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Abstract We give simple proofs of the Davenport—Heilbronn theorems,
which provide the main terms in the asymptotics for the number of cubic
fields having bounded discriminant and for the number of 3-torsion elements
in the class groups of quadratic fields having bounded discriminant. We also
establish second main terms for these theorems, thus proving a conjecture of
Roberts. Our arguments provide natural interpretations for the various con-
stants appearing in these theorems in terms of local masses of cubic rings.

1 Introduction

The classical theorems of Davenport and Heilbronn [15] provide asymptotic
formulae for the number of cubic fields having bounded discriminant and for
the total number of 3-torsion elements in the class groups of quadratic fields
having bounded discriminant. Specifically, the theorems state:
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Theorem 1 (Davenport—Heilbronn) Let N3(&, n) denote the number of cubic
fields K, up to isomorphism, that satisfy &€ < Disc(K) < n. Then

1
N3(0, X) = mx +o(X);

1
N3(—X,0) = mx +o(X).

Theorem 2 (Davenport—Heilbronn) Let D denote the discriminant of a
quadratic field and let Cl3(D) denote the 3-torsion subgroup of the ideal
class group CI(D) of D. Then

ey

> #Cl3(D):g- > T4o(X);

0<D<X 0<D<X

Z #Cl3(D) =2 - Z 1+ o(X).

—X<D<0 —X<D<0

2

The Davenport—Heilbronn theorems, and the methods underlying their
proofs, have seen applications in numerous works (see, e.g., [1, 3, 5, 10, 18,
19, 32, 33]).

Subsequent to their 1971 paper, extensive computations were under-
taken by a number of authors (see, e.g., Llorente—-Quer [25] and Fung-—
Williams [20]) in an attempt to numerically verify the Davenport—Heilbronn
theorems. However, computations up to discriminants even as large as 10’
were found to agree quite poorly with these theorems. This in turn led to
questions about the magnitude of the error term in these theorems, and the
problem of determining precise second order terms.

In a related work, Belabas [1] developed a very fast method for enumerat-
ing cubic fields—indeed, in essentially linear time with the discriminant—
allowing him to make tables of cubic fields up to absolute discriminant
10''. These computations still seemed to agree rather poorly with the first
Davenport—Heilbronn theorem, and led Belabas to guess only the existence
of error terms smaller than O (X/(log X)%) for any a. However, Belabas [2]
later obtained the first subexponential error terms for these theorems of the
form O (X exp(—+/Tog X loglog X)).

In 2000, Roberts [26] conducted a remarkable study of these latter compu-
tations in conjunction with certain theoretical considerations, which led him
to conjecture a precise second main term for Theorem 1. This conjectural sec-
ond main term took the form of a certain explicit constant times X>/®. Further
computations carried out in the last few years have revealed Roberts’ conjec-
ture to agree extremely well with the data. Meanwhile, on the theoretical side,
power-saving error terms for Theorems 1 and 2 were obtained by Belabas, the
first author, and Pomerance [4], who showed error terms of O (X 7/ 8Jrf).
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The purpose of the current article is to prove the above conjecture of
Roberts. More precisely, we prove the following theorem.

Theorem 3 Ler N3(&, n) denote the number of cubic fields K, up to isomor-
phism, that satisfy & < Disc(K) < n. Then

_ 1 4¢(1/3) 5/6 5/6—1/48+€).
MO = T srearem < oW )

Loyl V3-4¢(1/3) 576
42(3) 5I(2/3)%¢(5/3)

3)

N3(=X,0)= + O (X567 1/48+¢),

Davenport and Heilbronn also proved a refined version of Theorem 1,
where they give the asymptotics for the number of cubic fields K having
bounded discriminant satisfying any specified set of splitting conditions at
finitely many primes. Roberts also conjectures a precise second main term
for the number of such fields K having discriminant bounded by X (see [26,
Sect. 5]). We also prove Roberts’ refined conjecture in Sect. 9.

By essentially identical methods, we also prove the analogue of Roberts’
conjecture for the second Davenport—Heilbronn theorem, i.e., a precise sec-
ond order term in Theorem 2. Specifically, we prove:

Theorem 4 Let D denote the discriminant of a quadratic field and let Cl3(D)
denote the 3-torsion subgroup of the ideal class group C1(D) of D. Then

4 8¢(1/3 173 41

5 =3 5 o (- ) o

0<D<X 0<D<X (2/3) » pp+1)
+ O (X5/6-1/48+e);

S oschmy=2- Y 1+ wl—[<1 _ &)Xsm
—X<D<0 —X<D<0 5F(2/3)3 p P(P +1)
+ O, (X5/6—1/48+e)_
4

In the process, we present a simpler approach to proving the original
Davenport—Heilbronn theorems, and also a simpler approach to establishing
the theorem of Davenport [13] on the density of discriminants of binary cubic
forms. The second main term of the latter theorem of Davenport (who ob-
tained only a second term of O (X 15/ 16)) was first discovered by Shintani [30]
using Sato and Shintani’s theory of zeta functions for prehomogeneous vec-
tor spaces [27]. In this article, we also give an elementary derivation of this
second main term of Shintani. More precisely, we prove:
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Theorem 5 (Davenport—Shintani) Let N (&€, n) denote the number of GL2(Z)-
equivalence classes of irreducible integer-coefficient binary cubic forms f
satisfying & < Disc(f) < n. Then

‘/_§(2/3)F(1/3)(27T)1/3X5/6

3/4+€).

N(0,X) = 72 0rQ) + O (X714F9); s
;(2/3)F(1/3)(27T)1/3 5/6 3/4+e

N(-X,0)=-_X+ 107 (2/3) X0 4 0 (X)),

In order to prove Theorems 3 and 4, we need (in particular) to apply
a new, stronger version of Theorem 5 where we count equivalence classes
of binary cubic forms satisfying any finite or other suitable set of congru-
ence conditions. Such a theorem was obtained by Davenport—Heilbronn but
their method does not yield second main terms. Meanwhile, Shintani’s zeta
function method does not immediately apply to cubic forms satisfying given
congruence conditions. We prove this congruence version of Theorem 5 in
Sect. 6.

In fact, we use this more general version of Theorem 5 to prove a gen-
eralization of Theorems 3 and 4 that also allows us to count cubic orders
satisfying certain specified sets of local conditions. To state this more general
theorem, we first restate Theorem 5 as:

Theorem 6 Let M3(&, ) denote the number of isomorphism classes of orders
R in cubic fields that satisfy & < Disc(R) < n. Then

N_ZX I V3c(2/3) I (1/3)2m)! /3 576

M3(0, X) = 2 B + 0 (X34,
(6)
2/3)(1/3)2n)!/3
M3(—X,0) = Xt £ /3)10;(/23/);)”) X210 4 0 (X14F),

The proof of Theorem 6 is relatively straightforward, given Theorem 5 and
the “Delone—Faddeev bijection” between isomorphism classes of cubic orders
and GL, (Z)-equivalence classes of irreducible binary cubic forms (which we
describe in more detail in Sect. 2).

The generalization of Theorems 3 and 4 (which will also then include The-
orem 6) that we will prove allows one to count cubic orders of bounded dis-
criminant satisfying any desired finite (or, in many natural cases, infinite) sets
of local conditions. To state the theorem, for each prime p let X, be any set
of isomorphism classes of orders in étale cubic algebras over QQ,; also, let
Y~ denote any set of isomorphism classes of étale cubic algebras over R
(.e., Too C{R3 R®C}). We say that the collection (X)) U X is accept-
able if, for all sufficiently large primes p, the set X, contains all maximal
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cubic orders over Z,, that are not totally ramified. We say that the collection
(Xp) U X is strongly acceptable if, for all sufficiently large primes p, the
set X, consists of the set of all cubic orders over Z,,, the set of all maximal
cubic orders over Z, or the set of all maximal cubic orders over Z,, that are
not totally ramified.

We wish to asymptotically count the total number of cubic orders R of
absolute discriminant less than X that agree with such local specifications,
ie, R®Z, € X, forall pand R ® R € Y. This asymptotic count—with
the first fwo main terms—is contained in the following theorem:

Theorem 7 Let (X)) U X be a strongly acceptable collection of local spec-
ifications, and let X denote the set of all isomorphism classes of orders R in
cubic fields for which R ® Z,, € X}, for all p and R ® R € X, For a free
Z,-module M, define MP™ M by MPT™ = M\{p - M}. Let N3(Z; X)
denote the number of cubic orders R € X that satisfy |Disc(R)| < X. Then

N3(X; X)
1 1 p—1 1 1 )
S ). £ . . . X
(2“22:oo |Aut(R)|) U( p REXEIPDiscp(R) |Aut(R)|
1
— R 1= p-1/3
+§(2)<R§w62( )> ];[(( p~'7)
Y S — i(x)2/3dx)-X5/6
Rez, DiSCp(R) |Aut(R)| (R/Zp)Prim
+ Oe (X5/6—1/48+e), (7)

where Disc,(R) denotes the discriminant of R over Z, as a power of p, i(x)
denotes the index of Z,[x] in R, dx assigns measure 1 to (R /7 ,,)P“m, and

3QACAMHCDY o~
(R) Jﬂ@&wﬁw fR=ER®R®R
(6] =
c2/3ra/3emn's . ~

107" (2/3) if R=Re@C.

Note that the case where X', consists of the maximal cubic orders over Z,,
for all p yields Theorem 3, and also yields a corresponding interpretation of
the asymptotic constants in Theorem 3 as a product of local Euler factors.
Indeed, these Euler factors correspond to local weighted counts of the pos-
sible cubic algebras that can arise over Q, and over Q, = R. Theorem 4 is
deduced by letting X'}, consist of all maximal cubic orders over Z, that are
not totally ramified at p, and then applying class field theory (see Sect. 8.1
and Sect. 8.5).
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444 M. Bhargava et al.

Meanwhile, the case where X', consists of all orders in étale cubic algebras
over Q, yields Theorem 6, and again also yields the analogous interpretation
of the constants in Theorem 6. Theorem 7 thus simultaneously generalizes
Theorems 3, 4, 5, and 6 in a natural way, and moreover, it yields a natural
interpretation of the various constants ’77—; g—i, ﬁ 44%, 4/3, 2, etc. that
appear in the asymptotics of these theorems.

If we are only interested in the first main term, then we have the following
stronger result:

Theorem 8 Let (X)) U X be an acceptable collection of local specifica-
tions, and let X denote the set of all isomorphism classes of orders R in cubic
fields for which R® Q, € X}, forall p and R @R € Xo. Let N3(X'; X) de-
note the number of cubic orders R € X that satisfy |Disc(R)| < X. Then

1 1
0= (3 2 )

ReX

p—1 1 1 ot 8
1;[( p 'Ré Discp(R)'|Aut(R)|)' o0 ®

The case where, for all p, the set X, consists of all maximal cubic rings is
Theorem 1, while the case where it consists of all maximal cubic rings that
are not totally ramified at p yields Theorem 2.

Our proofs of Theorems 1-8 and particularly Theorem 7, though perhaps
similar in spirit to the original arguments of Davenport and Heilbronn, involve
a number of new ideas and refinements both on the algebraic and the analytic
side. First, we begin in Sects. 2 and 3 by giving a much shorter and more el-
ementary derivation of the “Davenport—Heilbronn correspondence” between
maximal cubic orders and appropriate sets of binary cubic forms.

Second, we obtain the main term of the asymptotics of Theorem 5 in Sect. 5
by counting points not in a single fundamental domain, but on average in
a continuum of fundamental domains, using a technique of [7]. This leads,
in particular, to a uniform treatment of the cases of positive and negative
discriminants. It also leads directly to stronger error terms; most notably, we
obtain immediately an error term of O(X 3/6) for the number of GL,(Z)-
equivalence classes of integral binary cubic forms of discriminant less than
X, improving on Davenport’s original O (X '3/16). The O (X>/®) term is seen
to come from the “cusps” or “tentacles” of the fundamental regions.

Third, to more efficiently count points in the cusps of these fundamental
regions, we introduce a “slicing and smoothing” technique in Sect. 6, which
then allows us to keep track of precise second order terms and thus also prove
the second main term of Theorem 5. The technique works equally well when
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counting points satisfying any finite set of congruence conditions (see Theo-
rem 27).

Fourth, our use of the Delone—Faddeev correspondence (cf. Sect. 2) allows
us to give an elementary treatment of the analogue of Theorem 3 for orders,
rather than just fields, as in Theorem 6 and the cases of Theorem 7 where
only finitely many local conditions are involved. We prove the main terms of
Theorems 1-8 in Sect. 8, using a simplified computation of p-adic densities
that is carried out in Sect. 4.

Finally—in order to treat the second term in cases where infinitely many
local conditions are involved—we introduce a sieving method that allows one
to preserve the second main terms even when certain natural infinite sets of
congruence conditions are applied. This is accomplished in Sect. 9, using a
computation of “second order p-adic densities” that is carried out in Sect. 7.

Remark I We note that an alternative proof of Theorems 3 and 4 has recently
been obtained by Taniguchi and Thorne [31], using quite different methods.
Although our proof here is more elementary, the work of Taniguchi—-Thorne
connects with the theory of Shintani zeta functions, and may thus have further
interesting consequences in that realm. In fact, it seems clear that the methods
here in conjunction with those of [31] should together yield even stronger
results, e.g., better error terms, than either method alone! We hope to pursue
this in future work.

Remark 2 Readers interested mainly in our new simpler proofs of the main
terms of the Davenport—Heilbronn theorems may safely skip Sects. 6, 7 and 9,
which constitute about a half of this paper. On the other hand, those interested
in the new results on second main terms may wish to concentrate primarily
on these sections.

2 The Delone-Faddeev correspondence

A cubic ring is any commutative ring with unit that is free of rank 3 as a Z-
module. We begin with a theorem of Delone—Faddeev [17] (as refined by
Gan-Gross—Savin [21]) parametrizing cubic rings by GL,(Z)-equivalence
classes of integral binary cubic forms.! Throughout this paper, we always
use the “twisted” action of GL,(Z) on binary cubic forms, i.e., an element
y € GL(Z) acts on a binary cubic form f(x, y) by

rHx,y) = f(&x»)y). €))

1
det(y)

IWe thank Franz Lemmermeyer for pointing out to us that the basic ideas of this correspon-
dence were already essentially contained in the work of Levi [24] in 1914! See also the 1926
work of Delone [16].
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Theorem 9 [17, 21] There is a natural bijection between the set of GL2(Z)-
equivalence classes of integral binary cubic forms and the set of isomorphism
classes of cubic rings.

Proof Given a cubic ring R, let (1, w, 6) be a Z-basis for R. Translating w
and 6 by the appropriate elements of Z, we may assume that w6 € Z. In the
terminology of [17], a basis satisfying the latter condition is called normal.
If (1, w, 0) is a normal basis, then there exist constants a, b, c,d,{,m,n € Z
such that

wl =n
w?*=m — bw+ ab (10)
02=10—dw+ cb.

To the cubic ring R, we associate the binary cubic form f(x,y) = ax3 +
bx%y + cxy? +dy3.

In more coordinate-free terms, the form f (x, y) represents the cubic map
R/7Z — /\2(R/Z) = 7 given by r — r A r2. To see this, set r = xo + y0;
then

rAr? = (xw+y0) A [x* (o — af) + y*(dw — c0)] = f(x, ) (@ A 0)

as elements of /\2(R /7). In particular, changing the Z-basis (w, 0) of R/Z
by an element y € GL,(Z), and then renormalizing the basis in R, trans-
forms the corresponding binary cubic form f(x, y) by that same element of
GL»(Z).

Conversely, given a binary cubic form f(x, y) = ax3 +bx%y+cxy*+dy3,
form a potential cubic ring having multiplication laws (10). The values
of ¢{,m,n are subject to the associative law relations (w8)6 = w(6?) and
(0?0 = w(wh), which when multiplied out using (10), yield a system of
equations which possesses a unique solution for n, m, £, namely

n=—ad
m= —ac (11)
{=—bd.

If follows that any binary cubic form f(x,y) = ax3 4+ bx?y + cxy? + dy>,
via the recipe (10) and (11), leads to a unique cubic ring R = R(f). This is
the desired conclusion. 0

The map f — R(f) has many desirable properties. First, it is discriminant-
preserving. More precisely, if R is a cubic ring, then we may define the

trace Tr(a) € Z of an element o € R as the trace of the Z-linear mapping
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X : R — R. The discriminant Disc(R) of a cubic ring R is then the deter-
minant of the bilinear pairing Tr(aB)q,ger on R. It turns out that this dis-
criminant coincides with the discriminant of the corresponding binary cubic
form:

Proposition 10 The discriminant of an integral binary cubic form f is equal
to the discriminant of the corresponding cubic ring R(f).

Proof An explicit calculation using (10) and (11) easily verifies Proposi-
tion 10. The proposition can also be deduced more conceptually as fol-
lows. We observe that the discriminant of R(f) must be an SL,(Z)-invariant
polynomial in a, b, ¢, d of degree 4. It is well-known (see, e.g., [22]) that
a binary cubic form f possesses, up to scaling, only one SL,(Z)-invariant
polynomial of degree 4, namely the discriminant Disc(f). We conclude
that Disc(R(f)) = ¢ - Disc(f) for some constant ¢. To determine c, let
f(x,y) =xy(x — y). Then by (10), we have R(f) = 73 (with the identifi-
cation w — (—1,0,0) and 6 — (0, —1, 0)). Since Disc(xy(x — y)) = 1 with
the usual normalization of the discriminant, and Disc(R( f)) = Disc(Z%) =1,
we conclude that ¢ = 1. (|

Explicitly, the discriminant of the binary cubic form f (and thus of the
corresponding cubic ring R(f)) is given by

Disc(R(f)) = Disc(f) = b*c* — dac® — 4b>d — 27a*d* + 18abed. (12)

Next, we may determine whether R(f) is an integral domain simply by
checking the reducibility/irreducibility of f over Q:

Proposition 11 For an integral binary cubic form f, the cubic ring R(f) is
an integral domain if and only if f is irreducible as a polynomial over Q.

Proof If f(x,y) = ax3 +bx?y +cxy*+dy? is reducible, then it has a linear
factor, which (by a change of variable in GL,(Z)) we may assume is y; i.e.,
a = 0. In this case, (10) and (11) show that w8 = 0, so R(f) has zero divisors.

Conversely, if a cubic ring R has zero divisors, then there exists some el-
ement w € R such that (1, w) spans a quadratic subring of R. Such an @ can
be constructed as follows. Let & and 8 be two nonzero elements of R with
af =0, and let o3 + c1a? + cra + ¢3 = 0 be the characteristic equation of
the Z-linear mapping X« : R — R. Multiplying both sides by g8, we see that
c3 =0, so that a(a2 +cia+cp)=0.If a? + cja + ¢y = 0, then we may let
o = «a. Otherwise, note that (oz2 +cla+ 02)2 = cz(oe2 + c1a + ¢3), so in that
case we may set w = o+ cra + ¢, and @? = crw. Either way, we see that
(1, w) spans a quadratic subring of R.

@ Springer



448 M. Bhargava et al.

Scaling w by an integer if necessary, we may assume that w is a primitive
vector in the lattice R = 73, and then extend (1, ) to a basis (1, w, 8) of R.
Normalizing this basis if needed, we then see in (10) that we must have a = 0,
implying that the associated binary cubic form is reducible. We conclude that,
under the Delone—Faddeev correspondence, integral domains correspond to
irreducible binary cubic forms. U

Other important properties of the cubic ring R(f) can also be read off
easily from the binary cubic form f. For example, we have

Proposition 12 For an integral binary cubic form f, the group of ring auto-
morphisms of R(f) is naturally isomorphic to the stabilizer of f in GL(Z).

Proof This follows directly from the proof of Theorem 9: any automorphism
of R(f) results in a GL;(Z)-transformation on the chosen normal basis w, 6
of R/Z (which is then automatically still normal), thus giving an element of
the stabilizer of the binary cubic form f in GL,(Z); the converse is similarly
trivial. 0

Finally, we note that the correspondence of Theorem 9, and the analogues
of Propositions 10-12, also hold for cubic algebras and binary cubic forms
over other base rings such as C, R, Q, Q,, Z,, and IF,. Indeed, let T denote
any one of these rings. Then a cubic ring over T can be defined analogously
as any ring with unit that is free of rank 3 as a 7-module. Similarly, a binary
cubic form over T is any binary cubic form with coefficients in 7. Again,
GL,(T) acts on the space of binary cubic forms over T via (9). With these
definitions, Theorem 9 and Propositions 10—12 all hold when “GLy(Z)” is
replaced by “GLy(7)”, “integral binary cubic form” is replaced by “binary
cubic form over T, and ““cubic ring” is replaced by “cubic ring over 7”’; the
proofs are identical. This observation will also be very useful to us in later
sections.

3 The Davenport-Heilbronn correspondence

A cubic ring is said to be maximal if it is not a subring of any other cu-
bic ring. The first part of the Davenport—Heilbronn theorem [15] describes
a bijection (known as the “Davenport—Heilbronn correspondence”) between
maximal cubic rings and certain special classes of binary cubic forms. In this
section, we give a simple derivation of this bijection.

By the work of the previous section, in order to obtain the Davenport—
Heilbronn correspondence we must simply determine which binary cubic
forms f yield maximal rings R(f) in the bijection given by (10) and (11).
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Now a cubic ring R is maximal if and only if the cubic Z,-algebra R; =
R ® 7, is maximal for every p (this is because R is a maximal ring if and
only if it is isomorphic to a product of rings of integers in number fields). The
condition on R that R ® Z, be a maximal cubic algebra over Z,, is called
“maximality at p”. The following lemma illustrates the ways in which a ring
R can fail to be maximal at p:

Lemma 13 Suppose R is not maximal at p. Then there is a Z-basis {1, w, 0)
of R such that at least one of the following is true:

o Z+7Z (w/p)+Z-0 forms a ring
o Z+Z - (w/p)+Z-(0]p) forms a ring.

Proof Let R’ D R be any ring strictly containing R such that the index of R
in R’ is a multiple of p, and let Ry = R’ N (R ®z Z[%]). Then the ring R
also strictly contains R, and the index of R in R; is a power of p. By the
theory of elementary divisors, there exist nonnegative integers i > j and a
basis (1, w, ) of R such that

Ry =Z+Z(w/p") + Z(8/p). (13)

If i =1, we are done. Hence we assume i > 1.

We normalize the basis (1, w, 8) if necessary; this does not affect the
truth of (13). Now suppose the multiplicative structure of R is given by (10)
and (11). That the right side of (13) is a ring translates into the following
congruence conditions on a, b, ¢, d:?

a=0 (mod pzj_j), b=0 (mod pi),

. - (14)

c=0 (mod p’), d=0 (mod pzf_’).
If j =0, then replacing (i, j) by (i — 1, j) maintains the truth of the above
congruences, and R; as defined by (13) remains a ring. If j > 0, then we
may replace (i, j) instead by (i — 1, j — 1). Thus in a finite sequence of such
moves, we arrive at i = 1, as desired. O

The lemma implies that a cubic ring R(f) can fail to be maximal at p
in two ways: either (i) f is a multiple of p, or (ii) there is some GL;(Z)-
transformation of f(x,y) =ax3 + bx?y + cxy? + dy? such that @ is a mul-
tiple of p? and b is a multiple of p.

Let U, be the set of all binary cubic forms f not satisfying either of the
latter two conditions. Then we have proven

2We follow here the convention that, for e < 0, we have a = 0 (mod p°) for any integer a.
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Theorem 14 (Davenport—Heilbronn [15]) The cubic ring R(f) is maximal
at p if and only if f € U,. The cubic ring R(f) is maximal if and only if
feu, forall p.

Note that our definition of ¢/, is somewhat simpler than that used by
Davenport—Heilbronn (but is easily seen to be equivalent).

The discussion above can also be used to deduce a number of other con-
sequences. For example, we may use it to determine the number of index p
subrings of a given cubic ring R(f) as well as the number of cubic rings
containing a given cubic ring R(f) with index p:

Proposition 15 For an integral binary cubic form f, the number of index p
subrings of R(f) is equal to w,(f), the number of zeroes in PL(F ») of f
modulo p.

Proposition 16 For an integral binary cubic form f, the number of cubic
rings in R(f) ® Q containing R(f) with index p is equal to the number of
double zeroes o € IP’l(Fp) of f modulo p such that f(e’) =0 (mod p?) for
all @' = o mod p.

Proof If R C R’ with [R": R] = p, then we may write R =Z + pR’ + Z0,
where 6 is a well-defined element of (R'/Z)/p(R’/Z). Extending 6 to a Z-
basis 1, w, 6 of R’, and renormalizing if necessary, we see that 1, w, 0 is a
Z-basis for R" and 1, pw, 0 is a Z-basis for R. Regardless of these choices,
note that 6 is well-defined in (R'/Z)/p(R’/7Z), while pw is well-defined in
(R/Z)/p(R/Z).

Now if f'(x,y) =a’'x® + b'x?y 4+ ¢’xy*> + d'y> is the binary cubic form
corresponding to the normal basis 1, w, 6 of the ring R’, then by (10) we see
that R =7+ pR’ + Z6 is also a ring if and only if d’ = 0 (mod p), i.e., the
image of 6 in R'/Z is a root of f’ (mod p), when f’ is viewed as a cubic
map R'/Z — /\Z(R’/Z) = 7 given by r — r A r2. In that case, f(x,y) =
a' p*x3 + b px?y +c’xy* + (d’/p)y? is the binary cubic form corresponding
to the basis 1, pw, 6 of R, and this gives the desired bijection between roots
of f/ (mod p) and subrings of R’ of index p, as stated in Proposition 15.

Similarly, if f(x, y) =ax> 4+ bx%y + cxy? + dy? is the binary cubic form
corresponding to the normal basis 1, pw, 6 of the ring R, then by (10) we
see that the Z-module R’ spanned by 1, w, 0 is also a ring if and only if
a =0 (mod p?) and b =0 (mod p), i.e., the image of pw in R/Z is a double
root of f (mod p) and f takes a value at pw that is a multiple of p2, when
f is viewed as a cubic map R/Z — /\Z(R/Z) = 7 given by r = r A 12,
In that case, f'(x,y) = (a/p?)x> + (b/p)x?y + cxy* + dpy? is the binary
cubic form corresponding to the basis 1, w, 6 of R’, and this gives the desired
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bijection between roots « of f (mod p) such that f(«) =0 (mod pz), and
rings R’ containing R with index p, as stated in Proposition 16. g

4 Local behavior and p-adic densities

In this section, we consider elements f in the spaces of binary cubic forms
over the integers Z, the p-adic ring Z,, and the residue field Z/ pZ. We denote
these spaces by Vz, Vz,, and Vi, respectively. The results in this section are
also contained in [15]; however, we give here slightly simpler and more direct
proofs.

Aside from the degenerate case f =0 (mod p), any form f € Vyz (resp.

Vz,. VF,) determines exactly three points in ]P- , obtained by taking the roots

of f reduced modulo p. For such a form f deﬁne the symbol (f, p) by
setting

P’

(fip)=(f" 132,

where the f;’s indicate the degrees of the fields of definition over ¥, of the
roots of f, and the ¢;’s indicate the respective multiplicities of these roots.
There are thus five possible values of the symbol (f, p), namely, (111), (12),
(3), (1?1), and (13). Furthermore, it is clear that if two binary cubic forms
f1, f2 over Z (resp. Z, IF ) are equivalent under a transformation in GL;(Z)
(resp. GL2(Z)), GL2(F))), then (f1, p) = (f2, p). By Tp(111), T, (12), etc.,
let us denote the set of f such that (f, p) = (111), (f, p) = (12), etc.

By the definition of R(f), the ring structure of the quotient ring R(f)/(p)
depends only on the GL; (I ,)-orbit of f modulo p; hence the symbol (f, p)
indicates something about the structure of the ring R( f) when reduced mod-
ulo p. In fact, writing down the multiplication laws at one point of each of
the five aforementioned GL;(IF ,)-orbits demonstrates that

()= (f"12)
= RN/ EF alnl/(1]") ©F plnl/(55°) @

In particular, it follows that for f € U, the symbol (f, p) conveys precisely
the splitting behavior of R(f) at p. For example, if (f, p) = (13) for feu,,
then this means the maximal cubic ring R(f) is totally ramified at p.

Now, for any set S in V7 (resp. Vz,, V]Fp) that is definable by congruence
conditions, let us denote by wu(S) = u,(S) the p-adic density of the p-adic
closure of S'in V7 . where we normalize the additive measure p on V7 , = Z‘I‘j
so that u(Vz, p) =1 (i.e., we have taken the product of the usual additive mea-
sures on Zp). The following lemma determines the p-adic densities of the
sets T (-).
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Lemma 17 We have
1
w(T,(111)) = g(p - D?p(p+1)/p*
1 2 4
w(Tp(12) = 5(p =D p(p+ D/p

1
w(Tp®) =z =D*pp+1/p*

w(T,(1%1)) = (p — Dp(p + 1/ p*
w(T,(1%)) = (p — D(p+ 1)/p*.

Proof Since the criteria for membership of f in a 7),(-) depend only on the
residue class of f modulo p, it suffices to consider the situation over I,. We
examine first ;£(7T,(111)). The number of unordered triples of distinct points
in PIIF,, is %( p + 1)p(p — 1). Furthermore, given such a triple of points, there
is a unique binary cubic form, up to scaling, having this triple of points as its
roots. Since the total number of binary cubic forms over I, is p*, it follows
that (T, (111)) = %[(p +Dpp—DIp— 1)/p4, as given by the lemma.
Similarly, the number of unordered triples of points, one member of which
is in IP’I%,IJ while the other two are [F),-conjugate in IP’Ilez, is given by %( p+

1)(p* = p). We thus have 14(T,,(12)) = 3[(p+ D)(p* = p))(p — 1)/ p*. Also,
the number of unordered IF,-conjugate triples of distinct points in IP’IIF ; is
p

(p* = p)/3, and hence 11(T,,(3)) = 3[(p* — p)I(p — D/ p*.

Meanwhile, the number of pairs (x, ¥) of distinct points in IP)Ile is given by
(p + 1) p, so that the number of binary cubic forms over I, having a double
root at some point x and a single root at another point y is [(p + 1) p](p — 1).
Thus w(T,(1°1)) = [(p + Dpl(p — D]/p*. Finally, the number of binary
cubic forms over IF, having a triple root in Pﬁ?p is (p+ 1)(p — 1), yielding

w(T,(13) = (p + 1)(p — 1)/ p* as desired. O

We next wish to determine the p-adic densities of the sets U),. Let U, (-)
denote the subset of elements f € T),(-) such that R(f) is maximal at p. If
f is an element of T),(111), T,(12), or T,,(3), then R(f) is clearly maximal
at p, as its discriminant is coprime to p. Thus U, (111) =T, (111), U, (12) =
T,(12),and U, (3) = T, (3). If a binary cubic form f isin Tp(121) or Tp(13),
then it can clearly be brought into the form f(x, y) = ax3 + bx%y + cxy* +
dy3 with a = b =0 (mod p), namely, by sending the unique multiple root
of f in ]P’I%p to the point (1,0) via a transformation in GLy(Z). Of all f €

T,,(lzl) or T,,(13) that have been rendered in such a form, a proportion of
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1/p actually satisfy the congruence a = 0 (mod p?) of condition (ii). Thus
a proportion of (p — 1)/p of forms in Tp(lzl) and in Tp(l3) correspond to
cubic rings maximal at p. We have proven:

Lemma 18 We have

1
u(Up(11D) = =(p = D?p(p + 1)/ p*

1
u(Up(12)) = =(p = 1?p(p + 1/ p*

1
nUp3) =3 = 1?p(p+/p*

(U, (171)) = (p — D*(p + 1)/ p*
n(Up(1?)) =(p— D*(p+ 1)/p°.

Following [15] let V,, denote the set of elements f € U}, such that
(f, p) # (13). Then it is clear from the above arguments that the elements
of V), correspond to orders in étale cubic algebras over Q that are maximal
at p and in which p does not totally ramify. The set V), plays an important
role in understanding the 3-torsion in the class groups of cubic fields (see
Sect. 8).

Using the fact that (/) is simply the union of the U/, (0)’s, while V), is the
union of the U/}, (0)’s where o # (13), we obtain from Lemma 18:

Lemma 19 We have
uWUp) = (p> = 1)(p* = 1)/p°

nV,) = (p*—1)°/p*.

5 The number of binary cubic forms of bounded discriminant

Let Vr denote the vector space of binary cubic forms over R. Then the action
of GL,(R) on VR has two nondegenerate orbits, namely the orbit Vﬂg)) con-

sisting of elements having positive discriminant, and VH({I) consisting of those
having negative discriminant. In this section we wish to understand the num-
ber N(V,\"; X) of irreducible GL,(Z)-orbits on V" := Vz N V" having ab-
solute discriminant less than X (i =0, 1), where we say that a GL;(Z)-orbit
on Vyz is irreducible if it consists of binary cubic forms that are irreducible
over Q. In particular, we prove the following strengthening of Davenport’s
theorem on the number of GL;(Z)-equivalence classes of irreducible binary
cubic forms having bounded discriminant:
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Theorem 20 We have

2
N(VZ(O);X):%-X+0(X5/6);
NV x) = ™ X+ 0(x5/6)

Y '

In [13] and [14], Davenport had obtained the main terms of the above the-
orem with an error bound of O (X13/16),

5.1 Reduction theory
Define the usual subgroups K1, Ay, N, and A of GL,(R) as follows:

K| = {orthogonal transformations in GL;(R)};

-1
Ay ={a():teR;}, wherea(t) = (t t);

N ={n():ueR}, wheren(u)= (blt 1) ;

e[ )] s

It is well-known (see [23, Theorem 6.46]) that the natural product map
K1 x Ay x N = GL(R) is an analytic diffeomorphism. In fact, for any
g € GLy(R), there exist unique k € K1, a=a(t) € Ay, n =n(u) € N, and
A € A such that g = kan A; this is the Iwasawa decomposition of GL;(R).

Let F denote Gauss’s usual fundamental domain for GL,(Z)\GL2(R) in
GL;(R). Then F may be expressed in the form F = {nak) : n € N'(a),
acA' ke K, e A}, where

N/(a)={<rlz 1>:nev(a)},

A= {(fl t) > %/ﬁ}, (15)

e[ )]

and K is as usual the (compact) real special orthogonal group SO;(R); here
v(a) is the union of either one or two subintervals of [— % %] depending only
on the value of a € A’. Furthermore, if a is such that ¢ > 1, then v(a) =
[—4. 31. (See, e.g., [28, Ch. 7, Th. 1].)
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For i € {0, 1}, let n; denote the cardinality of the stabilizer in GL,(R) of
any element v € Vﬂg) (by the correspondence of Theorems 9 and 12 over
R, we have n; = Autg(R?) = 6 and ny = Autg(R @ C) = 2). Then for any
v E Vﬂg), JFv will be the union of n; fundamental domains for the action

of GL(Z) on Vl[g) . Since this union is not necessarily disjoint, Fv is best
viewed as a multiset, where the multiplicity of a point x in Fv is given by the
cardinality of the set {g € F | gv = x}. Evidently, this multiplicity is a number
between 1 and #n;.

Even though the multiset Fv is the union of n; fundamental domains for
the action of GL,(Z) on V(l), not all elements in GL;(Z)\ Vz will be repre-
sented in Fv exactly n; times. In general, the number of times the GL,(Z)-
equivalence class of an element x € Vz will occur in the multiset Fv is given
by n;/m(x), where m(x) denotes the size of the stabilizer of x in GL,(Z).
Now the stabilizer in GL,(Z) of an irreducible element x € V7 is the group
of ring automorphisms of the order corresponding to x under the Delone—
Faddeev correspondence (see Sect. 2), and is thus either trivial or C3. We
conclude that, for any v € V(i), the product n; - N (V(i); X) is exactly equal to
the number of irreducible integer points in Fv having absolute discriminant
less than X, with the slight caveat that the (relatively rare—see Lemma 22)
C3-points are to be counted with weight 1/3

Now the number of such integer points can be difficult to count in a single
such fundamental domain. The main technical obstacle is that the fundamen-
tal region Fv is not bounded, but rather has a cusp going off to infinity which
in fact contains infinitely many integer points, including many irreducible
points. We simplify the counting of such points by “thickening” the cusp;
more precisely, we compute the number of points in the fundamental region
Fv by averaging over lots of such fundamental domains, i.e., by averaging
over points v lying in a certain compact subset B of Vg.

5.2 Estimates on reducibility
We first consider the reducible elements in the multiset
Rx(v):={w e Fv: [Disc(w)| < X},

where v is any vector in a fixed compact subset B of V. Note that if a binary
cubic form ax> + bx?y + cxy? + dy? satisfies a = 0, then it is reducible over
Q, since y is a factor. The following lemma, proved in [13, Lem. 3] and [14,
Lem. 2], shows that for binary cubic forms in Rx (v), reducibility with a # 0
does not occur very often.

Lemma 21 Let v € B be any point of nonzero discriminant, where B is any
fixed compact subset of Vr containing only elements having discriminant
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greater than 1. Then the number of integral binary cubic forms ax> 4+ bx?y +
cxy2 + dy3 € Rx (v) that are reducible with a # 0 is O (X3/4%€), where the
implied constant depends only on B.

Proof For anelement f(x, y) = ax> +bx%y+cxy?+dy> € Rx(v), we have
feN'A'K Av where 0 < A < X!/4, since Disc(A - v) = A*Disc(v). It follows
thata = O(A/13) = O(X'/*),ab=0(2/t*) = O(X/?),ac = O(\*/1?) =
0(X'?), ad = 0(0*) = 0(X'/?), abc = 0(\3/13) = 0(X3/*), and abd =
o3 /1) =0(X 3/4). In particular, the latter estimates clearly imply that the
total number of forms f € Rx(v) witha#0andd =0 is O (X3/4+e).

Let us now assume a # 0 and d # 0. Then the above estimates show that
the total number of possibilities for the triple (a, b, d) is O (X3/4+€). Suppose
the values a, b, d (d # 0) are now fixed, and consider the possible number of
values of ¢ such that the resulting form f(x, y) is reducible. For f(x, y) to
be reducible, it must have some linear factor rx + sy, where r, s € Z are rela-
tively prime. Then r must be a factor of a, while s must be a factor of d; they
are thus both determined up to O(X*€) possibilities. Once r and s are deter-
mined, computing f(—s, r) and setting it equal to zero then uniquely deter-
mines c (if it is an integer at all) in terms of a, b, d, r, s. Thus the total number
of reducible forms f € Rx(v) witha #0is O(X 3/4+€) as desired. O

We shall need the following lemma, which also follows from [13,
Lemma 2], bounding the number of integral points in Rx(v) that have sta-
bilizer C3 in GL,(Z), when v has positive discriminant. No integral binary
cubic form having negative discriminant has stabilizer C3 in GL;(Z).

Lemma 22 Let v € Vg be any point of positive discriminant. Then the num-
ber of points in V7 N Rx(v) having stabilizer C3 in GL,(Z) is O (X3/4te),
where the implied constant is independent of v.

Proof The number of integral points in Ry (v) having stabilizer C3 in
GL,(Z) is equal to the number of isomorphism classes of cubic rings hav-
ing automorphism group C3 and discriminant less than X. This number is
thus independent of v, and so it suffices to prove the lemma for any single v.

We choose v to be the binary cubic form x> — 3xy2. The reason for this
choice is as follows. Every binary cubic form f (x, y) = ax> +bx?y +cxy* +
dy? has a naturally associated binary quadratic form, namely, the “Hessian
covariant” H s (x, y) = (b* —3ac)x?+ (bc —9ad)xy + (c*> —3bd)y>. Itis easy
to see that if a binary cubic form f is acted upon by an element y € SL;(Z),
then Hy is also acted upon by the same transformation. Now H,(x,y) =
9(x2 + yz), and so F H,, consists of the usual reduced (positive-definite) bi-
nary quadratic forms A1x? + Asxy + A3y?, where |A»| < A; < A3. Thus Fv
consists of binary cubic forms satisfying |bc — 9ad| < b* — 3ac < ¢* — 3bd.
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Now if a binary cubic form f in Fv has a nontrivial stabilizing element
y of order 3 in SLy(Z), then y will also stabilize its Hessian Hy. But the
only reduced binary quadratic form, up to multiplication by scalars, having a
nontrivial stabilizing element of order 3 is x> 4 xy + y2. Therefore, any such
C3-type binary cubic form f(x, y) = ax3 + bx?y + cxy*> +dy> in Fv must
satisfy

b* —3ac = bc — 9ad = c* — 3bd.

From this we see that, if a, b, d are fixed, then there is at most one solution
for c. As in the proof of Lemma 21, the total number of possibilities for the
triple (a, b, d) in Fv is O (X3/41€), and the lemma follows. O

In fact, by refining the proof of Lemma 22, it can be shown that the number
of C3-points in Ry (v) of discriminant less than X is asymptotic to c¢X /2,
where ¢ = n\/§/18; see [8].

Thus, as far as Theorem 20 is concerned, the C3-points in V7 are negligible
in number and are absorbed in the error term.

5.3 Averaging

Let dv denote the usual Euclidean measure on Vg (normalized so that V has
co-volume 1) and let dg = t ~2dn d*t dk d* A be the Haar measure of GL,(R)
obtained from its Iwasawa decomposition (see the beginning of Sect. 5.1),
where dk is normalized to have measure 1 on SO, (IR). We start with a propo-
sition implying that |Disc(v) |~!dv is a GL»(R)-invariant measure on V.

Proposition 23 Fori =0or 1, let f € CO(V]R(;)) and let v; be any element
of Vﬂg) . Then

/ f(g-vi)dg= 7 f()|Disc(v)|™ dv
geGLy (R) T JveGLy(R)-v;
=2 [ f)|Dise(w)|dv.
27 veVﬂg)

The first equality in Proposition 23 is simply a Jacobian calculation for
the change of variable for the map which sends g € GLa(R) to v =g - v;
in Vg, where the coordinates for g are (k, ¢, n, 1), while for v they are the
usual Euclidean coordinates (a, b, ¢, d) with dv =dadbdcdd. The second
follows from the fact that the multiset GL2(R) - v; is an n;-fold cover of the
set Vﬂé’).

For a constant C > 1,let B=B(C) ={w = (a,b,c,d) € Vg : 3a% + b2 +
c? 4+ 3d? < C, |Disc(w)| > 1}; then one easily checks that B is K -invariant.
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Let VZirr denote the subset of irreducible points of Vz. It then follows from the
discussion in Sect. 5.1 that

Jyepove #x € Fun VI [Disc(x)| < X}[Disc(v)|~dv

9

NV X) =

(V2" X) n; - fuegmvﬂg> IDisc(v)|~'dv

(16)

where points x € Fv N VZh’r whose stabilizer in GL;(Z) is C3 are counted

with multiplicity 1/3. The denominator of the latter expression is, by con-

struction, a finite absolute constant greater than zero. We have chosen the
measure |Disc(v)|_1 dv because it is a GL; (R)-invariant measure.

More generally, for any GL;(Z)-invariant subset S C VZ(I) , let N(S; X)
denote the number of irreducible GL, (Z)-orbits on S having discriminant less
than X. Let S denote the subset of irreducible points of S. Then N(S; X)
can be expressed as

fueBmv“) #{x € FvN S : |Disc(x)| < X}|Disc(v)|~1dv
N(S; X) = R

- , (A7)
n; - fveBﬁ\/ﬂg) |Disc(v)|~ldv

where, as before, points x € Fv N S whose stabilizer in GL»(Z) is C3 are
counted with multiplicity 1/3. We shall use this as a definition of N (S; X) for
any S C Vz, evenif § is not GL,(Z)-invariant. Note that for disjoint Sy, S» C
Vz, we have N (81U $2; X) = N(S1; X) + N(82; X).

Fix v; € Vlél) and maximal subsets H) ¢ GLy(R) such that H® . v; =
BN Vﬁg). Thus, the multiset H - v; is an n;-fold cover of B N Vﬂg). The
numerator of the right hand side of (17) is equal to

Z / #{ge]—":x:gv}lDise(v)I_ldv

(&)
cesiT €BNVp
|Disc(x)|<X
2
== Z #{g € F:x = ghv;}dh, (18)
nj ’ heH®
xes"™
|Disc(x)|<X

where the equality in (18) follows from Proposition 23. The right hand side
of (18) is equal to

2 .
il f #heHY : x = ghvi}dg
i
! xesim d

|Disc(x)]|<X

_ i o gy 1D

= #{xe ST NgHYv; : |Disc(x)| < X}dg. (19)

nj Jger
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Therefore, we have
N(S; X)

1 . .
— ﬁf #lx e S™NgBN VY : Disc(x)| < X} dg (20)
i
/ #{xes™nn("" )akBN VY 1 |Disc(x)| < X}
geN’(a)A’AK
x 17 2dnd*t d*\dk. 1)

where

n;
M;=—

: |Disc(v)| " 'dv. (22)
27 Jvepnv?

Let us write B(n,t, 1, X) = n(Fl t))\,B N{ve Vﬂg) : |Disc(v)| < X}. As
KB =B and [, dk =1, we have

1 .
N(S; X) = —f #{x € SN B(n,t, 1, X)}t 2dnd*td*x. (23)
geN(a)A’A

To estimate the number of lattice points in B(n, ¢, A, X), we have the fol-
lowing elementary proposition from the geometry-of-numbers. The form we
state is essentially due to Davenport [12]. To state the proposition, we require
the following simple definitions. A multiset R C R”" is said to be measurable
if Ry is measurable for all k£, where R denotes the set of those points in R
having a fixed multiplicity k. Given a measurable multiset R C R”, we de-
fine its volume in the natural way, that is, Vol(R) =) , k - Vol(Rx), where
Vol(Ry) denotes the usual Euclidean volume of Ry.

Proposition 24 Let R be a bounded, semi-algebraic multiset in R" having
maximum multiplicity m, and which is defined by at most k polynomial in-
equalities each having degree at most £. Let R’ denote the image of R under
any (upper or lower) triangular, unipotent transformation of R". Then the
number of integer lattice points (counted with multiplicity) contained in the
region R’ is

Vol(R) + O (max{Vol(R), 1}),

where Vol(R) denotes the greatest d-dimensional volume of any projection
of R onto a coordinate subspace obtained by equating n — d coordinates to
zero, where d takes all values from 1 to n — 1. The implied constant in the
second summand depends only on n, m, k, and €.
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Although Davenport states the above lemma only for compact semi-
algebraic sets R C R", his proof adapts without essential change to the more
general case of a bounded semi-algebraic multiset R C R”, with the same
estimate applying also to any image R’ of R under a unipotent triangular
transformation.

We now have the following lemma on the number of lattice points in
B(n,t, A, X) with a # 0:

Lemma 25 The number of lattice points (a,b,c,d) in B(n,t, A, X) with
a#0is

0 if & <1

Vol(B(n, t, », X)) + O(max{C3t313,1}) otherwise.

Proof From our description of B, it follows that the x3-coefficient of any
binary cubic form in B is bounded by C. Thus, if CA/ 1< 1, then a =0 is
the only possibility for an integral binary cubic form ax> +bx?y +cy? +dy>
in Bn,t,A, X). If C)\/t3 > 1, then A and ¢ are positive numbers bounded
from below by (v/3/+4/2)3/C and v/3/+/2 respectively. In this case, one sees
that the projection of B(n,t, A, X) onto a = 0 has volume 0(C3t3k3), while
all other projections are also bounded by a constant times this. The lemma
now follows from Proposition 24. O

In (23), observe that the integrand will be nonzero only if 3 < CA and
A < X'/4 since B consists only of points having discriminant at least 1. Thus
we may write, up to an error of O (X 3/ 4+€) due to Lemma 21, that

_ 1 x1/4 Cc1/3,1/3

NV X) = — / (Vol(B(n, 1, 2, X))
M; Jy=3/v23 )¢ Ji=33v2 IN (1)
+ 0(max{C?23, 1}))t2dnd*td* 1. (24)

The integral of the first summand is

1
2 M; Jyepnv®

Vol(R x (v))|Disc(v)| ™' dv

1 xl/4

oo
YA / / Vol(B(n,t, 1, X))t~ 2dnd*td* .
M; Ji=(¥3/v23 ¢ Je1ianis I

(25)
Since Vol(Rx(v)) does not depend on the choice of v € Vﬂg) (by Proposi-

tion 23), the first term of (25) is simply Vol(Ryx (v))/n;; meanwhile, the in-
tegral of the second term is easily evaluated to be O(C 10/3 x5/ 6/Mi(C)),
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since Vol(B(n, 1, 1, X)) < C*A*. On the other hand, since C37313 > 1 one
immediately computes the integral of the second summand in (24) to be
O(C'93X3/6/M;(C)). We thus obtain, for any v € V,\, that

N(VS; X) = nl Vol (Rx(v)) + O(C'P X/ Mi(C)).  (26)

1

To prove Theorem 20, it remains to compute the fundamental volume
Vol(Rx (v)) for v e V.

5.4 Computation of the fundamental volume

Let GL2il (R) denote the subgroup of elements in GL; (R) having determinant
+1. It is known [23] (or readily computed using Gauss’s explicit fundamental
domain for SL,(Z)\SL2(R)) that Vol(GLF" (Z)\GLy" (R)) = ¢(2) /7, where
this volume is computed with respect to the measure dh obtained from the
Iwasawa decomposition of GLE|E1 (R). Then we obtain using Proposition 23
that

1 2 X1/4
— Vol(Rx (vy)) = —”/ x“dm/ dh
n; ni Jo GL2(Z)\GLF' (R)

2 X ¢  n?
T n 4 0w 12m;

This proves Theorem 20, and thus the main term of Theorem 5. Together
with the Delone-Faddeev correspondence, this also proves the main term of
Theorem 6.

5.5 Congruence conditions

We may prove a version of Theorem 20 for a set in VZ(i) defined by a finite
number of congruence conditions.

Theorem 26 Suppose S is a subset of VZ@ defined by finitely many congru-
ence conditions modulo prime powers. Then we have

@), 2

NNV, X) b4
li = S), 27
Xl—l;noo X 12ni1;['up( ) @7

where . ,(S) denotes the p-adic density of S in Vz, andn; =6 or 2 fori =0
or 1, respectively.
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To obtain Theorem 26, suppose S C VZ(Z) is defined by congruence condi-
tions modulo some integer m. Then S may be viewed as the intersection of
VZ@ with the union U of (say) k translates L1, ..., L of the lattice m - Vz. For
each such lattice translate L ;, we may use formula (23) and the discussion fol-
lowing that formula to compute N (L; N VZ(Z); X)), where each d-dimensional
volume is scaled by a factor of 1/m? to reflect the fact that our new lattice
has been scaled by a factor of m. With these scalings, the volumes of the d-
dimensional projections of B(n, t, A, X), ford =3, 2, and 1 are seen to be at
most O(m3C3313), O(m=2C?t*A?), and O(m~'Cr31), respectively. Let
a > 1 be the smallest nonzero first coordinate of any point in L ;. Then, anal-
ogous to Lemma 25, the number of lattice points in B(n,t, A, X) N L; with
first coordinate nonzero is

0 if % <a;
(28)

3.3,3 2,452 3 .
Vol(B(n,i,k,X)) + O(Cni;” 4 C7t*A 4 Ct°r 4 1) otherwise.

m m? m

Carrying out the integral for N(L ;; X) as in (24), we obtain, up to an error of
0 (X3/4+€) corresponding to the reducible points in Lemma 21, that

N(L;n VY X)
_ Vol(Rx(v)) 0( 1 [010/3)(5/6 C¥3x3

m* M; (C) al’3m3 a?/3m?2
c4/3x1/3
4+ ——=+logX]|). (29)
al3m

Assuming m = O (X !/%), this gives (up to the O(X>3/4*€) reducible points of
Lemma 21):

N(Lj; X)=m *Vol(Rx (v)) + O (m 3 X°/%), (30)

where the implied constant is again independent of m. Summing over j, we
thus obtain

N(S; X) = km™*Vol(Rx (v)) + O (km=3X%€) + 0(x*%). (31

Finally, the identities km~* = [T, u,(S) and Vol(Rx (v)) = 7*/(12n;) - X
yield (27).

Note that (29)—(31) also give some information on the rate of convergence
of (27) for various S, which will indeed be of use when studying second order
terms.
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6 Slicing and second order terms

In Sect. 5, we proved that N(Vz(i); X) = cgi)X + 0(X°/%), where CiO) =

7%/72 and cgl) = 7%/24. Let céo) = /3r/30 and cél) =r/10 where r =
t@Ara/3Hen's?
T (2/3)

. In this section, we prove that

NV X) =" X + X304+ o(x374),
thereby proving Theorems 5 and 6.
6.1 Proofs of Theorems 5 and 6

In (20) of the previous section (with § = VZ@), we obtained a formula for

the number N (V(i) ; X) in terms of an integral over a chosen fundamental
domain F for the left action of GL,(Z) on GL;(R). Evaluating this integral
required us to evaluate the number of integral points in B(n, ¢, A, X) for vari-
ous n, t, A, X. Using Proposition 24, we concluded that the number of integral
points in B(n, t, A, X) is equal to the volume of B(n, ¢, A, X) with an error of
o(323).

In this section, we count points in dyadic ranges of the discriminant. Let
B(n,t,A, X/2, X) be the subset of B(n,t, A, X) that contains points hav-
ing discriminant greater than X /2 in absolute value. We again estimate the
number of integer points in B(n,t, A, X/2, X) to be equal to its volume,
again with an error of O (+313). To obtain a more precise count for the num-
ber of lattice points in B(n,t, A, X/2, X) when ¢ is large, we slice the set
B(n,t, 1, X/2, X) by the coefficient of x3. More precisely, for a € Z, let
B,(n,t, A, X/2, X) denote the set of binary cubic forms in B(n, ¢, A, X/2, X)
whose x3-coefficient is equal to a. Then we have:

#{x e VTN B, 1,2, X/2.X)} =) #{x € V"N By(n.1. 1, X/2,X)}.

ac”Z
a#0
(32)

We then again use Proposition 24 to estimate the right hand side of (32). We
shall slice the set B(n, ¢, A, X/2, X) when ¢ is “large”. We separate the large
t from the small as follows.

Let ¥ be a smooth function on Rx¢ such that ¥ (x) =1 for x <2 and
Y (x) =0 for x > 3. Let ¥ denote the function 1 — ¥. Let N(VZ(i); X/2,X)
denote the number of GL;(Z)-orbits on VZ(i) A having discriminant between
X /2 and X in absolute value. Then for any « > 0, we have just as in (23) that
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N(VP: X/2, X)
1 tk (i),irr
S W = V#x e VIO A B, 1,1, X/2, X)
M; Ini@yara (MB>{ z }

*2dnddeXA
/ (Am) [x e V"™ N B, 1,1, X/2, X))
"(a)A’A
x 1 2dnd*td*\. (33)

Note that the first summand of the right hand side of (33) is non-zero only
when ¢ < 31!/3/k, while the second summand is non-zero only when ¢ >
21173 /i We will choose « later to minimize our error term. For now, we
merely insist limy_, oo k = 00 and k < X3/4,

Let Dg be a constant that bounds the discriminant of every point in B.
Since the absolute value of the discriminant of every point in B is bounded
below by 1 and above by Dy, we see that B(n, t, A, X/2, X) is empty unless
(o X )1/4 <A < X4 Also, note that ¥ 1/3) vanishes whenever A < 2713k,
Thus by Proposition 24, we see that the ﬁrst summand of the right hand side
of (33) is

X1/4 3)\1/3/’( 1
w( =) (Vol(B(n, 1, 2, X/2, X)
A= (3)1/4[ f/f/’o) (“/3)( ( )

+ O(max{£2%, 1))t 2dnd*td*». (34)

The integral of the error term in (34) is easily seen to be

Xl/4 l/%/K X5/6
( / A3tdxtdxk> = 0( )
( )1/4 ¢ f/f K

Therefore, the first summand of the right hand side of (33) is equal to

xl/4

13 A
=GV =32 '<t> A

5/6
x Vol(B(X/(21%), X/A%))t2dnd*t d* ) + 0<X )

K

(35)

where B(d1, dy) denotes the set of all points in B with discriminant between
d1 and dz.
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To evaluate the second summand on the right hand side of (33), we break
up the integrand into a sum over points with fixed x3-coefficient. Indeed, we
see that it is equal to

1 o
(i),irr
W Z/ f%(pﬂ) {xe Vv, "N B,(n,t,1,X/2,X)}dg.  (36)
acz 8¢
a#0
Since B is K -invariant, the number of points in B, (n, ¢, A, X /2, X) is equal to
the number of points in B_, (n, ¢, A, X/2, X). Note that the integrand vanishes
for a > O(k>) where the implied constant depends only on B. We again use
Proposition 24 to see that (36) is equal to

03 x4 00
2 tk
= Z/ / / lI/0<1—/3>(Vol(Ba(n,t,k,X/2,X))
Mi = = =332 v\ A

+ O (max{r%t*, 1}))t2dnd*td* . 37)

Again, we can estimate the integral of the error in (37) to be on the order of

O(K ) X1/4 )Ll/3/al/3
Z/ / A2 A% d* A
o =ty
0 (k3)
_X2/3 Z 72/3 ( X2/3). (38)

We assume from now on that k < %X /12 For sufficiently large values of X, it

follows that if Wo(zx /A'/3) is nonzero, then ¢ > ZAKi > 1 since A > (%0)1/4.

Thus, the integral over N’ in (37) always goes between —1/2 and 1/2. The
integral of the main term in (37) is now computed to be

2 & K 2
— 1z Vol(B,4(0,t, A, X/2, X)))t~*d*td* 1
Mi;/A:(D%)U“/t 0 O( ]/3)( 0( a1 / )))t t
2 & x4 tK
-~ N7 k3 3
M; ;sz(x)‘/“ /t>0 0(11/3)
x Vol(B s (X/(22%), X/a%))t~2d > td* 4, (39)

a3
A

where B, (d;, d>) denotes the set of forms in B having x3-coordinate equal to
a and discriminant between d; and d5 in absolute value. We change variables
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to compute the right hand side of (39); let u = t3a /A so that d*u = 3d*t.
The main term in (37) is therefore equal to

x4 / w34\ 210/3,,1/3
3M A= ( X )1/4 u>0 0 a1/3 01/3
x Vol(Bu (x/(22%), X/a%))d > ud* . (40)

To compute the expression above, we first sum over a. Let @(z) be equal
to Yo(u'/3 /zl/ 3). For a function F defined on the positive reals, let F (s)
denote the Mellin transforms of F. Since the first derivative ¥ is smooth
and Schwartz class, the Mellin transform lfl;g(s) is holomorphic, entire, and
rapidly decaying on any vertical line o + it as |f| — 0o. Moreover, by stan-
dard properties of the Mellin transform, we have the equality v/ b+ 1) =
slllo(s) Thus the functions lIfo(s) and cD(s) are entire except for a possi-
ble simple pole at O and rapidly decreasing on vertical lines. Moreover, the
residue at O of {I;Z)(S) is equal to

G = [ sy =1

Therefore,
O\ 4173
a=1

= / C(s +1/3)®(s)c¥ds
Res=2

=3 / £(s +1/3)W(=3s)(cu)"ds
Res=2
= ¢(1/3) +3T0(=2) (*u)” + Oy (min{ (Pu) ™™, 1)) @41)

for any integer M, where we obtain the last equality by moving the line of

integration to Res = —M and computing the residues at s =0 and s = %
Therefore, (40) is equal to
Xl/4
f [2(1/3) +3%0(=2) (*u) ]
3M; =X )1/4 u>0
x k10/3u1/3Vol(Bu (x/(2x%), X/a%))d*ud* 1, (42)
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with an error of

x1/4

0 ind (13u) " 112.10/3,,1/3
(/ e [ minf(a) 1t

x Vol (B, (X/(21), X/A4))dxudxk). (43)

We shall eventually choose « to be equal to %X /12 Therefore, (43) can be
bounded above by

x4 K3 Xx5/6
0(/ / k10/3u1/3dxudxk> = 0(—). (44)
x:(Dlo)l/4 u=0 k

We now evaluate the integral of the two summands in the integrand of (42)
separately. Evaluating the integral of the second summand, we obtain

x1/4
f / Wo(—2)x> A 3 uVol (B, (X /(214), X/34))d > ud* »
M; 4 Ju=0

1 Xl/4

- Do (=2 221083 vol(B(X /(20%), X /A%))d <A,
T g DR B0/ 2,372

which is simply equal to
Lo /OO o < VA F Vol (B(x/(24%). X/3%))1~2d” 1d"
Mi Ji= X4 Ji=0 Al3 ’ '
0
(45)
Adding (45) to the main term of (35) gives us the following.
x1/4

1k
o ——
A= (g)w/z «/—/«/_/N(z)< ()»1/3) 0<)»1/3>>

x A*Vol(B(X/(21%), X/2%))t~2dnd*td* »

1 x1/4

=— / / (Vol(B(n, 1, », X/2, X))t~ dnd*td* 1,
Mi Sz Ji=3v2 I

which can be evaluated, as in Sect. 5, to be equal to c%i)X /2.
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Now the integral of the first summand in (42) is

2 X1/4

¢ (/32150 Bvol (B, (X /(224), X /A%))d* ud* .
3M; A=V Ju=0

(46)
Let a(v), b(v), c(v), and d(v) denote the four coordinates of points v € B.
Then (46) is equal to

1 X d
—£(1/3) / 2103 )13 L2 g%,
3M; A= JBox /@), x /3% a(v)

X1/4
AMOBg ) 2B dvd* .

1
£(1/3) /
3M; A=(p5) V4 BX/ (204, X /34

Carrying out the integral over A, we see that (46) is equal to

1
10M;

g(1/3)(1—2—5/6)x5/6/ IDisc(v)| > %a(v) " 3dv.  (47)
B

Recalling the definition of M; in (22), we then see that (46) is equal to

[Disc(v)|>/%a(v)~23dv
[ IDisc(v)|~!dv

2n _ ~1=5/6 5/6f13
10’11.;(1/3)(1 270X

We now evaluate the ratio

[ IDisc()|7/6a(v)=23dv
[ IDisc(v)|~1dv

(48)

The ratio in (48) is independent of the K-invariant set B. Thus, for any
fe Vﬂg), (48) is equal to

IDisc(f)|!/6 f a(y - f)"*dy
K

— Disc(f)] /6 / £((1.0) - ) >y
K

__ |Disc(f)['/°

m ) -2/3
> fo f(cos(®),sin(®))”~"d6.
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We now choose convenient points f € Vﬂg) fori =0, 1. For i =1 we choose
f(x,y) = x>+ xy? which has discriminant —4. Then

. 1/6 p2n
IDisc(H)l / £ (cos(®), sin(8)) > do
2 0

71/3 2w 04/3 /2
== cos(0)3do = =—— cos(0) 2/3do.
2 0 s 0
The substitution y = cos(f) yields
24/3 pr/2 74/3 1
— cos(0)"3do = —/ y 7231 =y~ 2gy.
Y2 0

T Jo

The substitution z = y? then gives

24/3 1 B o1/3 1
| vy l/zdyz—/ 01— 27z
T 0 Y 0
_2Bra/eray2)
B xI'(2/3) ’

where the final equality follows from evaluating the beta function B(%, é).
Using the standard identities

[ (1/6) =2333"1273/2/1(2/3)2,
r'2/3)=3"Y221/r(1/3), (49)
£(1/3) = 2m) 27T (2/3):(2/3),

we finally see that (47) is equal to (1 — 2_5/6)c§1)X5/6.

Similarly, for i = 0 we choose the form f(x, y) = x> —3xy? € Vﬂg)). Using
the identity cos(36) = cos?(0) — 3cos(0) sin2(0) we see, exactly as above,
that (47) is equal to (1 — 275/ 6)céO)X 3/6_ Therefore,

NV X2, X) =V X /24 ¢ (1 - 2758 x50 1 0(x* k)
+ 0 (X% k),

and choosing « to be equal to %X /12

proves Theorems 5 and 6.
6.2 Congruence conditions

Let S C VZ(i) be a GL,(Z)-invariant set. We define N(S; X/2, X) to be the
number of irreducible GL,(Z)-orbits on § having discriminant between X /2
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and X in absolute value. Identically as in (33), we then have

N(S; X/2, X)
1

W(t—K)#{x € SN B, 1,1, X/2, X))
M N@aa A3

Xt 2dnd*td*

+i/ lI/o(t—K>#{x e SN B(n,t, A, X/2, X))
M; (@) A’ A A1/3 by A ,
Xt 2dnd*td*\.

We use this as a definition of N (S; X /2, X) even when the set S C Vz(l) is not
GL,(Z)-invariant.

Suppose L C Vz is any sublattice of index T in V7 that is defined by con-
gruence conditions modulo m, so that mVz C L. In what follows, we compute

NN V(i); X/2,X)and N(LN V(i); X), for i =0, 1. The computation is

very similar to that of N(V(i); X /2, X) and N(V(i); X), and we highlight the
differences that occur.
We have

NNV X/2, X)

1 t .\
=— 41<1—K3>#{x e LNV B, 1,1, X/2, X))
N@aa \Al

M;
Xt 2dnd*td*
1 lI/ 1tk 4 ﬁﬂV(i)'irrmB WX/ X
MY R YT e z (n,t, %, X/2, X)}
a
x t2dnd*td* .
(50)

Analogously to (28), we see that the first summand of the right hand side
of (50) is equal to

1 X1/4

o tk
U — |A*Vol(B(X/(224), X /A%
T M; A=(DLO)'/4/t=f/§/\/§f/(t) <)\1/3> U(B(X/(227). X/3)

x fzdndxtdxk
x1/4

8T Y O G
TM (X)1/4 t f/f (1) )\.1/3
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—t+—+—+ l)t_zdndxtdxk.
m m

We evaluate the second term above to be

<mX5/6 m2X23  m2x1/3 m4>

51
TK+TK2+TK+T Gb

As in (36), we see that the second summand of the right hand side of (50) is
equal to

1 1K i~ 1 )
EZ/]-_IP()(W)#{X eL™NV,) NB,(n,t, 1, X/2,X)}dg.  (52)
a€’
a#0
We write T = T;T», where the x>-coefficient of every element in L is a
multiple of 77 and the index of £, in V, is equal to T>; here L, (resp. V,)

denotes the set of all forms in £ (resp. Vz) whose x3-coefficient is equal to a.
As in (36)—(40), we estimate (52) to be

x4 w34\ 210/3,,1/3
3T2M 2/ (X)1/4/ 0( al’3 ) al’3
T1|a

x Vol(By (X/(21%), X/2%))d* ud* x

0k . x1/4 ABral3 3 2,4 2
m At At

+ Z/ f —-0(—2+—+1)t—2dxtdm.
(5(0)1/4 r=21/3 /i T m m

T] |a
The error term is easily integrated to give

mKX2/3 m2X1/4K m3X1/4
0 . (53)

T + T + T

Analogously to the computations in (41) and (42), we have

00 1/3
_1 u'"K —1/3 - s
Y a 3w0(_a1/3 ) =T ”*f £+ 1/3)B ()17 k) ¥ ds
Res=2

=3T1_1/3/Res G130 (1) ) ds
3e(1/3) + 38— T (kPu) >
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+ ou (17" min{ (17" 3u) ™Y 1))

for any integer M. Identically as in (44), the error coming from the term
OM(TI_I/3 min{(T1_1K3u)_M, 1}) is equal to O(X5/6/(KT2)). The total error
is thus

meX23 m2xV4%  m3xVU4 x50 m2x23 p2x3 0 g4
(T trr Tt Y T T +T)'

We will only be interested in the range where m < X'!/#. In this range, we
optimize the above by taking ¥ = X !/12 to get an error of

mX3/4 m2X1/2 m3X1/4 mX3/4
0 + + =0 :
T T T T

We thus have the following theorem:

Theorem 27 Let L C Vg be a sublattice of index T in Vg, containing mVy,.
Write T = T\ T», where the x3-coefficient of each element in L is a multiple
of Ty and the corresponding index of L, in V, is equal to Ty. Assume further
that m* < X. Then

0) o) X 5/6 cy’ 5/6 m. 3,
N[,ﬂVI;X/Z,X =——4(1-2" —=X +0<—X‘ )
(£NVy ) =775+ )T11/3T2 T
(54)

Summing over dyadic ranges of the discriminant, we also then obtain
Q] Q]

(). y) _ €1 €2 5/6 m 374
N(LDVZ’,X)_7X+T1/3TX/ +0(?X/>. (55)
1 2

Remark 3 Note that our proof shows that the analogue of Theorem 27 also
@

holds for translates of the lattice £, although the constant T%T would get

1 2

replaced with something rather more complicated. However, the error term

would remain the same.

7 p-Adic densities for the second term

Let p be a fixed prime and o be the splitting type ( f, p) at p of an integral bi-
nary cubic form f. The methods of the previous section allow us to count the

asymptotic number of GL;(Z)-orbits on U/, (o) having bounded discriminant.
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More precisely, let us define (o, p), u2(o, p), n1(p), and wa(p) so that

N(Z/[P(U) m V(l)’ X) = Ml(a, p)cl )X + /LQ(O' p)c(l)X5/6 + 0€(X3/4+€)’
NUp; X) = ,ul(p)cl Dx + ILZ(,D)C(’)XS/6 n Oe(X3/4+€).

We similarly define 11 (p) and ) (p) so that
N(Vp; X) = M/l(P)Cil)X + M/Z(p)cg)x5/6 + OG(X3/4+6).

The values of ui(o, p), u1(p) and p)(p) were computed in Sect. 4 to be
equal to u(Up(0)), nUp), and n(V)p), respectively. In this section we com-
pute the values of u; (o, p), u2(p) and ;/2( p) for all splitting types ¢ and all
primes p. We will require these results to prove Theorems 3 and 4.

From the results of Sect. 4, we see that U, (111) = T,,(111), U,(12) =
T,(12), and U,(3) = T,(3). For o = (111), (12), (3), we write T)(0) as a
union of lattices in the followmg way. For «, B,y € IPI , let Tp(ar, B, y) be
the set of all elements f € V7 such that the reduction of f modulo p has roots
o, B,and y in IPI; . Then

P

T,1) = ) (Tp@.B.v)\p-Vz),

a,ﬂ,ye]P’Ile

Ty(12) = U (T (e, B1. B2\ P - Vz).

1 1 1
acPy .f1.52 GP[FPZ \Pg,

T,(3) = U @iy \p V).
Y1.72.v3€PL 3 \]P’ﬁvp
E

where «, B, y are distinct points in P . while B, B> are IF,-conjugate points
in P! (sz) and y1, y2, y3 are I ,-conjugate points in P! (Fpa).

Similarly, the set Tp(121) (resp. Tp(13)) can be written as the union
over pairs of distinct points «, 8 € IP)Ile (resp. points « € IP)]IFP) of the sets
Ty(a,a, B) (resp. Tp(a, o, ) which consist of elements f € Vz whose re-
duction modulo p has a double root at @ and a single root at 8 (resp. a
triple root at «). Furthermore, the results of Sect. 4 imply that elements f
in Ty(a, a, B) or Ty(a, a, a) correspond to rings that are non-maximal at p
if and only if £(&) is a multiple of p?, where & is any element in Z whose
reduction modulo p is equal to «.

We can now compute the values of w»(o, p) from Theorem 27. Let
o = (111). We apply Theorem 27 to the lattices T, («, B, y) and p - Vz. For
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the lattice 7,([1: 0], B, y) we have T) = p and T, = p2 in the notation of
Theorem 27. Therefore
Cgi) Cg) 5/6 3/4
. . _ +
N(Tp([1:01,8,7); X) = PR /0 4+ 0 (X3/4F).
For the lattice T, (c, B, y), where none of «, B, and y are equal to [1:0] €
Pﬁ?p, we have T1 =1 and T, = p3. Therefore

@) (@)
¢ c
N(Tp(a7 ﬂ, )/), X) = ?X + #X5/6 + OG(X3/4+€)‘

Finally for the lattice p - Vz we have T} = p and 7> = p>. Therefore,
@) (@)

c C
N(p-Vz; X) = #x + p120/3 X0 4 0 (X34,

There are (5) lattices T, ([1 : 0], B, y) and (%) lattices T}, («, B, ) where none
of «, B, and y are equal to [1 : 0]. Thus we have

pua((11D), p) = <129) (PP =pP) + (13)) (P72 = p™'7).

Consider now the splitting type o = (12). Following the above notation,
we have (T1, T2) = (p, p2) for the lattice T, ([1 : 0], B1, B2) and (T, T2) =
(1, p?) for Ty (e, B1, B2) when a # [1 : 0]. Since we have (p? — p)/2 choices
for the I ,-conjugate points B; and f,, we have

12((12), p) = =L (p(p3 = p710B) 4 (p77 = p71)),

For [F ,-conjugate points y1, y2, y3 € PY(F p3), the lattice T, (y1, y2, y3) has

(T, Tr) =1, p3). Since there are (p3 — p)/3 such triples (y1, v2, ¥3), we see
that

3
p—prP, _ _
1a(3), p) ==—5—(p 3 p105).

When o = (11), the situation is slightly more complicated. The lat-
tice Ty (o, a, B) has (T, T2) = (p, pz) when o or 8 equals [1 : 0], and has
(Th, 1) =1, p3) otherwise. To account for the fact that an element f in
Tp(a, t, B) corresponds to a ring that is maximal at p if and only if f(a)
(where @ is an integer whose reduction modulo p is «) is not a multiple of
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Table 1 Values of p-adic densities for splitting types

o u1(o, p) u2(o, p)

(111) Lp=12p(p+1/p* PR = p~1By 4 2D (p 1y p= 13

(12) Lp-D2pp+ /0t p (L) - p= 1)+ E5L(p — 1yp= /3

3) 1 =12p(p+1/p* p—3<<f+P><1 -p713)

(121) (p—D*p+1)/p* P 3= 1)U =pH+pp— 1)1 = p~13)p=173)
(13 (p—DXp+1)/p PR3 —p 3 —pH+(p— 1)1 = p~13)p=1/3)

p?%, we must multiply the density of each lattice Ty(a,a,B) by 1 — p~ 13 if
a=[1:0]andby 1 — p~ if & #[1 : 0]. Therefore,

M2((121),P) — p(p—7/3 _ p—10/3)(1 _ p—1/3) + (p(p—7/3 _p—10/3)
+p(p=D(p7> = p 1)) (1-p7").

Finally, let o equal (13). The lattice T) (e, o, @) has (T1, T2) = (p, p?)
when o =[1:0] and (T7, T2) = (1, p3) otherwise. Therefore, as before,

na((1).p) = (P77 = p ) (1= p7 ) 4 p(p? = p7 1) (1= p7).

We list the values of (o, p) and uz(o, p) in Table 1.
Adding up the values of the (o, p) and the u> (o, p), both over all o and
over all o # (13), we obtain the following lemma.

Lemma 28 We have:

1 1
ui(p) = (1 - ?> (1 - ?),

1 2
my(p) = (1 - —2) :

P

1 1 (56)
wa(p) = (1 - ?> (1 - W)

, 1 p1/3+1>
—(1-—=)(1-£2—"").
#2(p) ( p2>< PP+ D)

8 Proofs of the main terms of Theorems 1-8

In this section, we use the results of Sects. 1-5 to complete the proofs of the
main terms of Theorems 1-8.
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We have already proven the main term (indeed even the second main term)
of Theorems 5 and 6, which give counts for the number of isomorphism
classes of integral binary cubic forms and cubic orders, respectively, having
bounded discriminant. In fact, Theorem 26 gives the main term for the count
of integral binary cubic forms satisfying any specified finite set of congruence
conditions.

We recall from Sect. 3, however, that the set of elements in V7 correspond-
ing to maximal orders is defined by infinitely many congruence conditions.
Similarly, we show in Sect. 8.1 that the count in Theorem 2 of 3-torsion ele-
ments in class groups of quadratic fields is equal to the count of integer binary
cubic forms in another set that too is defined by infinitely many congruence
conditions. To prove that (27) still holds for such sets, we require a uniform
estimate on the error term when only finitely many factors are taken in (27).
This uniformity estimate is proven in Sect. 8.2.

In Sects. 8.3, 8.4, and 8.5, we then carry out a sieve, using this uniformity
estimate, to prove Theorems 1, 8, and 2 which imply the first main terms of
Theorems 3, 7, and 4, respectively.

8.1 Cubic fields with no totally ramified primes

To prove Theorem 2, we consider those cubic fields in which no prime is
totally ramified. The significance of being “nowhere totally ramified” is as
follows. Given an S3-cubic field K3, let K¢ denote its Galois closure. Let K»
denote the quadratic field contained in K¢ (the “quadratic resolvent field”).
Then one checks that the Galois cubic extension K¢/K> is unramified pre-
cisely when the cubic field K3 is nowhere totally ramified. Conversely, if K»
is a quadratic field, and K¢ is any unramified cubic extension of K7, then as
an extension of the base field Q, the field K¢ is Galois with Galois group S3,
and any cubic subfield K3 of K¢ is then nowhere totally ramified.

8.2 A uniformity estimate

As in Sect. 4, let us denote by V), the set of all f € Vz corresponding to
cubic rings R that are maximal at p and in which p is not totally ramified.
Furthermore, let Z, = Vz — V), (thus Z,, consists of those binary cubic forms
whose discriminants are not fundamental). In order to apply a simple sieve to
obtain Theorems 1, 2, and 8, we require the following proposition:

Proposition 29 N(Z,; X) = O(X/p?), where the implied constant is inde-
pendent of p.

Proof The set Z, may be naturally partitioned into two subsets: W, the set
of forms f € V7 corresponding to cubic rings not maximal at p; and ), the
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set of forms f € Vz corresponding to cubic rings that are maximal at p but
also totally ramified at p.

We first treat 1V,,. Recall that the content ct(R) of a cubic ring R is defined
as the maximal integer n such that R = Z + nR’ for some cubic ring R’. It
follows from (10) that the content of R is simply the content (i.e., the great-
est common divisor of the coefficients) of the corresponding binary cubic
form f. We say R is primitive if ct(R) = 1, and R is primitive at p if ct(R) is
not a multiple of p. The following lemma follows immediately from Propo-
sition 15. O

Lemma 30 Suppose R is a cubic ring that is primitive at p. Then the number
of subrings of index p in R is at most 3.

To prove the proposition, suppose R is a cubic ring of absolute discriminant
less than X that is not maximal at p. By Lemma 13, the cubic ring R has a
Z-basis (1, , 0) such that either i) R’ =Z + Z - (w/p) + Z - 6 forms a cubic
ring, or (i) R" =Z+7Z - (w/p) +Z- (6/ p) forms a cubic ring.

Assume we are in case (i), i.e., R" is aring. If R’ is primitive at p, then we
have that Disc(R’) = Disc(R)/p* < X/ p?; thus the total number of possible
rings R’ that can arise is O (X/p?) by Theorem 6. By Lemma 30, the number
of R that can correspond to such R’ is at most three times that, which is
also O(X/p?). On the other hand, if R’ is not primitive at p, then let S be
the ring such that R’ = Z + pS. Then Disc(S) = Disc(R)/p® < X/p®, so
the number of possibilities for S is O(X/p®), which is thus the number of
possibilities for R’ (since R’ = 7Z + pS§). The number of possibilities for R
is then p 4+ 1 (the number of index p submodules of a free Z-module of
rank 2) times the number of possibilities for R’, yielding O((p + 1)X/ p6)
possibilities. We conclude that in case (i), the number of possibilities for R is
0(X/p*) + O((p + DX/p") = 0(X/p?).

Assume we are now in case (ii), i.e., R” is aring. Then R = Z+ pR” where
Disc(R”) = Disc(R)/p* < X/p*. The number of possible R” in this case
is O(X/p*) by Theorem 6, and so the number of possible cubic rings R =
7+ pR" arising from case (i) is O (X/p*). Thus the total number NW,; X)
of cubic rings R that are not maximal at p and have absolute discriminant less
than X is O(X/p>) + O(X/p*) = O(X/p?), as desired.

Finally, that N (Yp; X) = O(X/ pz) follows easily from class field theory.
A nice, short exposition of this may be found in, e.g., [11, p. 15].

8.3 Density of discriminants of cubic fields (Proof of Theorem 1)

We may now prove Theorem 1. Let i/ =) pL{ ». Then U is the set of v € Vz
corresponding to maximal cubic rings R. By Lemma 19, the p-adic density
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of U, is given by uU,) = (1 — p72)(1 — p~3). Suppose Y is any positive
integer. It follows from (27) that

. N(mp<YquVZ(i);X) _ 772 -2 -3
e X "umglﬂl—P )(1=p7)]

Letting Y tend to oo, we obtain immediately that

[0 = 5

p

. NUNVD: Xy  x?
lim sup <
X—o0 X 12n;

To obtain a lower bound for N (U N VZ(:Z.); X), we note that
ﬂ%C@UUWJ
p<Y p>Y

Hence by Proposition 29,

ONUNVI X)) R2 B _ _

p<Y r=Y

Letting Y tend to infinity completes the proof.
We note that the same arguments also apply when counting cubic fields
with specified local behavior at finitely many primes.

8.4 A simultaneous generalization (Proof of Theorem 8)

We now prove Theorem 8, which gives the density of discriminants of cubic
orders or fields satisfying any finite number (or in many natural cases, an
infinite number) of local conditions. To this end, for each prime p let X,
be a set of isomorphism classes of nondegenerate cubic rings over Z,. (By
nondegenerate, we mean having nonzero discriminant over Z, so that it can
arise as R ® Z, for some cubic order R over Z.) We denote the collection
(X)) of these local specifications over all primes p by X'. We say that the
collection X' = (X)) is acceptable if, for all sufficiently large p, the set X,
contains at least the maximal cubic rings over Z, that are not totally ramified
at p.

For a cubic order R over Z, we write “R € X (or say that “R is a X'-
order”) if R ® Z, € X, for all p. We wish to determine the number of X'-
orders R of bounded discriminant, for any acceptable collection X' of local
specifications.
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To this end, fix an acceptable X' = (X,) of local specifications, and also fix

any i € {0, 1}. Let § = S(X, i) denote the set of all irreducible f € VZ(i) such
that the corresponding cubic ring R(f) € X. Then the number of X'-orders
with discriminant at most X is given by N(S; X). We prove the following
asymptotics for N(S; X).

Theorem 31 We have

. N(S(X,i); X) 1 p—1 1 1
im % w5 L s mam)
X—>00 n; » p Rez, 1SCp( ) |Aut(R)|

Although S = S(X, i) might again be defined by infinitely many congru-
ence conditions, the estimate provided in Proposition 29 (and the fact that X
is acceptable) shows that (27) continues to hold for the set S; the argument is
identical to that in the proof of Theorem 1.

We now evaluate 1, (S) in terms of the cubic rings lying in X),.

Lemma 32 We have

#GL (F )

. — 1 1
1p(S(2, 1) = ot R%:: Disc,(R) JAut(R)|”

Proof The proof of Theorem 9, with Z, in place of Z, shows that for any
cubic Z-algebra R there is a unique element v € Vz, up to GL2(Zp)-
equivalence satisfying Rz,(v) = R. Moreover, the automorphism group of
such a cubic Z-algebra R is simply the size of the stabilizer in GL,(Z),) of
the corresponding element v € Vz,, (cf. Prop. 12).

We normalize the Haar measure dg on the p-adic group GL,(Z)) so that
fgeGL2(Zp)dg = #GL,(IF,). Since |Disc(x)|[j1 -dx is a GLy(Q))-invariant
measure on Vz,,, we must have for any cubic Zp-algebra R = R(vo) that

v, dx:c./ |Disc(gvo)lp - dg
;(EX)Z:I;? gEGLZ(Zp)/Stab(Uo)

IDisc(R)|, - #GLa(F )
#Auty, (R)

9’

for some constant c. A Jacobian calculation using an indeterminate vqg satis-
fying Disc(vg) # 0 shows that ¢ = p—*, independent of vg. The lemma fol-
lows. 0

@ Springer



480 M. Bhargava et al.

Finally, we observe that #GL,(F,) = (p?> — D(p* — p), and so

2 )
EHMP(S(E,Z))
)4

2

_ T RV SN 1
‘1zn,-1:[(1 p2)< p ) 2 Disc,(R) |Aut(R)|’

ReX)

proving Theorem 31. Noting that n; = Autg (R?) and n> = Autg (R @ C) then
yields Theorem 8.

Remark 4 Lemma 32, together with the identities 1, (Vz p) =1 and pu,Up)
= (p> = 1)(p*> — 1)/ p> of Lemma 19, give the interesting formulae

| 1 ! 1\~
SR
Disc,(R) |Aut(R)| p p

R nondeg. cubic ring/Z,

and

1 1 11
: =l+—+—. (58
2 Disc,(K) JAwK)| ' p P2 o

K etale cubic extension of Q)

(Note that (57) is an infinite sum!) What is remarkable about these formulae
is that their statements are independent of p. Such “mass formulae” for local
fields and orders in fact hold in far more generality (in particular, for degrees
other than 3); see [6, 29], and [9].

8.5 The mean size of the 3-torsion subgroups of class groups of quadratic
fields

In this section we prove Davenport and Heilbronn’s theorem on the average
size of the 3-torsion subgroups of class groups of quadratic fields. This is ac-
complished using class field theory, as in Davenport and Heilbronn’s original
arguments. This will prove Theorem 2.

Let V=) » Vp be the set of all v € V7 corresponding to maximal cubic
rings that are nowhere totally ramified (as in Sect. 4). Then by Lemma 19, we
have u(V,) = (1 — p~2)%. By the same argument as in the proof of the main
term of Theorem 3,

_ Nenvix) x2 a2 3
Xh—l;noo X N 121’1[ l_[[(l—p ) ]_nﬂtz.
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Now given a nowhere totally ramified cubic field K3, we have observed
earlier that in the Galois closure K¢ is contained a quadratic field K»
and K¢/K> is unramified. In addition, the discriminant of K3 is equal to
the discriminant of K3. Furthermore, by class field theory the number of
triplets of cubic fields K3 corresponding to a given K> in this way equals
(h§(K2) —1)/2, where h;‘(Kz) denotes the number of 3-torsion elements in
the class group of K5. Therefore,

Yoo (hik) —1)2=NV NV X),

0<Disc(Kp)<X
1 (59
> (k) —1)2=NV NV X).
—X <Disc(K7)<0
Since it is known that
. > 0<Disc(ky<x 1 3
im =—,
X—o00 X 2
(60)
I > x<Disc(kp<0!l 3
im =—,
X—00 X 7'[2

we conclude

0
. 2_0<Disc(Ky)<x 13(K2) _ NnvPix)
lim =142 lim
X—o00 ZO<Disc(K2)<X 1 X—o00 ZO<Disc(K2)<X 1
2.3/6n% 4
= l + —_— =,
3/m? 3
_ X <Di h3(K2) Nynvil: x
lim Z X <Disc(Kp)<0 3\ A2 — 142 lim ( 7 )
X—00 Z—X<Disc(K2)<01 X—o00 —X<Disc(K2)<O1
s 2-3/22% _,
- 3/m2 7

9 A refined sieve, and proofs of Theorems 3, 4, and 7

As we have seen, an integral binary cubic form corresponds to a maximal ring
if and only if its coefficients satisfy certain congruence conditions modulo
p? for each prime p. To prove Theorem 3 using Theorem 27, we require a
suitable sieve as follows. Recall that for each prime p, we defined W, to
be the set of binary cubic forms corresponding to cubic rings that are non-
maximal at p, and Z, to be the set of binary cubic forms corresponding to
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cubic rings that are non-maximal at p, or are maximal at p but in which
p is totally ramified. For a squarefree integer n, define W, =) pln W, and
Z,= pin Zp- Then the number of isomorphism classes of maximal cubic
orders having absolute discriminant in the dyadic range X /2 to X is equal to

NUNVY X/2,X) =Y umNWu NV X/2,X) (61
neN

and the number of isomorphism classes of nowhere totally ramified maximal
cubic orders in the range X /2 to X is equal to

NOVNVY X/2,X) =) um)N(Z, NV X/2,X). (62)
neN

We focus our discussion on the first sieve, the second sieve being treated in
an analogous manner. In order to prove Theorem 3, we need to estimate the
individual terms on the right hand side of (61) accurately. The difficulty lies
in the fact that the sets W, are defined by congruence conditions modulo n2.
We are then not able to directly apply Theorem 27, due to the fact that the W,
is the union of a large number of lattices modulo »n2. In Sect. 9.1, we show
how to transform this count to one over fewer lattices defined by congruence
conditions modulo #n, thus enabling us to use Theorem 27 more effectively.

We then split (61) into three ranges for n and use a different method
on each range. We use the splitting of the discriminant range into dyadic
ranges so that we may choose the three ranges for n depending on the dyadic
range of the discriminant. When » is small, we use Theorem 27 together
with an identity proven in Sect. 9.1 to evaluate N(W,; X/2, X) with two
main terms and a smaller error term. Meanwhile, when n gets very large we
apply the uniformity estimates from [4, Lemma 2.7] to bound the size of
INW,; X/2, X)|. Lastly, when n is around X 1/6 it turns out that Theorem 27
and [4, Lemma 2.7] do not suffice, and so we require a different argument.
We use again the correspondence of Sect. 9.1 to reduce the problem to one of
determining the main term for the weighted count of binary cubic forms hav-
ing bounded discriminant, where each binary cubic form is weighted by the
number of its roots in P! (Z/nZ). To accomplish this count, we us an equidis-
tribution argument, carried out in Sect. 9.4. We then complete the proof of
Theorem 3 in Sect. 9.5.

In Sect. 9.6, we prove Theorem 4 in a very similar manner to the proof
of Theorem 3. Finally, in Sect. 9.7, we prove Theorem 7 by expressing the
second terms that arise in the count of isomorphism classes of cubic rings of
bounded discriminant satisfying specified local conditions in terms of local
masses of cubic rings.
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9.1 Two useful identities

For o € PY(Z/ p7Z), define V), to be the set of all integer binary cubic forms
f € Vz such that f (mod p) has a root at «, and Vg the set of all integer
binary cubic forms f € Vz such that f (mod p) has at least a double root
at . Note that although V.« and Vp’ o are not GL;(Z)-invariant, the unions
U, Vpe and U, V. p o are each GLy(Z)-invariant.

Our sieve makes use of the following proposition which contains two es-
sential identities:

Proposition 33 We have

NOWp; X) = Z N(Vp.a; X/p?) — Z N(Vpo: X/p%)

aePL(F)) acPL(F,)
+N(Vz; X/p4); 63)
N(Zp,X): Z N(VP,N;X/P2)+N(TP(13);X)
acPl(F,)
= 2 N(Vaus X/P?) +N(Vzi X/p). (64)
acPl(Fp)

Proof To prove (63), we count isomorphism classes of pairs (R, R") of cubic
rings such that R C R’ with [R": R] = p and Disc(R) < X. We count these
in two ways, namely, by R and by R’.

First, in order to count pairs (R, R") by R, recall from Proposition 16 that,
for any integral binary cubic form f € W, \ p - Vz, the ring R = R(f)
is contained in a unique ring R’ C R ® Q such that [R’ : R] = p. Mean-
while, if f = pg € p - Vz, then R sits inside w,(g) rings " C R ® Q with
[R’: R] = p, where we use wp(g) to denote the number of roots in P! (Z/pZ)
of g (mod p). It follows that the total number of pairs (R, R’) is

NOWp: X) = N(Ve: X/pY)+ Y. N(Vpa: X/pY).  (65)
ae]Pl(Fp)

The third term on the right hand side of the above expression counts those
pairs (R=R(f), R’) that correspond to integer binary cubic forms f = pg €
pVz.

We now count the number of pairs (R, R’) by R’. Recall by Proposi-
tion 15 that for any binary cubic form f, the cubic ring R = R(f) has pre-
cisely w,(f) subrings R of index p. Therefore, since R’ is constrained by
Disc(R’) = Disc(R)/p? < X/ p?, we see then that the total number of pairs
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(R, R') is given by

> N(Vpai X/p°). (66)

acP!(F))
Equating (65) and (66) yields the identity (63).

To prove (64), we begin by deriving a formula for NV, N Tp(13); X). To
this end, we count now isomorphism classes of pairs (R, R’) of cubic rings
such that R C R’ with [R’ : R] = p and Disc(R) < X, where furthermore R
has splitting type (121) at p. We again count these in two ways, namely, by
R and by R’.

First, we note that if R has splitting type (121) at p, and R = R(f), then
R’ C R ® Q is uniquely determined and is primitive at p; moreover, if we
write R’ = R(f"), then f’ (mod p) has a distinguished simple root in P! (F ).
Conversely, if R = R(f), where f (mod p) has a simple root in P! (F p), then
any subring R of index p will have splitting type (121) at p. It follows that
the number of desired pairs (R, R') is

NWyNT,(121): X) = > N(Vpu: X/p?)— Y. N(V;,:X/p?)
acP(F),) aeP(F),)
(67)
where we have counted such pairs (R, R’) by R on the left and by R’ on the
right. Noting that

NOW,; X) = NOW, NT,(171); X) + NOW, N T, (1); X) + N(pVz; X),

(68)
together with (63) and (67), yields the following identity:

NWyNT,(P):X)= Y N(Vi:X/pY) = > N(Vpa:i X/p?).

acP(F)) acPl(F))
(69)
Since we know that
N(Zp; X) = NOWy; X) + N(T,(1%); X) = NOW, N T,,(1°); X),
we obtain (64). O

For any squarefree n € N and o € P1(Z/nZ), let V.« denote the set of all
integral binary cubic forms f € V7 such that the reduction of f (mod n) has
a root at «, and Vn% o the set of all integral binary cubic forms f € Vz such
that the reduction of f (mod p) has at least a double root at the reduction of
o (mod p) for all primes p dividing 7.
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Then the above analysis generalizes in a straightforward way to squarefree
integers n to give

NV X)= 37 wON(View 15—

k., meZ=q
kfm=n
acPY(Z/keZ)

Xk?
= E M(K)N(Vke,a;—4 ); (70)
n

k,€€Zx
ke|n
acPY(Z/keZ)

X
N(Zp: X) = Z M(@)N(VM NV, NT,(1%); W) (71)
k,t,m,qel=>g m
kémg=n
acP(Z/keZ)

9.2 Back to the sieve

Let us define the error functions E,gi)(X ) and E,(,i) (X/2, X) for squarefree n
by

EV(X) = NWa NV X) = (nm)e X + )’ x/6),
EX(X/2,X) = NW, nV: X/2, X) 72)

yi(n) _ '
- <—2 cil)X + (1 -2 5/6)y2(n)cg)X5/6>,

where y;(n) and y»(n) are defined by the conditions y1(p) + pi(p) =
y2(p) + na(p) = 1 for n = p prime, and yi(n) =[], 1(p) and y2(n) =
I1 pin 2(p) for general squarefree n. Returning to (61), we write

NUNVY:X/2,X) =" wm)NWa NV, X/2, X)

neN
=) un) <@C§” X+ (1-27% 6)y2(n)c§'>x5/6)
neN
+Y umED(X/2, X)
neN
@) (i)
28(2)¢3) c(2)¢(5/3)
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+ ) umEP(X/2,X).

neN

Thus to prove Theorem 3, it is sufficient prove the estimate

D IED (X/2, X)| = 0 (X767 1/48%¢), (73)
neN

Fix small numbers 41, 2 > 0 to be determined later. We break up (73) into
the three different ranges

0<n<Xx/6-5 XV6=0 < < x1/6+82  ang  x /68 <
and estimate ) _, |E,(li)(X /2, X)| for n in each range separately.
9.3 The small and large ranges
Suppose 7 is a fixed positive integer. Let k, £ be positive integers such that

k@ | n and let.a e P! (Z/ kLZ). Then, by Theorem 27, there exist constants
cil)((x) and cg)(a) such that

N XK2 Xk2 N XK2 B : Xk2\%/®
N(Vkm nvy; 5 n—4> = c%’)(a)m +(1-2 5/6)c§’)(a)(n—4)
T11/3 X 3/4+€p3/2
+ 0 (74)

where, in the notation of Theorem 27, 77 = Ty (k, £, @) is an integer dividing
k¢ which depends only on the lattice Vi, . Now, if a lattice Vi o satisfies
Ti(k,£,a) = d, then by the definition of 77, the image of « in IP’I(Z/dZ)
must be 0. Hence, the number of choices for « is O((k¢/d)!€). Since the
total number of (k, £) such that k¢ divides n is O (n®), we conclude that the
number of lattices Vi o satisfying 77 (k, £, ) = d is bounded by O(nH'6 /d).
Therefore, from (70), (72), and (74), we see that

0 nl+€dl/3x3/4+6 X3/4+6
ED(X/2,X01=0e( Y} — =7 =0c( 5= )
d|n

Summing over n, we conclude that

x1/6-8;
Y IEYX/2,X) = 0 (XY/0701/2¢), (75)
n=0
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From the definitions of y; and y», and from (56), we have the estimates
Y1) = 0c(n™2%€) and  ya(n) = Oc(n ). (76)

Let g(n) denote the number of prime divisors of n. The next lemma follows
from [4, Lemmas 2.7 and 3.3]:

Lemma 34 For a square-free integer n, we have
N(Z,; X) = 0(31" X /n?).
Thus we also have the estimate
NWy; X) = Oc(X/n*7°).
We deduce that
|EX (X2, X)] = 0c(X/n*7€) 4 0c (X0 /n37€),
and summing up over n we obtain

Z ‘Er(zi)(X/z’ X)‘ =0, (X5/6—82+€) + 0, (X13/18_252/3+6). (77)

n>X1/6+5

In the next section, we estimate the sum of |E,2i)(X /2, X)| over the range
X1/6—81 <n< X1/6+82-

9.4 An equidistribution argument

‘We now concentrate on the middle range X 1/6=01 < jy < x1/6+%2 [ etus write

NWa 0V X) =3 u(m) Sg) (XK /), (78)
ke|n

where

SPX) = > N(Vaa NV X).
aelPl(Z/n7)

In this section, we estimate S,(,i)(X ), and then use (72) and (78) to obtain a
corresponding estimate on E,gi)(X /2, X). Given a form f, let w,(f) denote
as before the number of roots in P!(Z /nZ) of f (mod n). Then the number
S,(,i)(X ) counts the number of GL,(Z)-equivalence classes of irreducible bi-
nary cubic forms in VZ@, weighted by w, (f), having discriminant bounded
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by X. Thus
SPC0= Y wl) (79)

fEGL @\ VT
IDisc(f)|<X

We now consider w,(f) as a function on Vz,,7 and bound its Fourier
transform pointwise. This in turn will allow us to count the number of binary
cubic forms f, weighted by w,(f), in small boxes (boxes with each side
length at least n3/4T€). We then can count this weighted number of binary
cubic forms in fundamental domains using the ideas of Sect. 5, yielding the

desired estimate for S,gi)(X ), and therefore for |E,$i)(X /2, X)|.
Define Vz/nVz to be the space of additive characters x : Vz/nVz —

C*. Then we define the Fourier transform g : VZ//WZ — C of a function
g:Vz/nVz — Cvia

go0=n"" > gxW.

veVz/nVy

Fourier inversion then states that

g = Y 200xW).

X EVWZ

We focus now on computing w, (x). Assume first that n = p is prime.
We start with the trivial character which maps all of Vz/pVz to 1, which we
denote by Id. Then

D) =p~* Y wy)=1+p .
veVz/pVy

Now for any x # Id, we compute

D,00=p"" Y x@wy®)

veVyz/pVy
=p™ Y w+pt Y w,x).  (80)
v:x(v)=1 vix (v)#1

Since x(v) =1 for p3 values of v and wp(v) < 3 for v # 0, we have the
estimate

> w,) =3P —1) +(p+)=3p+p—2. (81)
vix(v)=1

@ Springer



On the Davenport—Heilbronn theorems and second order terms 489

Because w,(Av) = w,(v) for any A € F;, we see that if x (v) # 1 then
D w, ) () = —w, (v),
reF,

implying
Y wx=—p-D"" Y w,®). (82)
vix (v)#1 vix (V)#1

Combining (81) with (82), we see that (80) implies that
W, () L p~! (83)

uniformly for x # 0.

Now let n be a general squarefree integer. Then VWZ =6 pln sz
and w,(f) = Hp|nwp(f)- From this we conclude that w,, (x) = lenu’);(xp),
where y, is the p-part of x. Using this and (83) implies that

o< [] p7" (84)
xf;lénld
and also
w,(Id) =[[(1+p~") =0 m)/n, (85)
pln

where o' (n) =}, d denotes as usual the sum-of-divisors function.

We now run through the argument in Sect. 5, counting integer binary cubic
forms f weighted by w, (f). Identically as in (23), we have the following
identity.

. 1 .
S},”(X)=—/ SO, t,x, X)t2dmd*td*x,  (86)
M; Jeen(tya'a

where

SPm. 1. X) = Y wu(x).
xeB(m,t,1,X)

To estimate S,(li)(m, t, A, X), we tile the set B(m, t, A, X) with boxes and
count weighted integer cubic forms inside each box. We have the following
two lemmas.
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Lemma 35 Suppose R is a region in R* having volume C and surface area
C,. Let N be a positive integer. Then there exists a set R’ C R having volume
equal to C1 + O(N - Cy) such that R' can be tiled with 4-dimensional boxes
with all sides having length N.

Proof We first tile R* with boxes having side length equal to N. Then we
place R inside R* and take R’ to be the union of those boxes which lie entirely
inside R. The region R \ R’ is within distance N of the boundary of R. It is
thus clear that the volume of R’ is equal to C; + O(N - C3). O

We now use (83) to establish the following quantitative equidistribution
statement for w, (/) inside boxes having small sidelengths relative to n.

Lemma 36 Let B C VR be a box with sides parallel to the coordinate axes
on VR formed by the coefficients of the cubic form (a, b, c, d) such that each
side has length N <n. Then

D waw) = 7" Gol(B) + O, (n*+€).
veBNVy n

Proof Since each side length of B has side length at most n, we can consider
the set of lattice points in 5 as a subset 53, of Vz/nVz. We then use Fourier
inversion to write

dYoow=Y" > TOOX®) (87)

veBNVy, veB, XEVWZ

=N+ Y W) Y x(—v)+ ONY).

X EVWZ veB,
x#1d

(88)

There is a vy € Vz/nVyz such that B, = {(aj,a2,a3,a4) + vg | 0 <
ai,az,as,as < N — 1}. For each x, there are characters x;, for 1 <i <4,
such that x (a1, az, a3, aq) = ]_[?:1 xi(a;). Then, up to an error of O(N3), we
see that ZveB,, wy, (v) is equal to

N*TAD) + > Wa(x) Y x(=v)

XGVWZ veB,
x7#1d
40(”) - 4 N—-1
X€Vz/nVy i=1a;=0
x#1d
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We estimate the sum over each x # Id separately. By (84), we know
lw, GOl <K TT pin p~ . Now, for a character ¥ of Z/nZ, we define Ay (y)

xp#ld
by
N—1
N v =1d
AN(Y) = Z Y(a) =1 1—yw)
oy —ym V7

and then define Ay (x) := []}_; An(x;). This implies that >y ezinz AN )

LD iy F K nlogn.
We now estimate the right hand side of (89) as follows:

4 N-1
a(n)
N*—+ Y B(Ox(- v)]_[ZXl( a;)
XGVWZ i=laj=
x#1d
N4“(”)+0< 3 |AN(x)u7n(x)|)
n —_—
X€Vz/nVy,
x#Id
N4(T(n) 0€(n3+€)’
n

where the last bound follows from

D ANGOWOOI=Y d DY AN

XGVZ//IZ\VZ din Xp;él)évmd
17 xp=1dVptd
4
<> d! (( > |AN<w>|> - N‘*)
7 —
1<|'11 veZ/dZ
<Y d (N + 0w logd))* — N*)
d|n
l<d
<> Oc(max(d, N)***)
d|n
l<d
< 06 (}’l3+6).
This completes the proof of the lemma. O
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We now estimate S (m, ¢, », X) for |m| < 1/2. First, tile B(m, t, 1, X)' C
B(m,t, ), X) with boxes using Lemma 35. Note that the region B(m, ¢, A, X)
is obtained by acting on the region B(1, 1,1, AX—4) by m -t - e GLa(R). So
the surface area of B(m, t, A, X) is O(A>#3). We thus have

NG X0 = 2o a X 0"3+€4 033N
n(m,t,,)—O((mt ))+€T+(I),

(90)
where the first error term comes from Lemma 36 and the second comes from
Lemma 35. We optimize by picking N = A1/3¢r=3/513/5_ Using (90), as in
Sect. 5, we evaluate the right hand side of (86) to obtain

SO(X) = MCY)X +o. (n3+e n X5/6n1/2)_ 1)
n

Using (70), (72), (76), and (91) we finally arrive at the bound

5 67,5/3
IEX (X)) < nam X0+ 0:(n) [ D ke)* + el
72 076
k,LeZ
kt)n

Therefore, we have

0 X5/6 3
|EW(X)| = 06(116)(7—/6 +n )

implying

X 1/6+8

n=x1/6-5
This also implies the estimate

X1/6+8;
Z |E}gl)(X/2, X)l — Oe (X29/36+51/6+€ + X2/3+482+6). (93)

n=x1/6-51
9.5 Putting it together
We combine (75), (77) and (93) to obtain

Z |E}$l)(X/2, X)| e X5/6731/2+6 + X5/6752+€ +X13/187282/3+€

nez
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1 X 29/36481/6+e 4 x2/3+dbte
We optimize by picking 61 = 21—4 and 6, = 31—0 to get
Z |E£ll)(X/2, X)| e X5/6_1/48+€,
nez

which proves Theorem 3.

Finally, note that the values of 11 (o, p) and u> (o, p) that we list in Table 1
are the same as the values of C) o, and K 4, respectively, in [26, (5.1)]. We
thus also obtain Roberts’ refined conjecture (see [26, Sect. 5]); the proof is
identical to the proof of Theorem 3.

9.6 Proof of Theorem 4

The proof of Theorem 4 is very similar to that of Theorem 3. This time, we
define the error function F,g’) (X /2, X) for squarefree n by

FO(X/2,X) = N(Z,nVY: X/2, X)

i 256\ 1 (n () 15/6
- (=5« X+ (1=277) ey’ X0 ), (94

where y{(n) and y,;(n) are defined by the conditions y|(p) + u}(p) =
¥5(p) + 1y (p) = 1 for n = p prime, and y{(n) =[], ¥, (p) and y;(n) =
I1 oin ¥5(p) for general squarefree n. We can write

NNV X/2,X) =Y um)N (2,0 V35 X/2, X)

neN
=Y um) <y1§") DX 4 (1- 2—5/6)y2/(n)c§i)x5/6)
neN
+ D nmFP(X/2.X)
neN
2¢(2)¢(3) £(2)¢(5/3)

+ ) umFP(X/2,X).
neN

Thus, to prove Theorem 4, it is sufficient prove the estimate

D IFD(X/2, X)| = 0 (X>/071/48%€), (95)
neN
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Let 61, 62 > 0 be as in the previous subsection. Again, we break up (95) into
the three different ranges

0 <n< X1/6_81, X1/6—51 <n< X1/6+62, and X1/6+32 <n

and estimate ) _, |F,fi)(X /2, X)| for n in each range separately.

In (71), we write N(Z, N VZ@; X/2,X) as a sum over positive inte-
gers k, ¢, m,q with kfmqg = n. Let k, £ € Z~¢ such that k€|n. Then, for
o€ ]P’l(Z/kEZ), we may write Vi o N ng’a N Tq(13) as a union of O(qz)
translates of lattices, each of which has index k¢2¢* in V7 and is defined via
congruence conditions modulo k¢q. The remark following Theorem 27 im-
plies that for each of these lattice-translates £ there exist constants c, )(L)

and 62 (E) such that

vz Xk2£2q4 Xk2£2q4 (l)(E)szgz 4
To2nt nt N
Xk2£2 4\ 5/6
I’l

X3/4k3/2£1/2
+ O¢ (T) (96)
Since there are O, (nekﬁqz) such lattices, we see that
. x3/4 x3/4
(@) — € — -
|Fy (X/2, X)| = Oe (nzk:n n k1/2£3/2m3q) = 0€(n1/2—6>'
—Kni

Summing over n = kn| in the small range, we conclude that

X6
D IED(X/2, X)| = 0 (X>/070/2F€), 97)

n=1

Asin Sect. 9.3, we may use Lemma 34 to estimate ) _, |Fn(i) (X/2, X)| over
n lying in the large range:

Z |Fr§l)(X/2’ X)l — 06(X5/6732+6) + OE(X13/187282/3+6). (98)
anéHZ

We now consider the middle range. Fix k, £, g, m such that k¢gm = n. For
B e IP’I(Z/EZ), we may write sz,ﬂ N Tp(l3) as a union of 0(p2£2) translates
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of pfVy. Let L be one of them. Identically to Sect. 9.4, using equation (91)
we have:

; X
Q) .
E N(VZ N Via NL; k2£2m4>
acPY(Z/k7Z)

5
. X 6
NG| 3+ 12( X
_cl(ﬁ)X4—0€<k “+k <k%@m4p4> ),

where c(L£) is some explicit constant. It follows, just as in Sect. 9.4, that

X1/6+52
. )
Z |Fr§l)(X/2, X)| <<E X29/36+F1+6 + X2/3+482+6. (99)

=X 1/6-38

Finally, note that

0<Disc(K>)<X

3 1
§ ==X+ 0(X2).
T
—X <Disc(K7)<0

(100)

Theorem 4 may now be deduced from (97), (98), and (99) (together with (59)
and (100)) just as Theorem 3 was deduced in Sect. 9.5 from (75), (77), and
(93).

9.7 Another simultaneous generalization

In this subsection, we prove Theorem 7.

Proof of Theorem 7 Let p be a fixed finite prime. If R € X, is a cubic ring
over Zj, then we define V (R) C Vz to be the set of all integer binary cubic
forms f such that the corresponding cubic ring C satisfies C ® Z, = R. As
in Sect. 7, we define w1 (R, p) and w2 (R, p) to be such that

N(V(R) n Vz(i); X) = ni(R, p)c1 DX + w2 (R, p)c(l)X5/6 + 0€(X3/4+e).

Using the same techniques as in the proofs of Theorems 3 and 4, we have

1
N X)=| = S — R, -2(2)- X
(Z: X) (ZRGZE |AutR<R>|) H(Z i p)) £(2)

P “ReX,
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+( > c2<R>)-1'[< > m(&p)) - X3/

ReX P “ReX),

4 O€(X5/6_1/48+6). (101)
We now prove the following lemma:

Lemma 37 With notation as above, we have
12(R, p)=(1—p~2)(1—p~'7?)

X - . () dx ).
DISCP (R) |Aut(R)| (R/Zp)Prim

Proof Fix a form f € Vz, corresponding to R. Let m be a positive integer
such that p™ is larger than Disc,(R), so that in particular Disc( f) # 0 (mod
p™). Let F ={f1, f2,..., f+} be the GLo(Z/ p™Z)-orbit of the reduction of
f (mod p™). By the slicing techniques of Sect. 6, as used in the proof of
Theorem 27, we have

— Z"AZI Z =a(f; a™*
pa(R, p) = p~m . ===
Za#Oa

’

s=1/3

where a(f;) denotes the x3-coefficient of f; and the congruences are taken
modulo p™. Since F is GLy(Z/ p™ Z)-invariant, every value of a( f;) with the
same p-adic valuation occurs equally often in F. Therefore, we have

1—m -\ 2/3
P [ ita(f) #£0 (mod p™)

pa(R, p)y=(1—p~'7)p=" %" _m/i

(102)
The group GL»(Z) acts on f in the natural way. Normalizing the Haar
measure so as to give GL,(Z)) measure 1, we may rewrite (102) as

_(1=p A -p'

-2/3
u2(R, p) =
|AutcLyz/pmz) (O] Jor,@,)

la(g - H)lp~""dg.

The above equality holds since we are in the first case of (102) when m is
sufficiently large, and

__GL@/p"D)|  _p*™d—p (1 —pTh
|AutGr, @z pmz) ()] |AutGr,z/pmz) ()

@ Springer



On the Davenport—Heilbronn theorems and second order terms 497

Now, by computing the measure of GL»(Z),) - f using two different methods,
we obtain

|AutGL, z/pmz) ()| = |AutgL,z,) ()] - Discp (f).

The first method is by splitting GL2(Z)) - f into p™ - V7, cosets. The number

of such cosets is exactly |GLy(Z/p™Z)| - |AutGL, 7,/ pm7)(f )|~!. The second
method is by integrating over the group, and using that the left invariant mea-
sure on Vz,, is |Disc(v)|~'dv and the mapg — g- fisa |AutGL2(Zp)(f)|—t0—1
cover.

We thus have

1—p U =-p ' / —2/3
: : dg.
Disc, (f) - |AuteL,z,) (N JoL,@,) lalg - Dlp™"de

u2(R, p) =

Note that a(g - f) = f(vo - g) where vo = (1,0) € Z), x Z,. Therefore, we
have

-2/3 —2/3
f atg- PIY dg=/ Y,
GL2(Zp) (Z%)an

2 )Prim
P : )

From the correspondence in Sect. 2, we see that the set (Zf,)Prlm corre-
sponds to (R/Z p)Prim and that for v € (Zi)Prim corresponding to x € R, the

value of f(v) is equal to the index of Z[x] in R. The lemma follows. O

where dv is normalized to have measure 1 on (Z

Theorem 7 now follows from Theorem 31 and the above lemma. O
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