, v
0 01
where a € (wp) \ {0}, respectively a € Op. Note that this defines a continuous function since
lim, 0] /ny(a)| = limg_0|y]¥(*) = 0. We also define h!, € C°(N,Cv) by

b
o L wn’l)” (val(b) > n,c € Op),
F
/ _ b ¥
h 2 1 (1) = ﬂ2(wn>k(_waval>” (0 < val(b) < n,c € Op),
C F
0 otherwise).
( )

This function can be regarded as an element of (Ind%(Ind5; x))t as usual: k., (p) = p~*h! (1) €
(Indk.; x)* for p e P, m € N and holenwp = 0. Since (Ind$(Ind%; x)<)<t = (Ind§ ) we can

regard h/, as an element of (Ind% y )¢t

is as follows. First we have

, namely the function g — h!,(g)(1). A concrete description of h!,

1 0 0
supp(hl)c | 0 1 0| P/BcIo=((I**>*NL)(BNL)UI** NL)5(BNL)B/B
Or Op 1

Cc I****B/BUI****$,B/B,
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where 15152 = (§189) 1115 is
a < (ZUF),I),C € Op then
1 00
hi,la 1 0
b ¢ 1
1 0
=1, 0 1
b—ac c
= Oval(a)>c(ninz)

NORIYUKI ABE AND FLORIAN HERZIG

another Iwahori subgroup. On each orbit we have the following.

_ val(a)
h(b ac’l) q (val(b — ac) > n),

b— n val(a)
N2 ( nac) k (—wa ,0, 1> g (val(b — ac) < n),

n2(a)

. val(a)
where we interpret qu as 0 when a = 0. If a,b,c € Op, then we have

1 a O
hl, 0 1 03¢
c b 1
1 0 0 1 a O
=hl, 0 1 0 0 1 03
c b—ac 1 0 0 1
(val(c) > n)
= 50(7]17]2)=O ( — © wn
4(¢* = mnz(=r) J7o7 1) (val(c) < n).
c
Put hy, := (5182) "1 f € mo(g). The value on 15152B/B is as follows. If a € (wp),b,c € O, then
1 0 O
hp,la 1 0
b ¢ 1
1 b ¢
—follo 1 0]é5
0 a 1
1 0 ¢ 1 b—ac O
= fn 0 1 0 0 1 0 $189
0 0 1 0 a
1 b—ac 0
= fa 0 1 5182
0 a
b—ac a
- (val(b — ac) > n,val(a) > n),
vml(a) — ac
( ,—1> (val(b — ac) > n,val(a) < n),
= 6val(a)2c(n1ng) 772(‘1) wF

qval(a) " <
m2(a)
0

On I*1°241 B/ B, it is as follows.

1
hn, 0
c

S = Q

0
0 S.1 :fn
1

= fn

b nac) k < “F 0 1> (val(b — ac) < m,val(a) < val(b — ac)),
wh b—

(val(b — ac) < n,val(a) > val(b — ac)).

Let a,b,c € Op. Then

1 ¢ b
Ola’wo
0 0 1

1 0 b 1 ¢ 0
0 1 a 0 1 0w
0 0 1 0 0 1
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1 ¢ 0
0 01
h ¢ 1 I(c) >
= Setmins) ¢—1 = alle) = )
= Oc(mne)=0_"75 "
q(¢*> — mnz(wr)) - ( Cﬂ) 1 (_wF’o’ 1) (val(c) < n),
o c

which is the same as the value of h/,.

Proof of Lemma[3.11 To prove that my(g) = (Indg X)*® we apply Corollary with Ng = NN K,
where we think of (Ind% x)¢* as (Ind$(Ind5; x)*)<*. As indicated in §1.1] our choice of norm on C

induces an L N K-invariant norm on (Ind%.; x)°*, which in turn induces a K-invariant norm |-|| on
(Ind$ (Indk, x)**)<*. This norm ||| is nothing but the K-invariant norm induced on (Ind$ x)¢* by
our norm on C.
We have
1 0 0
nfllfy || > inf |hy, [ f™ =10 )| = [R(0, ~1)] [y F > 0,
0 0 1

as h(0,—1) # 0. Hence it is sufficient to prove lim,, o (hn, —h!,) = 0. On I°15241$,B/BUI®1%249$1 B/BU
I**24p9B/B, hy, = h!, = 0. On I°**2$; B/B, we have h,, = h],. On I*1*2$,B/B, we have h,, = 0 and it
is sufficient to prove lim,_,||hn|| = 0. This is equivalent to lim,, |/ fn]| = 0 on I$B/B, and this is
true since the function k is bounded and || < 1.

Finally we estimate

1
(3.6) hn | a
b

o = O

0 1
0 =n,[a
1 b

Q= O
= O O

for a € (wp) and b, c € Op. If val(a) < val(b— ac) < n or val(a) < n < val(b— ac), then this is zero. If
val(b — ac) < n and val(a) > val(b — ac), then (3.6 equals
h— n
w () (o))
wh b—ac

qval(“) b—ac o )
k(- 0,1)] = [yl
n2(a) 12 w'h b—ac 1l

This is zero if n > val(b — ac) + c¢(n2) by Lemma iii). Assume n < val(b — ac) + ¢(nz2). Then
val(a) > n —c(n2). As 7| < 1, we get at most
wn
k(—-—%,0,1
(5700)

sup. [k(,0,1)]

z€(wr)

< |7‘n7c(n2) ‘772 (wF) |val((b—ac)/w;§)

< Mn%(nz) In2(wr) |Val((b*a6)/7-v5é)

We have —c(n2) < val((b—ac)/w’) < 0. Therefore there exists r > 0 which does not depend on a, b, ¢,n
such that (3.6) is less than or equal to r|y|™ in this case.
If val(b — ac) > n and val(a) > n, then

100
hnla 1 0] <[y|" sup |h(z,y)]
b ¢ 1

z,yeOF
and
100 val(a)
’ q
h,la 1 0]|< sup |h(z, —1)|.
b ¢ 1 772(a) z€0F

Since val(a) > n and |y| < 1, we have |¢"*(®) /ny(a)| = |y|**(®) < |~|*. Hence is less than or equal
to |v]" sup, yeco, [h(z,y)| in this case.

In summary, is less than or equal 71|y|™ for some r; > 0 which does not depend on a,b, ¢, n.
Hence it converges to zero uniformly. ([
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3.4. Proof of Proposition Let m C (Indg X)®™ be a non-zero subrepresentation. We have a
non-zero map m < (Indg X)™. Hence by Frobenius reciprocity, we have a non-zero T-equivariant map
7wy — x. The composition mn — Ty — X is non-zero Z-equivariant map. Therefore wﬁL =X is non-zero
and it is a subrepresentation of ((Ind% X)Sm)ﬁL:X =~ (Ind%p x)™

By our assumption we have x; # x2. Therefore, (Indém 1, X)®™ is irreducible or has as socle a twist of
the Steinberg representation. If (Ind%.; x)*™ is irreducible, then 7 ZL =X — (Ind%, L X)®™. Therefore =
contains f, for all n > 1 and so 7 is dense in (Ind$, x)°** by Lemma Hence (Ind$ o)<t is irreducible
by Theorem

Assume that (Indém L X)™ is reducible with socle a twist of the Steinberg representation. Hence

m ;.

I%L X also contains a twist of the Steinberg representation. The socle of (Indk; x)*™ is the kernel of
a surjective morphism ¢: (Indhs; x)™ — (x1|-|p* o det) X x3. If the support of f € (Indknz, x)*™ is

contained in (U N L)s1(B N L), then we can normalize ¢ so that ¢(f) = [, f(x31)dz. Hence we have
e(fnlL) = fn(2s1)de
UnL

1 =z
- / il o1
F 0 0
:’Yn/ (xn) dx
(@) \WF
—"w}lr [ gle)ds=0.
OF

Therefore f,|1 € ker(y) C WJ%,L:X and we have f, € 7. By Lemma 7 is dense in (Ind$ x)** and
hence (Ind$ x)¢* is irreducible by Theorem

0
0
1
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