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Ghys in 1990s has studied “extension 
problem” and proved the following:

His argument: 

Diff 45) DiffCs
') has no sections .

A section of IT can be considered as extensions
of elements in Diftcs') that preserves group structure.

If I a section ⇒ ① 7 a global fixed point
( Smith theory)

② Take a derivative at 0

Diff is') D→ a-Lak
not hard to show D is trivial

③ Thurston Stability ( Reeb St)
trivial derivative⇒ torsion free

⇒ contradiction

"
A flat S

'
- bundle" is not always the boundary of

a flat D
'

- bundle
.



Topologically, the extension exists.

Homer 4133→ Homes (s
') has a section .

⑧
"

¥"::&;
f f) Cr ,D= Cr . fios)

Naturally , we ask a question
Is this "

coning -off
" the only extension ?



Iasked Katie about it and she gaveme

a paper of Militar .

'

Militarism "

Milton's action"

Homans') → Homes CAD
u AZ s' x To,D
f

ff) (O,D
'(fios. Their) -AE) )

£ ,I are lifts to universal cover IR↳ s'

Now the t - coordinate also change !



Militon’s Theorem

fully classified actions of Homo ( s
') 2A'

K E Eon] closed subset

Home (s
') T s

'
x K as coning

complement of six K E s
'
x Tom]

by Militar action
This construction apparently doesn't extend to higher

dimension .

Bigger goal
can we classify all tbmoocm)

, Diftcm> action on N?
for M , N two manifolds .

In this talk, Homero CM) , DifcM) denote id
component .

We will not talk about mapping
class group .



Basic Properties of Homeo(M) and Diff(M)

1. Locally generated and locally contractible

2. Fragmentation property  (Kirby—Edward)

3. Simplicity (Thurston, Epstein, Herman, 
Yoccoz, Mather)

Diff → Banach manifold structure

Homo → Kirby - Edward 's result

tf g E G V cover {Ua} of M

⇒ g = IT gist Supp Cgi) Ella some a

Diff → partition of unity
Homo→ Kirby -Edward

V t dimCMH ⇒ Diff,Em> is simple
U

r e's regularity .



4. Automatic continuity (Rosendal-Solecki, 
Rosendal, Mann, Hurtado)

5. Uniqueness (Whittaker, Filipkewicz)

CRS , R .M) Homalin)#G G separable
⇒ p is continuous

Ct) Diff cm> Is Diff'EN ) always continuous

Any isomorphism of Diftrlm) and Dift9N)

is induced by adifh¥
M# N

.

L-I correspondence
( Mir) → Piftrcm)

It's possibleto study X.r) property by studying
its transformation gp Ditton)



Example Zoo

Homeo(M) Diff(M)

Differs IN

① coning- off M , TM , PM
Homans") AD""

FM , GKCM)
② Suspension
Homers) nu s

"' Letran)
→

③ double suspension Observation :

Homes lit) 25" dim N > dimly
Cannon's thin : EH

"

for (conj of Ghgs)
H
" homology sphere

⑥

''

m
. In:*: i.*..M X M x k p nontrivial

Mxmxkfe ⇒ din N>dimly
⇐ ix. t) - ( x, x.t

'

)



Orbit Classification Theorem (C—Mann)

X finite dim CW complex and M dosed manifold

Any continuous Homalin) T X .

every orbit
is homeomorphic toa Confucius)

Confucius unoriented configuration space
{
"

Ex. . -- xD ) xitxj , xie M) E Syria CM)
For DiffTM) , every orbit is Itn (m) 1A

A E Jet a lie subgroup .

You may wonder which career can appear as orbits :.

Eg : Nomads
') has no action on R

but Homo (Sg) acts on Ig universal cover .

gaz
This question is closely related to Tilton
-



Applications

1. Ghys’ dimension growth conjecture

2. When M,N have the same dimension.

3. When dim(M)+1=dim(N) and “extension 
problem”

Pf : OCT tinvarianaofdomainnoiytethecont map from IR
'
→ IR
"

ifmen .

⇒ I an embedding of in ↳ N .

① ¥ extension for Diff case
② When Th LM) =/ ,
7- extension for Homes case

if only if M E Sm
.

Open problem : Does Homo ( Hg)→ Homed Sg)

have a section ? thaadlebody



Outline the proof of Orbit 
Classification Theorem

G- = Homerun)

Defee A E G a closed subgp

we say A EG has finite codin if
GIA can be embedded in finitedm CW couples.

Example : a. a Neaiiteimiif
Stab Cn) EG salsifies that

G1 stab Cn) = Ocn) EN

⇒ StabCns is a finite aodim subgp .



Think .

-Mann) 0512

If A EG is fmileadm ⇒
I X. s - - An E M s. t

Stabcxi
, . .

-xn) . EA E Stab Cx . . - - xn)
-

identity component
in general stable , - -xn) is not connected .

Now 0512--7 OCT I

Glstablxi .-xn) = Corfu CM)
r

C- / Stabat . -xD
.

cover

GIA is an intermediate cover .



Recall Milton's example

Homes (s
') I AE s' x -Lon]

Pconfacs') = s
'
x Cosi)

Militar example is the aavpaetifed action
Nomads') a pcoufes') U s

'

x {on}



How to prove OCT2 C- = Homo CM)
.

Pf ① B E M a ball

GB -- { f- c-GI snippet) EB)
claim : If A EG finilecoodim ⇒ AZ GB some B

.

¥ If not ⑦ ⑦ ④ - - -

A # C- Bi ⇒ GDi/A E GIA

contributes a copy of Rin GIA .

some argument with simplicity of GBI
⇒ G- Bix ' - -GBrfAn@B.x . . . × a.pm) has a copy of IR

"

⇒ blow up the din of GIA .

I



② Consider the action of A a M

Orbit CA) = Ax txe M

claim : Ax is either finite oraf V-xeM .

(finite compliment)

1¥ If not , I tho mfmite orbits
• .

- . O(x) = Ax

at
'

f att att .
- - I / It

01g) -- Ay .

⇒ Ipt→ GIA is almost injective,.by?wuP
③ ① t ② ⇒ a finite set S E M
sit Homo CM-Dc E A#H

- S(fragmentation ) SB. .) cover M- S
⇒ asebedo.- Homeliest ⇐ A. E.Stabs)



In low dimensional case Home. (5) 2 Sh's Esh

dim N L 2dmM f:HomedM)2N_
Every orbit is either a point or a cover of M .

← global fixed
N - Fixcp) par - n EN - Fixp
IT (Apply 0512 to Stab Cn)

U

M
me Tien) sit StabCD Establm

Thmcc. -Mann) x is a flat bundle .

Diff case .

Flat bundle Thm can be used to prove extensionproblem
① 7- global fixed point by flat bundle Thm

② the derivative is trivial

③ Thurston type argument .



What’s next?

① How orbits can be glued together ?
• generalisation of flat bundle 7hm

② Shape of global Fixed Pants
.

Think.) -tf Nomads") a N
""

Kan

⇒ N = s" x k , IN
K , is a K- homology manifold with boundary Ko
(m , x) n C n ,y) V X =y Eko

Ex : S
"
x Eon] In = Sn"

O

€§ S
"
x Kite is always a manifold.



Obstructing global fixed points in a special case

Thmcc .) If Homalin) contains a free
p- torsion and M is not Hp - homology sphere
⇒ N = Mx K

.

2 Homerun)
.

Cor : Homootsxm) acts mmtrirally on Nkthksn
always without fixed pants

⇒
µ
Ktn is a cover of s

'
XM

"

.

Future goal : Shou the above Ttm without condition
on M .

-

I HANKS For

listening !


