
MAT1000HF Fall 2017
Midterm Practice Problems

Due Oct 30th

Problem 1 (Diophantine condition)
For 𝛾, 𝜏 > 0, define the set

DC(𝛾, 𝜏) = {𝛼 ∈ ℝ s.t. ∣𝑝
𝑞

− 𝛼∣ > 𝛾
|𝑞|2+𝜏 ∀𝑝, 𝑞 ∈ ℤ, 𝑞 ≠ 0}

DC(𝜏) = ⋃
𝛾>0

DC(𝛾, 𝜏)

DC = ⋃
𝜏>0

DC(𝜏)

Elements of this set are said to satisfy a Diophantine condition: they are badly
approximable with rational numbers. Prove that:

(a) DC(𝛾, 𝜏) ∩ ℚ = ∅ for any 𝛾, 𝜏 > 0.
(b) DC(𝛾, 𝜏) and DC(𝜏) are Borel measurable.
(c) ℝ ∖ DC(𝜏) is a Lebesgue-null set.
(d) (Hard!) There exists 𝛼 ∈ ℝ ∖ ℚ so that 𝛼 ∉ DC.

Problem 2
Let 𝑋 be a set and ℰ ⊂ 𝒫(𝑋) be a family of subsets of 𝑋. Let ⟨ℰ⟩ denote the
σ-algebra generated by ℰ. Show that

⟨⟨ℰ⟩⟩ = ⟨ℰ⟩

Problem 3
Show that if ∫

𝐸
𝑓 = 0 for any measurable set 𝐸, then 𝑓 = 0 almost everywhere.

Problem 4
Find an example of a sequence 𝑓𝑛 ∶ ℝ → ℝ that converges uniformly to on ℝ to
some function 𝑓 but not in 𝐿1. [Recall that 𝑓𝑛 → 𝑓 uniformly on a set 𝐸 if for
any 𝜀 > 0 there exists 𝑛̄ so that for any 𝑥 ∈ 𝐸 we have |𝑓𝑛(𝑥) − 𝑓(𝑥)| < 𝜀 for
all 𝑛 ≥ 𝑛̄.]

Problem 5
A function 𝑓 ∶ ℝ → ℝ is said to be upper semi-continuous if for any 𝑥0 ∈ ℝ
we have lim sup𝑥→𝑥0

𝑓(𝑥) ≤ 𝑓(𝑥0). Show that every upper semi-continuous
function is Borel-measurable.

Problem 6
Consider a function 𝐹 ∶ ℝ → ℝ that is non-decreasing, right continuous and
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constant on the interval [0, 1]; let𝜇𝐹 be the associated Lebesgue–Stieltjes measure
and 𝑚 be the Lebesgue measure on ℝ. Show that there exists a Lebsegue non-
measurable set that is 𝜇𝐹-measurable.


